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Figure 10.13

Consider the problem of three statically coupled masses (Fig. 10.13) analogous to
those in Section 10.1, Example 1. Let xj, x2, and x3 be their displacements from
equilibrium positions.

a) Set up the equations of motion on the basis of Newton’s second law.
b) Evaluate the potential energy of the system and show that it reduces to

V = kxs 4 kxo + kx2 — kxixo — kxoxs.

d) Show that the characteristic -frequencigs can be obtained by solving

det -1 2-A —1 = 0.

e) Find the characteristic frequencies and the normal modes.

Hint:
d?x,
m— = k(x, —x1) —kx; = —2kx; + kx,
d?x,
m—— = k(xs —x3) — k(xy —xq) = —2kx, + kxz + kx;
d?x;
m—a = —k(x3 —x;) — kx3 = —2kxs + kx,

and the determinant of a 3 X 3 matrix is

a b c
d e f|=aei+bfg+ cdh —ceg—bdi—afh.
g h 1

Sol:



A, EBHRER

d?x
1_ 2 2. 2 2
dtz w5 (X, — x1) — wpxy = —2w5x1 + WoX,
d?x
2 _ 2 2 _ 2 2 2
dtz wy(x3 — x3) — wi(xz — x1) = —2w5x, + Wix3 + WiX,
d?x
3 _ 2 2. 2 2
1z = —w§(x3 — Xy) — WiX3 = —2WH5X3 + WHX,

B. FTHEEERE SIALAE -
k
V= 5[3512 + (% — x1)2 + (x3 — xz)z + x%] = k(x12 + xzz + x% — X1X3 — X2X3)

C. In matrix notation, the system of ODE’s can be written as:

X1 2 -1 0
x=|x% ]|, A=wi[-1 2 -1
X3 0o -1 2

d2
q2x= —A-x
Take x = ae'®! > Plug into the equation : 4-a = w?a = Awia °
(A—AwiD)-a=0
The characteristic equation is |A — Aw3I| = 0 or

2—-1 -1 0
-1 2-42 -1|=0
0 -1 2-2

It is simplified to an algebraic equation for A:
Q-13-22-H=Q2-1N2-421+21))=0
Solved as
A=22%+2, or w? =20} (2+V2)wd

D. Compute the eigenvectors :

For A = 2,w = w,~V2wq: Solve (A — Awd)-a=0
0O -1 0 aq

w§ (—1 0 —1) (‘12) =0
0O -1 0 as

_a2:O

Written explicitly

_al_a3:O
_a2:O

We find the eigenvector up to a constant:



2.

-1
a®=c| 0
1

ForA=2—v2,0 = w;~V2 —\2wy:

V2 -1 0 a;
wi| -1 v2 -1 (a2>=0
0 -1 2

Hence
\/ial - az == 0

—a1 +\/Ea2_a3:0
_az +\/Ea3:0

1
1

For A =2+4+vV2,w = w3~vV2 +V2wy:
-2 -1 0 aq
o -1 -2 -1 (a2> =0
0 -1 =2
\/§a1 + az - 0

a1+\/§a2+a3:0
a2+\/§a3:0

1
a® = ¢, (_ﬁ>
1

Consider a coupled oscillation of two particles as shown below:
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with equations of motion:

A%, ky+k k, d?x, k,

dez ot X 2 T X

2
1 my dt m,

which can be written in the notations of matrices:




Assume that the matrix A equals:

AEw%(S 4)

4 5

The general solutions can be written as:
_ (%1 _ aiq as,
X = (xz) =C (am) cos(wlt + ¢1) +c, (azz) cos(a)zt + ¢)2)

a a
A. Find the numbers w-, (ai) and w,, (azi)
B. If the initial condition is x;(0) = a,,, x,(0) = 0, x;(0) = x5(0) = 0, find the
solution. Hint: ¢p; = ¢, = 0.

Sol:

A. Guess the solutions are X = ae'®t, A+ a = w?a. This is eigenvalue problem of A.

The characteristic equation:

_ _ 2l5—4 4 | _
A ’”"“’0| 4 5—,1|_0
A2—1014+9=0
A=1lor 1, =9

0)1 S 0)0, (UZ = \/§(UO

For w; = wp, (A— ) a, = w% (4 4) ' (all) =0a=¢ (_11)

4 4 az1
For w; = V3w, (A—Al) - a; = w? (_44 _44) ' (Zi) =0,a; =0, G)

x
= (x;) A (_11) cos(wot + ¢1) +¢; (1) cos(V3wot + ¢3)
B. x;(0)=c¢c;+¢c;, =a,,x,(0)=¢c; —c, =0

(xl) = a7m(_11) COS wyt +a7m(1) cos \/§th



