ODE of the first order: Decay Equation

1. Separable Function

2. Integrating Factor

ODE of the second order: Simple Harmonic Motion Equation

Complex number method
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This is a first order ordinary differential equation of function v, (t).
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This differential equation is identical to the decay equation of radioactive atomic nuclei.
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The physics is different. But since the equations are identical, the solutions are the same.
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The probability for a nucleus to decay per second is usually a constant: call it I
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For every identical nucleus, this probablhty per second I 1s the same.
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SO The original nucleus disappears with probability: I
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LT \’S: The original nucleus stays with probability: 1 —T..
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—¥F)1% after one second



Probability can not tell us whether a certain nucleus will decay or not.
But if we are observing a large number of nuclei,
probability can predict how many of them will decay and the surviving number N.
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The probability for a nucleus to decay per second is I'.
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I'N 1s how many times decay happens per second for N nuclei ° d_N (t) = =TN(t)
— s gy = Day N i 2 < ,dN
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Decay decreases N by 1. —I'N equals the rate of number decrease% ;
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Pick the constant b as —I', and we get a solution !
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But I can always multiply the above e ™!t by a constant and it is still a solution.

dN dCe™"t Cde‘”
dte dt = dt
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There 1s always an unspecified constant in the solution we can get.
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Since C could be any number except for 0, we have an infinite number of solutions.
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But we haven't input the initial number N, so called 1initial condition.

N = Ce™ "t [BEWMAFCEMIA BT ALLEEN, » SRRGEEHEL -
N(0) = C = N, N = Nye~ Tt
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Without initial condition, 1% order ODEquation have an infinite number of solutions.
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With appropriate initial condition, ODE’s have just one solution.
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Figure 1.2 (Left) Plots of four integral curves, or solution curves (1.5), of the
differential equation (1.4), for four values of C'. (Right) A particular solution
satisfying the initial condition z(0) = xg.
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Amongst infinite number of exponential lines that satisfy the equation,
only one will pass through the 1nitial condition.
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Method 1 (Separable Function)  [LER R DS 38 78 FH AV K i £ |
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dN
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N(t) = Ce™ Tt

EREEC A LR EEE FMICHEE] 7R 248 -
S ERIREIRGRA: - o TR Uk H e i
N(0) =C =N, N(t) = Nye™ Tt



P331
Separable equation. Method 1 in general!

dy
Method 1 E — f(Y; X)

4

dy  P) The right-hand side f(y, x) is separable dN

dx QW) into a function of x and a function of y. g¢ — — I
Q(y)dy = —P(x)dx %dN = —Tdt
1
| ey = - [ P@rax +c [yan=-r[a+c

Solving DE is doing integration, the inverse operation of differentiation.

This gives a relation between y(x) and x and could be solved to get solution y(x).

Again, there 1s an undetermined constant C in the solution!

To determined the constant C , initial condition y, = y(x,) is needed.



Example 1:

dy B dy  P(x)
ax POy =0 - Q0)
1
J;@:jfuydx+d JQ@My=—fP@Mx+C

lny=fp(x)-dx+C'

y = Cel P00 E—THAH
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This 1s one of the Linear First order ODE Jg

dy B
T p(x)y = q(x)

with a derivative of first order, first power of y and a known function q(x) -

It 1s called an Inhomogeneous Equation.

If g(x) (called source term) equals zero, it is called the Homogeneous Version.

Y =G
dx " P =
The solutions of Inhomogeneous Equation are highly related to the Homogeneous version.
. . dvy, k
For Inhomogeneous Decay Equation we are solving, q(x) = —g r + Uy =4
Without g (x), the Homogeneous version is identical to the decay equation. l



Method 2 (Integrating Factor), Let’s drop the subscript y for simplicity. But this v is v,,.

Multiply both sides by em', called integrating factor!

K
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The left-hand side is equal to the derivative of em'v |
d(e v) k,
= —gem
T

The right-hand side 1s a known function.
We can then integrate both sides:

k, L m k.
em'v =C — gfdt em=C—gEem
Leibniz (1645-1716)

k mg
—t
v=Ce m ——
k
With an unspecified constant C we again arrive at an infinite number of solutions.

The constant can be used to fit the initial condition!



