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1. The electron spin 自旋 corresponds to a 2 × 2 matrix. When the spin is along the 

direction 𝑛$ = (sin 𝜃 , 0, cos 𝜃), the matrix is: 𝑆! =
ℏ
#
1cos 𝜃 sin 𝜃
sin 𝜃 − cos 𝜃3. Find the 

eigenvalues of the matrix $!ℏ
#

= 1cos 𝜃 sin 𝜃
sin 𝜃 − cos 𝜃3 and the eigenvector (normalized to 

length one) that corresponds to the positive eigenvalue. (20) 

Sol: 特徵方程式：4cos 𝜃 − 𝜆 sin 𝜃
sin 𝜃 − cos 𝜃 − 𝜆4 = 0，𝜆# − 1 = 0，𝜆 = ±1 

For 𝜆 = 1: (cos 𝜃 − 1)𝑎% + sin 𝜃 𝑎# = 0 

𝒂 = 1 sin 𝜃
1 − cos 𝜃3
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2. We mentioned in class that through the diagonalization of a matrix, we can represent a 

matrix by its eigenvectors and eigenvalues: 

𝑨 = 𝑼𝜦𝑼&% = 𝑼A𝜆% 0
0 𝜆#

B𝑼&% 

𝑼 ≡ (𝒂(%) 𝒂(#)) 

With any one column vector 𝒂 and any two numbers 𝜆%, 𝜆#	we can construct a matrix 

which has 𝒂 as one of the eigenvectors and 𝜆%, 𝜆# as eigenvalues. 

Let’s start with 𝒂(%) = %
√*
1 1−23. (30) 

A. For a symmetric matrix, eigenvectors are orthogonal to each other. Use this 

property to find a normalized 𝒂(#) such that 𝒂+(#)𝒂(%) = 0, 𝒂+(#)𝒂(#) = 1. 

B. Construct 𝑼 and calculate 𝑼&% using 	𝑼&𝟏 = %
-./𝑼

A 𝑼𝟐𝟐 −𝑼𝟏𝟐
−𝑼𝟐𝟏 𝑼𝟏𝟏

B. 

C. Choose the two eigenvalues as 𝜆% = 10, 𝜆# = 20. Find the matrix 𝑨. 

D. Check indeed 𝑨 ∙ 𝒂(%) = 𝜆%𝒂(%). 

Sol:  

A. Assume that 𝒂(#) = 1𝑏𝑐3. Since 𝒂+(#)𝒂(%) = 0, 𝑏 − 2𝑐 = 0.		Hence	𝒂(#) = 𝑐 1213. 

Using 𝒂+(#)𝒂(#) = 1, 𝒂(#) = %
√*
1213.  

B. 𝑼 = %
√*
1 1 2
−2 13 , 𝑼

&𝟏 = %
√*
11 −2
2 1 3 



C. 𝑨 = 𝑼𝜦𝑼&% = 𝑼A𝜆% 0
0 𝜆#

B𝑼&% = %
*
1 1 2
−2 131

10 0
0 203 1

1 −2
2 1 3 

1
5 1

1 2
−2 13 1

10 −20
40 20 3 =

1
51
90 20
20 603 = 118 4

4 123 

D. 118 4
4 123

%
√*
1 1−23 =

%
√*
1 10−203 = 10 × %

√*
1 1−23 

 

3. Consider a coupled oscillation of two particles as shown below (all quantities are in SI 

unit): 

 
with equations of motion: 

𝑑#𝑥%
𝑑𝑡# = −

𝑘% + 𝑘#
𝑚%

𝑥% +
𝑘#
𝑚%

𝑥#,
𝑑#𝑥#
𝑑𝑡# =

𝑘#
𝑚#

𝑥% −
𝑘# + 𝑘2
𝑚#

𝑥# 

which can be written in the notations of  matrices: 

𝑑#

𝑑𝑡# 𝒙 = −𝑨 ∙ 𝒙 

Assume that 𝑚% = 𝑚# = 𝑚 and	
𝑘#
𝑚 = 0.5 ≪

𝑘%
𝑚 =

𝑘2
𝑚 = 4 

The matrix 𝑨 equals: 

		𝑨 ≡ 14.5 0.5
0.5 4.53 

The general solutions can be written as: 

𝒙 = 1
𝑥%
𝑥#3 = 𝑐% 1

𝑎%%
𝑎#%3 cos

(𝜔%𝑡 + 𝜙%)	 + 𝑐# 1
𝑎%#
𝑎##3 cos

(𝜔#𝑡 + 𝜙#) 

A. Find the numbers 𝜔%, 1
𝑎%%
𝑎#%3 and 𝜔#, 1

𝑎%#
𝑎##3. (15) 

Hint: These are, of course, just eigenvalues and eigenvectors of matrix 𝑨. 

4.5# = 20.25, √5~2.2 

B. If the initial condition is 𝑥%(0) = 0,	𝑥#(0) = 2, 𝑥%3(0) = 𝑥#3 (0) = 0, find the 

solution 𝑥%(𝑡), 𝑥#(𝑡). (8) Hint: 𝜙% = 𝜙# = 0. 

