Homework I
1. Calculate . 
(Hint: Put )
Use the following Weierstrass Formula to compute a numerical result, by including  in the infinite product:

           .
2. Calculate . 
Hint: Put 

3. There is also a function called Beta function.
Read the following paragraph in Baos  and calculate the following integration:
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6. BETAFUNCTIONS
The beta function is also defined by a definite integral:

1
©1) B = [ o 12 tdn p>0, q>0,
0

There are a number of simple transformations of (6.1) which are useful to know
[see (6.3), (6.4), (6.5)]. It is easy to show that (Problem 1)

(6.2) B(p,q) = B(g,p).
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The range of integration in (6.1) can be changed by putting z = y/a; then z = 1
corresponds to y = a, and (6.1) becomes

63 Bea=[ ()7 (0-4" Lo [

a

To obtain the trigonometric form of the beta function, let = sin? §; then

de =2sinfcosfdf, (1—z)=1—sin?=cos’6,
z =1 corresponds to 6 = /2.

‘With these substitutions, (6.1) becomes

/2
B(p,q) = / (sin? 0P~ (cos? 0)? 12sinfcosfdf  or
o

/2
(6.4) B(p,q) = 2/0 (sin 8)%P~*(cos 8)24 df.

Finally, let z = y/(1 + y) in (6.1); then we get (Problem 2):
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Beta functions are easily expressed in terms of I' functions. We shall show that
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Thus we can evaluate a B function in terms of I' functions (see example below).
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To prove (7.1), we start with
T(p) = / tPle~t dt
0
and put ¢t = y2. Then we have
(7.2) T(p) = 2/ Y le dy.
0
Similarly (remember that the dummy integration variable can be any letter),
T(q) = 2/ 22071 g
0
Next we multiply these two equations together and change to polar coordinates:
T(p)T(q) = 4/ / 2207121 gy gy
o Jo

(73)

oo /2
4/ / (r (:059)2"71(7‘sine)z”*le*rzrdr do
o Jo

oo /2
4/ r2pt2e—lo—r? dr/ (cos )24~ (sin §) %P~ 1d6.
o o

The r integral in (7.3) is 2T'(p + q) by (7.2). The 0 integral in (7.3) is $B(p, q) by
(6.4). Then I'(p)T'(q) =4 3T(p+ q) - $B(p, q) and (7.1) follows.