F& 57 R4 Integrating factor » method 2 in general! P336

The above method can be generalized to the following equations:

dv k

dy
s p(x)y = q(x) 7w T V=79

The idea: multiply the left-hand side by an integrating factor a(x):

So that it becomes the derivative of the function ay(x).

cdv
d

By chain rule, the condition is: d—a —p(x)a=0
X

This is a separable ODE which we already know how to solve!

a(x) = exp U p(x)dx]

Leibniz (1645-1716)

k k., d(en%tv)

dy+p(x)y ) “(x)_+p(x)“ Y= d_(“y) et 2 = ity =
» dt

m dt



Multiply the whole equation by the integrating factor a(x):

d
D )y = q(x)

dx l
dy
a— + apy = aq a(x) = exp jp(x)dx
W o o = CE
The equation is simplified: Cax T T Ty
d(ay) .
dx 4

We can then integrate both sides to get solutions!

= d C __¢ - d
= [ aq@dx+C - Y0 = =5t [ alq@dx

Again, there 1s an undetermined constant C in the solution as expected.



Note that there is one interesting thing that will have long term consequences.

The solution of v, contains two terms: they are familiar terms we have discussed.

k dvy k

The first term Ce m' is the solution of the homogeneous version. T + — vy, =0

Decay Equation

The second term 1s equal speed solution, one of the solutions of the whole

inhomogeneous version of equation.

Equal speed solution is unable to satisfy most initial condition.

k
Adding the the first term Ce “mt helps it accomplish the task.

Solutions of Linear inhomogeneous ODE equals one solution of the

inhomogeneous ODE plus the solution of the homogeneous ODE.



d
This observation even applies to the general case: d_y +p(x)y = q(x)
Condition for integrating factor: *

da ( _ g
dx_p x)a =

a(x) = exp U p(x)dx]

This condition for integrating factor is the Homogeneous version of the Eq we are

solving, but with —p(x) replacing p(x).

Y )y =0
dx p\xX)y =

The solution to this version is:  exp l— j p(x)dx] " a(x)

The integrating factor a equals the inverse of the solution of the Homogeneous version.



dy B
v p(x)y = q(x)

C 1 1
VEa e J a(x)q(x)dx =y +y, ) = B [— J p(x)dx]

dy
The first term ﬁ is the solution of the homogeneous ODE. Tx +p(x)y =0

The integrating factor a(x) equals the inverse of the solution of the Homogeneous Eq.
The second term 1s one of the solutions of the inhomogeneous ODE.

This 1s a general property of all linear ODE’s.



Solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution y; of the homogeneous ODE.

The difference between any two solutions y — y, of a Linear inhomogeneous
ODE equals a solution of the homogeneous ODE.
dy,

d
d—z +p(x)y = qx) — FM p(x)y, = q(x)
.

d(y — y3)
dx

+p(x)y —y2) =0

y — Yy, equals a solution y; of the homogeneous ODE.

Yy =Y1t+Y2



0000000C

y'+ary' +agy = f(x)




Let’s first start with Homogeneous Linear ODE :  y" + P(x)y'+ Q(x)y =0

It is called linear because of this theorem -

If we could find two function y; (x), v, (x) satisfying ¥" + P(x)y' + Q(x)y =0

any linear combination  Cyy,(x) + C,y,(x) would also satisty the equation.
Gy +POy1+Qy =0 + Gy + Py +Q(x)y, =0
(C1y1 + C2y2)" + P(x)(Ciy1 + Coy2)" + Q(x)(Cry, + Coy2) =0

QED
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If we could find two function y; (x), y,(x), we get infinite number of solutions.
o TR DAY R BB H Il R SRR - B BEim e REAG IR -

That 1s natural. Then we can fit the initial condition.



S EEN Y EE) 722 Equation of Motion for SHM

d?x k
— = —w?xi= —wx w = /—
dt? m
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A SHM is completely determined by a characteristic number w.

AA AR ol S ES) > EH BV E 1% -

Any SHM with identical angular frequency w has identical solution.
This is a Homogeneous 2™ order Linear ODE with constant coefficients.

y'"+ay"+ayy=0



s E BNy B T FE =K fE Solving Equation of Motion for SHM

d*x , |
— = —W*X |
dtz —Xm x

It states the second derivative of x is proportional to itself.