C. The solutions can be written as:  

𝑥%(𝑡) = 𝑐 ∙ sin𝜔fast𝑡 ∙ sin𝜔slow𝑡 

𝑥#(𝑡) = 𝑐 ∙ cos𝜔fast𝑡 ∙ cos𝜔slow𝑡 



with 𝜔fast ≫ 𝜔slow. Find constant 𝑐,	𝜔fast and 𝜔slow. (7) 

Hint: cos	𝛼 − cos	𝛽 = −2 sin ;&<
#
sin ;=<

#
, cos	𝛼 + cos	𝛽 = 2 cos ;&<

#
cos ;=<

#
 

 
𝑥%(𝑡) is the second function. Oscillation is alternating between the two particles. 

This phenomenon is called beat. 

Sol:  

A. Guess the solutions are	𝑿 = 𝒂𝑒>?@, 𝑨 ∙ 𝒂 = 𝜔#𝒂. This is eigenvalue problem of 𝑨. 

The characteristic equation:  

det (𝑨 − 𝜆𝑰) = det `4.5 − 𝜆 0.5
0.5 4.5 − 𝜆a = 𝜆# − 9𝜆 + 20 = 0 

𝜆 = 𝜔# = 𝜆% = 𝜔%# = 4	or		𝜆# = 𝜔## = 5 

𝜔% = 2, 	𝜔# = 2.2 

For 𝜔% = 2, (𝑨 − 𝜆𝑰) ∙ 𝒂𝟏 = 10.5 0.5
0.5 0.53 ∙ 1

𝑎%%
𝑎#%3 = 0, 𝒂𝟏 = 𝑐% 1

1
−13 

For 𝜔# = 2.2, (𝑨 − 𝜆𝑰) ∙ 𝒂𝟐 = 1−0.5 0.5
0.5 −0.53 ∙ 1

𝑎%#
𝑎##3 = 0, 𝒂𝟐 = 𝑐% 1

1
13 

𝒙 = 1
𝑥%
𝑥#3 = 𝑐% 1

1
−13 cos

(2𝑡 + 𝜙%)	 + 𝑐# 1
1
13 cos

(2.2𝑡 + 𝜙#) 

B. 𝑥%(0) = 𝑐% + 𝑐# = 0, 𝑥#(0) = −𝑐% + 𝑐# = 2 

1
𝑥%
𝑥#3 = −1 1−13 cos	2𝑡	 + 1

1
13 cos 2.2𝑡 

C. 𝑥% = −cos(2𝑡)	 + cos(2.2𝑡) = −2 sin 0.1𝑡 sin 2.1𝑡 	or	2 sin(−0.1𝑡) sin 2.1𝑡	
𝑐 = 2	or − 2,	𝜔fast = 2.1 and 𝜔slow = 0.1	or − 0.1. 

I’ll give full credit to both answers. 

 

4. The Maxwell Equation can be written as:  

𝛻d⃗ ∙ 𝐸d⃗ =
𝜌
𝜀A
, 𝛻d⃗ ∙ 𝐵d⃗ = 0, 𝛻d⃗ × 𝐸d⃗ = −

𝜕𝐵d⃗
𝜕𝑡 , 𝛻d⃗ × 𝐵d⃗ = 𝜇A𝚥 + 𝜇A𝜀A

𝜕𝐸d⃗
𝜕𝑡  



A. We can generate a cylindrically symmetric time changing magnetic field pointing 

in the vertical 𝑧 direction using the setup as below. The induced electric field in 

the area with magnetic field can be written as 𝐸d⃗ = 𝐸A(𝑦, −𝑥, 0).	

 

Calculate  BC
D⃗

B@
, using 𝛻d⃗ × 𝐸d⃗ . (10) 

Hint: 𝛻d⃗ × 𝐸d⃗ ≡ 1BF$
BG
− BF%

BH
, BF&
BH
− BF$

BI
, BF%
BI
− BF&

BG
3 

B. In a space with charge distribution density 𝜌(𝑥), the direction of the electric field 

is along the 𝑥 axis. Its magnitude is independent of 𝑦, 𝑧 and can be written as  

𝐸I(𝑥). 𝐸I(𝑥) as a function of 𝑥 is shown below: 

 

Calculate the charge density 𝜌(𝑥 = 3.0	m)	(in J
K')	, using 𝛻d⃗ ∙ 𝐸d⃗ . (10) 

Hint: Though 𝐸I(3.0) = 0, its derivative is not zero. 

 

Sol: 

A. Use Faraday’s Law 

𝛻d⃗ × 𝐸d⃗ ≡ q
𝜕𝐸H
𝜕𝑦 −

𝜕𝐸G
𝜕𝑧 ,

𝜕𝐸I
𝜕𝑧 −

𝜕𝐸H
𝜕𝑥 ,

𝜕𝐸G
𝜕𝑥 −

𝜕𝐸I
𝜕𝑦 r 

= A0,0,
𝜕𝑦
𝜕𝑦 +

𝜕𝑥
𝜕𝑥B =

(0,0,2) 

𝜕𝐵d⃗
𝜕𝑡 =

(0,0,2) 

 

B. Use Gauss’s Law 

𝐸( = 20.0	N/C 

−20.0	N/C 

 



𝛻d⃗ ∙ 𝐸d⃗ =
𝜕𝐸I
𝜕𝑥 +

𝜕𝐸G
𝜕𝑦 +

𝜕𝐸H
𝜕𝑧 =

𝜕𝐸I
𝜕𝑥 = 20	C/m2 

BF&
BI

 is the slope of the curve. 

 

 

 


