數物I期末考
June 2026
1. The electron spin 自旋corresponds to a  matrix. When the spin is along the direction  the matrix is: . Find the eigenvalues of the matrix  and the eigenvector (normalized to length one) that corresponds to the positive eigenvalue. (20)
Sol: 特徵方程式：，，
For : 

2. We mentioned in class that through the diagonalization of a matrix, we can represent a matrix by its eigenvectors and eigenvalues:


With any one column vector  and any two numbers we can construct a matrix which has  as one of the eigenvectors and  as eigenvalues.
Let’s start with . (30)
A. For a symmetric matrix, eigenvectors are orthogonal to each other. Use this property to find a normalized  such that .
B. Construct  and calculate  using .
C. Choose the two eigenvalues as . Find the matrix .
D. Check indeed 
Sol: 
A. Assume that . Since  Using   
B. 
C. 

D. 

3. Consider a coupled oscillation of two particles as shown below (all quantities are in SI unit):
[image: A diagram of a mechanical system

AI-generated content may be incorrect.]
with equations of motion:

which can be written in the notations of  matrices:

Assume that  and

The matrix  equals:

The general solutions can be written as:

A. Find the numbers  and . (15)
Hint: These are, of course, just eigenvalues and eigenvectors of matrix .

B. If the initial condition is ,  , find the solution . (8) Hint: 
C. The solutions can be written as: 


with . Find constant ,  and  (7)
Hint: 
[image: ]
 is the second function. Oscillation is alternating between the two particles. This phenomenon is called beat.
Sol: 
A. Guess the solutions are, . This is eigenvalue problem of .
The characteristic equation: 
det 


For  , 
For  , 

B. 

C. 
,  and 
I’ll give full credit to both answers.

4. The Maxwell Equation can be written as: 

A. [image: D:\Dropbox\Documents\課程\YoungTextBook\Images\Chapter29\A_Images\A_Figures_and_Photos\29_02_Figure.jpg][image: F30_14]We can generate a cylindrically symmetric time changing magnetic field pointing in the vertical  direction using the setup as below. The induced electric field in the area with magnetic field can be written as .

Calculate  , using . (10)
Hint: 
B. In a space with charge distribution density , the direction of the electric field is along the  axis. Its magnitude is independent of  and can be written as  .  as a function of  is shown below:
[image: afg030]



Calculate the charge density , using . (10)
Hint: Though , its derivative is not zero.

Sol:
A. Use Faraday’s Law




B. Use Gauss’s Law

 is the slope of the curve.
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Let us begi by considering the spring-mass system in Figure 7.1.1. The two masses
move on a frictionless surface under the influence of external forces F,(t) and F,(t), and they
are also constrained by the three springs whose constants are k;, k,, and k;, respectively. We
regard motion and displacement to the right as being positive.
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A two-mass, three-spring system.

Using arguments similar to those in Section 3.7, we find the following equations for the
coordinates x; and x, of the two masses:

d2x,
m1T[21 =ky(xz — x1) = kyxy + Fi(t) = =(ky + ka)xy + koxz + Fa(8),
(o)
d?x.
my—=2 = —kyX, = ko, = Xp) + Fy(0) = bepy — (g + k3)x, + Fy(0).
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Now take £ =0.5 and k=4. Then w,=2 and wy=2.2. In this case
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Figure 2. Motion of masses and normal modes for k=0.5 and k=4
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