L B R Ko BLE TR IELE © ZIAF A RF& © Polynomials could fit.
NIV ESE - FEEREI 1T | Neither could Exponential due to the minus sign.
ESZ IR B SIS | Sine function does fit.
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d%x
dt?

2

= —wW~X

It states the second derivative of x is proportional to itself.
EsZ BB B A S5V AEE | Sine function does fit.

d(sinwt) dsinwt d

(wt) = w cos wt

dt  d(wt) dt
d(cos wt) ;.
w = —w* SIn wt
dt
d?(sin wt) ,
= —w* sin wt

dt?
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d?x
dt?

— 32
- WX x=1) o,

IR B 2/ {Ef# - We found two solutions:
X1 = Sin wt X, = COS wt
FR AT — 45 M4 &2 | Any linear combinations would be solutions too.

X = a cos wt + b sin wt

FF97E-21 4R 2% f# | We found infinite number of solutions.



X = a cos wt + b sin wt

v = —wa Ssin wt + wb cos wt

a, bEHFEIERE R TE » a, b would be determined by initial conditionsv(0), x(0).

x(0) =a=x,

v(0) = wb = v,

m
Vo .
X = X COS wt +— sin wt
)
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This one solution satisfies both the Equation of motion and initial condition.

AHHETT | It cold be proven that there is only one such function.



X Rigid support

=3
= Springiness, k
—

Damped Oscillation [HIEEZ

d2 X d X k Mass m
m—— = —b———kx
dt? dt
Vane
d2x+bdx+ , Ny
- _— WX = amping, b
dt? md

This is a Homogeneous 2™ order Linear ODE with constant coefficients.

y'+a;y ' +ayy=0
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Pure Sine (Cosine) function can not satisfy the equation since the first derivative

would generate a Cosine (Sine) function.



b
x(t) = xp, - € 2m" - cos(w't + ¢)

There are two unspecified constants x,,, ¢.

We can use the two initial conditions x(0), x'(0) to specify them.

b
IRIEBI R EEE R | xp~xme 2m'

The amplitude decays exponentially.

FRERGLEERE ., [k b2

Angular Frequency is smaller than dampless SHM.

m 4m?



— ) = O.l/l% (weak damping force)
x =——b = 0.4/% (stronger damping force)

A li “~ Ae—br2mt
\ ~N

With stronger damping (larger b):
—AFT e The amplitude (shown by the dashed
curves) decreases more rapidly.
e The period T increases
(T, = period with zero damping).

© 2012 Pearson Education, Inc
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We can exert an external periodic force to keep the oscillation going.

------------- Hand moves with
the driving frequency.

k‘

Block responds at
- the same frequency,
but possibly larger

amplitude.
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Ordinary Differential Equation with constant coefficients

n

D an == f(®)

n

Arfken 7.3



et® = cosO +isinb

Euler’s Formula FEEHITERAEL » AR EREF

d " _ _ e

Ee‘ = —sinf +icosf = iel

d? . .
—26‘9=—cos€—isin0=—e‘9=ize‘9 2

do Carl Friedrich Gauss (1777—1855)
TR TR HAR e B ek B = i e I o Bl A -

éeiax — (l-a)n . plax

el . e = (cosa +isina)- (cosf +isinp) =
(cosacosfB —sinasinf) + i(sinacosf + cosasinf) =

cos(a + B) + isin(a + B) = ei(@*h)
IESF AR e B B R e Y SRR RE % -
e e e N B A MY |
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1
cos =1 ——0>
I

_ 1 3
sin @ = 0—59

1
+—0%+
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1
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TEBN B Z= R -

1 1

f=1l+x+-x*+x3+—x*+.

