Midterm Exam

Apr 2026
1. Solve the ODE
dN N3
dt
with the initial condition: N(0) = N.
Sol:
dN N3
dt
Collect factors of N on the left hand side and factors of ¢t on the right hand side:
dN
F = —kdt
Integrate and add a constant C:
dN ,
F = - f k-dt +C
L _ kt + C'
2NZ

N = 1
|2kt +C

The constant C can be obtained by the initial condition: N(0) = N,

2. Solve the equation of x(t) by the method of integrating factor

x =t>

x' + =
t+4

Remember to have an unspecified constant in your solution.

Sol: The integrating factor would be a(t) = exp [f ﬁ dt] =expln(t +4) =t +4.

Multiply the whole equation by the integrating factor a(x):



d
(t+4)x’+x=a[(t+4)x] = tb + 4¢°

Integrate and add a constant C:

7

t 2
t+d)x=[dt-(t°+4t>)+C=—=+=t°+C
7 3

t7 2 ¢
7+§t +C
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. Find the solution x(t) of the equation of
x"+4x"+3x=0

with the initial condition: x(0) = 0,x'(0) = 2.

Hint: The two solution you find using standard complex number procedure are both

real and hence the general solutions are simply their linear combinations ax; + bx,.

Sol: Guess the solution is :z = zye* and plug it into the equation:
a’e® + 4qe® +3e =0
The unknown «a satisfies the algebraic equation:
a’+4a+3=0
There are two real solutions:
a=1,3
Both solutions are real:

x=ae '+ be 3t

Using x(0) = 0,wefinda = —b.x = ae™t — ae™ 3¢
Using '@ = 2, we find a = 1.
x = et — -3t
. First consider the homogeneous ODE:
d?x dx
ol +3 I +4x =0

A. Find the general solutions x;, of this ODE.
B. Consider the inhomogeneous ODE:



d2x+3dx+4 =2e’t
dt? dr T X T e

t

Find one solution. Hint; x «< e~* would work.

C. Find the general solutions x;,}, of the inhomogeneous ODE.

Sol:
A. Hlx = ce® » AR HER > S8afI 8RN a?+3a+4=0:

KR a = 2 ety BB B Y - A T E B - M
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Xy, = ¢y e 3t/? cos—-t + c,e3t/2 sin—-t

B. Hix =de™" » KA HEN (1 -3+4)det=2e""t>d=1
FEI—(EFHE - x ="
C. —fi&fi

3 3
Xigp = Cpe3t/2 cos—-t + c,e3t/2 sin7t +et



