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1. The electron spin H Jjg corresponds to a 2 X 2 matrix. When the spin is along the

o . . h '
direction i = (sin @, 0, cos #), the matrix is: S,, = 2 (Z?;g S::I;SQH

). Find the

cos @ sin @

) and the eigenvector (normalized to
sinf@ —cos 9) g (

. .S
eigenvalues of the matrix 5+ = (
2

length one) that corresponds to the positive eigenvalue. (20)

Sol: gzt « [©050 04 S0 _g 2 —1=002=11

For A =1:(cosf —1)a,; +sinfa, =0
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2. We mentioned in class that through the diagonalization of a matrix, we can represent a

matrix by its eigenvectors and eigenvalues:

A0
— -1 _ 1 -1
A=U0AU _U<O AZ)U

U= (@@ q@)
With any one column vector a and any two numbers 4, 1, we can construct a matrix

which has a as one of the eigenvectors and 44, 4, as eigenvalues.
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A. For a symmetric matrix, eigenvectors are orthogonal to each other. Use this

Let’s start with a®® = = (_12) (30)

property to find a normalized a® such that a”@a® = 0,a"@a® = 1.

U, —U1z)
U1 Ung

1

B. Construct U and calculate U™* using U~1 = m(

C. Choose the two eigenvalues as A, = 10,4, = 20. Find the matrix A.
D. Check indeed 4 a® = 1,a™®.
Sol:

A. Assume that a® = (ZZ) Since a’@a® =0, b — 2c¢ = 0. Hence a® = ¢ (i)

Using a”@a® =1,a® = i(2).
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D. (148 142)%(—12) - i5(—1200) =10 X\/iﬁ(—lz)

C.A=U/1U‘1zu<’11 0)(1—1:%(1 2)(10 o)(1 _2)

3. Consider a coupled oscillation of two particles as shown below (all quantities are in SI

with equations of motion:

d?x, Ky +ky k, d?x, k, ky + ks
= — X —

dt? m, ' m dez m_zx m,
which can be written in the notations of matrices:
dZ
Ex =—-A-x
Assume that m; = m, = m and

k k k
205« —+="=-4
m m

The matrix A equals:

_ (*1) _ a1 as,
X = (xz) = (am) cos(wt + ¢,) +c¢, (azz) cos(wyt + ¢5)

A. Find the numbers w1, (Z;i) and w,, (322) (15)
Hint: These are, of course, just eigenvalues and eigenvectors of matrix A.
4.5% = 20.25,V/5~2.2
B. Ifthe initial condition is x,(0) = 0, x,(0) = 2, x;(0) = x5(0) = 0, find the
solution x4 (t), x,(t). (8) Hint: ¢, = ¢p, = 0.
C. The solutions can be written as:
x1(t) = ¢ sin Weyget * SiN Wyt

X5 (t) = € * COS Weygtt * COS Wt



with Wee > Wglow- Find constant ¢, we,ge and wggy- (7)

. . a— . a+t a— a+
Hint: cos ¢ — cos § = —2 smTBsmTﬁ,cos a+cosf =2 cosTBcosTB

WA

x4 (t) is the second function. Oscillation is alternating between the two particles.

This phenomenon is called beat.
Sol:

A. Guess the solutions are X = ae'“t, A+ a = w?a. This is eigenvalue problem of A.

The characteristic equation:

0.5
45—-1

A=w?=1 =w?=4o0r 1, =ws=5

det(A—/U)=det[4'f);’1 |=2-91+20=0

0)1 :2, (UZ == 2.2

Forw; =2, (A—AI)-a, = (0.5 0.5) . (a11) =0,a,=c, (_11)

0.5 0.5 azq
For w, = 2.2, (A — AI) - a, = (_0%5 —O(fs) : (Z;z) —0,a,=c, (1)

x = (2) = (_11) cos(2t + ¢p1) +c¢, (1) cos(2.2t + ¢,)

B. xl(O) = Cl + C2 = O,xz(o) = _Cl + Cz = 2
x
(x;) = — (_11) cos 2t + G) cos 2.2t
C. x; = —cos(2t) + cos(2.2t) = —2sin 0.1t sin 2.1t or 2 sin(—0.1t) sin 2.1t

c=20r—2, wyg = 2.1 and wge,y = 0.1 or — 0.1.

I’ll give full credit to both answers.

4. The Maxwell Equation can be written as:

F-E=L, T.B=0 TxB=-2, TxF=ujf+ o
o Jt



A. We can generate a cylindrically symmetric time changing magnetic field pointing

in the vertical z direction using the setup as below. The induced electric field in

the area with magnetic field can be written as E= Ey(y,—x,0).

=

Circular -
path

Calculate (z)—l:, using VxE. (10)

. =02 OE. 0Ey, OE 0E, OE OE
HlntZVXEE(—Z——y —= —y——")

oy 0z ’ 0z ox ’ 9x oy
B. In a space with charge distribution density p(x), the direction of the electric field
is along the x axis. Its magnitude is independent of y, z and can be written as

E,(x). E,(x) as a function of x is shown below:

E, = 20.0 N/C, /7
0 .
1\2/3 4 5 6
—20.0N/C

x (m)

: . C ==
Calculate the charge density p(x = 3.0 m) (in —5), using V- E. (10)

Hint: Though E, (3.0) = 0, its derivative is not zero.

Sol:
A. Use Faraday’s Law

5. 5 (0E _OE, 0E OE, 0, OE,
~\dy 9z 9z odx’ dx Ody
_ (oo ay+ax)_ (0,0,2)
- ] ;ay ax - w9
9B _ (0,0,2)
at - W9

B. Use Gauss’s Law



. . 0E, O0E, OE, OE, ,
V=Gt gy e~ e = 200/m

OEy .
a—x" is the slope of the curve.