1
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1 1 1
0 =14+i0——02—-i—03+ '94

21
12
=1-0%++

=cosf +isinf

3 41

1 1
4 3
4'9 + - +l(9——3'9
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e = @t — 00pl0 — oa(co5 0 + jsinH) lef| =1

e TERBITHE EHRT - ehiR@E e o5t e = e®
Any complex number z can be expressed this way: 7z = |z]| - e'®

4 lmn| = |m| - |n|
Im «a

e = |e%|

v

Re a




Im a
el
7]
Re a
d d .
_ pax — _— (,ax,ifx
dxe dx(e ¢ )

— (aeax)eiex + eax(igeiex)

= (a + i0)e?*0 = ge®*
The derivative of a complex exponential equals the coefficient times the exponential.

dn
A DAEEHA - Weax = ()" - e™
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The derivative of nth order equals the coefficient to the nth power times the exponential.



fEEicaes - LIS /AKfE SHO by complex number method :
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First elevate the real function x into a complex number function z(t) -

d?z ,
F + wz=0
Y z 2 B R EIRe zELEHHE Im z -

Complex z consist of real part Re z and imaginary part Im z -

2 .
d (Rez-l;zlmz) + w?(Rez +ilmz) =0+ i0
dt
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Since the equation is linear, both the real and imaginary part satisfy the Eq.
d?(Im 2) , d?(Re z) ,

172 + w*(Imz) =0 172 + w“(Rez) =0
WRAEME N E Rz - A EHE SRS - BVRSEI R TR W B R x -

If we solve complex z, Re z and Im z would be solutions x of the real Eq.




d’z BAIRRERE - B EEL Y — (W8 B e B ek
5 Twz= 0 . _ ot
dt Guess: z = zpe

¥

227 + wiz =0 LEPTEHEEPEELRZ

Both terms are proportional to z. dn ,
VALl — Mz Je — Y Z — a Z
‘ TROTHI KB FEa IR - dtn

Orders of derivatives corresponds to powers of «.
a’+w?=0

R AR o A2 AT — TS — TR b B R A e e < AREUTRE R -
The original differential Equation can be transformed into an Algebraic Equation.

o O {7 H, ¢ o can solved

ayr = tiw

fiE H #5812z * The complex solutions are:

Zy = z e Tiot
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The constant z, can be written by its Absolute value A and argument ¢:

2o = Ae'® A GETEEH R - [m
z, = Ae' @) = A cos(wt + @) + id sin(wt + ¢p) Aet@t+¢)
A
R BT | The is the complex % 5
solution. s
Re

AR B R L B R Ae (O O HE BT FHIRIA |
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Pick the real part of z, , we arrive at real solutions x.

P’ is a particle
moving in a circle.

Acos(wt + ¢) = Re[Ae'@wt+P)]

Pis a projection
moving in SHM.
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The general solution contains two unknown constants A, ¢ just to fit two initial conditions.

The final function will be the unique solution to both satisfy the Eq. and initial Conditions.
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d’x b dx

—+——+wx=0 =
dtz m dt ::' Springiness, k

BB EEA TN x HE A EEE z -
First elevate the real x into a complex z(t) °

dzz+bdz+ 2, _ o
dtz " mdt " " 2

TR z S E R Re zBE B m z -

d’(Rez+ilmz) b d(Rez+ilmz)
dt? = dt
Rl B JTRE e 4R MERY > z BN BB Bl fE B D o [5] 05 i /2 IR 2R e Y T A2 = |

Since the equation is linear, both the real and imaginary part satisfy the Eq.

WIRAEREH E Rz - A EEESUEEHES - BV RSRIE T R E R0 x -

If we solve complex z, Re z and Im z would be solutions x of the real Eq.

Damping, b

+ w?(Rez +ilmz) = 0+ i0

d’(Imz) b d(mz) , d’(Rez) b d(Rez) ,
de2 +E s + w*(Imz) =0 d—t2+;1 7 + w“(Rez) =0




d’z bdz AR FAFTARAERE » ARIELE—(EHE R E B g -

dt2 = mdt z = zpe™
¥
A ERATATERRIEL R ¢ .
a’z + m az + w'z =0 all terms are proportional to z. WZ =z
‘ BRI R B FE QI FE L -
b Orders of derivatives corresponds to powers of a.
a’ + mY +®? =0 This s called Characteristic Equation.
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The original differential Equation is transformed into an Algebraic Equation of a.

o BIHZAEHY ¢ o can solved These are called Eigenvalues of the SHO.

2 2
:_i-'- 2 __ i E—i‘l‘ ! w’E wz_b_
e 2m N 2m 2m ~ o 4m?
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The two complex solutions are:

ayt —S5mt . ,tiw't

Zy = Zpe = Zpe 2m -e

The constant z, can be written in terms of Absolute value A and argument ¢p:  z, = Ae'?
b b _
— Ael? . o 2mt it — foZmleti(@'tFP)

— Ae_%t + [cos(w't + @) *+ isin(w't + ¢)]

Ut Bz R EEED - RS2 F R (R B B0 x -
Pick the real part of the complex solution z,, we arrive at real solutions x of the Eq.

x =Rel[z;] =4 eZ—lr)nt [cos(w't + ¢)]

SE— MR W E M AR R ERT R B A, ¢ o MR W EREG TR EA, ¢

The general solution contains two unknown constants A4, ¢ just to fit two initial conditions.
& 25l e = HIHE—FE -

The final function will be the unique solution to both satisfy the Eq. and initial Conditions.



b
HHIER w < o a5 2N {E FEEE - a has two real solutions:

b ] b 2 b b 2
ai=—%il\/w2—(%) I:> ai:—%i\/(?n) =2
a EEER  W{EAEEN BRI EERRE > 2 EIRE !

Both solutions a are negative, the solution z; , of Eq. is exponentially decaying.

- zl;n \/(zlr)n)z_‘”z]t _

zlze[

X

There 1s no oscillation in this case.
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d" :
z a, d_t’)"c =0 The above can be generalized to ODE of arbitrary order N.
n=0

SR Ryt 8] elevated to complex number.

S d’x bdx .,
Z“"'W‘O dez " mde 7T
n=0

SEFEI (A guess and plugin =~ z = zpe®t

N N

b
Zan-anzzo ) Zan-anzo a’l+—a+wi=0
n=0 n=0 e

77 TR =G s b By AR A3 oY REETT 220 ¢ ODE into Algebraic Eq.
REFER T AYA NEfEEay 25y ¢ Algebraic Eq of order N has N solutions.
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Z = zp€ 0 N —e B
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If @ is imaginary, z = zye'®t —A\\/

= Ae!@t*+P) = A cos(wt + @) + iA sin(wt + ¢)

Re[z] = Acos(wt + ¢)  The solution is oscillating SHM. b 3

If aisreal, 2z = zyet??

Re[z] = Ae*Pt  The solution is exponentially decreasing or increasing.

If a is complex, z = z,eTIbt+iwt = fetbt. pl(wt+d)

Re[z] = Ae*Pt - cos(wt + ¢)
The solution is a oscillation with exponentially decreasing amplitude.

General solutions are linear combinations z = c;e®1t + c,e%t + ... cye®nt

e (& IV BN R ] 75 8% Pick the real part  x = Re z

A N{EER A NE AR > NELRE AR ZN(EEE4a (T - fit initial conditions.

— e RE MG E M AEZEN R DL T filt5T © Initial condition contains initial
value and initial derivatives of order smaller than N.
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d’x bdx ., F - \
gpz T gy T@TX = coswpt - JERIRGR IR

B S HERE R BRI TR ERA TENRDY ¢

Elevate the real x into a complex z(t) with e!“P? replacing cos wpt.

d22+bdz+ 2. _ Fo iopt
dt? mdt a)z—me

e'®pt = coswpt + isinwpt

AU I TR VB B > RARe(2) ke FRAY G

Take the real part of the whole equation and we recover the original ODE.

d’Re(z) b dRe(z) , F, . F,
12 7 + w“Re(2) Re(e ) cos wpt

with solutions which are the real part of z.
x = Re(2)



dzz+bdz+ , Ko iwpt
dt2  mde Yt T m¢

Y

Again, postulate the solution is an exponential function of complex variable.

AT UK Ry z = z0e® A ER

Il

b F
0 .
(a2 +—a+ wz) zpe® = — e'®nt
m m

Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y YYYYYYYYY vvv!‘j: 3

| RABeAAAERE o=iwp HEESMNIDIEGREREZ |

a could only have one possibility.

il

m

Zy could only have one possibility, too.
Fy 1

m(wz — w5 +%wD)

Zo =

AN B S5 —{E 45 5If#E - 1 get one particular solution!
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ib
F, 1 Fy (0*—wp)—— wp
ZO j— - j—
m ib m 2
(a)z — wj +%wD) (w2 — w3)?2 + (b;;)zD)

= Ae'® = A(cos ¢ + i sin ¢)

Fy 1
A= - >
Je o+ (52)
bwp
m
t = —
an ¢ (@? — (Uzz))

This particular solution can be written as:

7 = zge~@pt = fe~ilwpt+e) Please note that A, ¢ are both fixed.

HEEELENE S 20 E 8##Z Its real part is a real solution.

Re z = Re Ae H@pt+9) = 4 cos(wpt + @) = x,
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This 1s the so-called resonance solution, with no freedom to fit initial conditions..



& [HB % After adding a damping:

d2x+ b dx_l_ , _F .
— +——+ w?x =— Ccos w
dt? mdt m b

i Hy 7 BEe 26— (B EAFH A RAHYIE |

There will be one more term in the denominator.
Ey

mJ(wz — w3)? + (1’% a))
IRIEFAAEE op= o [if27 - (HEAFSHEEA !

The maximum amplitude 1s no longer infinite.

A = x, = Acos(wpt + @)

2

A?

Wp
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The width of the resonance curve is proportional to damping b.
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A
5Fmaddk |- b =02/km Resonance curves for various b.
4F, Jk b x, = Acos(wpt + ¢)
3Enax/k I~ A - FO

b 2
2F. m [ (w? — wd)? + (W’L a))
Frnaxlk b
m w
| | | L ) tan(p - = 2 2
0 0.5 10 15 20 W™ — Wp
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Basic features of the resonance solution without damping remain true here.

EUNIHRR wp iRz - & e B H AR |

It oscillates in the frequency of external force wp, instead of the spring w.

INIFRRRET T HTH AR RERIBHAKR | wp >0 AT

The closer wp 1s to w, the larger the amplitude. But it falls off rapidly away from resonance
HHRARGRAVE S BAFE J7 R/ NECIEEE - PR T A g5 e rAvERE 52 |

The width of the resonance curve is proportional to b. Damping weakens resonance.




Resonance solution x,- is one solution of inhomogeneous SHM.
It could not always fit the initial conditions.

The difference x — x,- between any solutions of a Linear inhomogeneous ODE

and this particular one x,- equals a solution x of the homogeneous ODE.

d’x b dx 2 _Fo . dzxr_l_ﬁ%_szx —Ecosa)t
T2 men U=, 5w dt2 ' m dt " m g
¥
d*(x —x,) bd(x—=x,) > d*x  bdx
_ —_ :O _ —_— 2 —
iz Tm oar ) ® otma ="

(x — x,-) equals a solution x, of the homogeneous version of ODE.
Remember there are an infinite number of x;.
Therefore, we get an infinite number of general solutions x.

X = X, + Xg

One of them will satisfy initial conditions.



Solutions of damping SHM Resonance solution of inhomogeneous SHM

b FO

Xs =X e 2m" - cos(w't + ¢p) X, =
b
2 _ ,h2)2 =
mJ(w wp)* + (ma))

> cos(wpt + @)

BT R

d’x b dx F,

x 18 the general solutions of inhomogeneous SHM:  —— + —— + )2x = — cos wpt
dt?> mdt m

=411

X =Xr+ x5 JRUERAK x. Frm e NI RS

While x, is totally fixed by ODE, there are two unspecified constants x,,,, ¢ in x,.

We can choose them to satisfy the two initial conditions x(0), x'(0).
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The function we get satisfies inhomogeneous SHM ODE and initial condition simultaneously

It 1s the unique solution.



b
X =Xy, -e zm - cos(w't + @) +

= cos(wpt + @)

Fo
2 232 b
m,|(w? — wp) +(ﬁa))
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Nonresonance x, oscillates in the damped frequency of the spring w' instead of wp like x, -

{E Pt IR e 2 - RIHZRER AT LUZHE -

As time progresses, amplitude decreases exponentially. In the long term, it can be ignored
X =X+ Xsg = Xp
RIIME - RALIREEEZER - iR mEHE R

In the long term, only resonance solution survive. Initial conditions do not matter.
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