A_
_ at \ /\
Z = Zg€ oD/, t

If a is imaginary, z = z,e'®! —A\\/

= Ae!@t*+P) = A cos(wt + @) + iA sin(wt + ¢)

Re[z] = Acos(wt + ¢)  The solution is oscillating SHM. b 3

If aisreal, z = zyetP?

Re[z] = Ae*Pt  The solution is exponentially decreasing or increasing.

If @ is complex, z = z eTIbt+wt = fetbt. pl(wt+d)

Re[z] = Ae*Pt . cos(wt + ¢)

The solution is a oscillation with exponentially decreasing amplitude.

General solutions are linear combinations z = c;e®1t + c,e%t + ... cye®nt

e (& IV BN R ] 15 8 Pick the real part  x = Re z



kl : k 2 T k 3
AWM | 1 LA | wwww#

|
|
| )
| xl X
|—> e

d’x;  ky+ky k,

= X1 +—xXx
dt? m; + my °
d’x, k, ky, + ks
dt2  m, * m, = °

For simplicity of discussion, assume that : k; =k, =k m; =m, =m

d?x, 2k k d?x, 5 5
gz =~ piito gz~ cevnt oo,
Wy =
d2X2 k 2k d2x2 2 2 02 °
= — X1 ——X = WnoXq1 — L4WnpX
it de2 0%1 0%2

This is a System of 2™ order linear ODE.

3=



d?x, d?x, Method 0
ol —2wix; + wix, —=Z = WX, — 2W5%X,

SEsexy o My R B AR T LA R S A Bh 7, ] DURS RlCE BAYTE BN -
First elevate the real x's into complex function.

And guess the solution 1s a complex number exponential function.

We will prove in the future that exponential functions of imaginary number work:

X, =a,-e x,=a, e wisareal unknown to be solved.

SRR » 3 2T DUFIREAT 7o — BRI et
Note that in this guess, x; , oscillate with time in identical manner: el®t,
ErfiE A 5 FE = Plug the above formula into the equation:

w?e'®lq, = 2wie'®ta; — wie'“ta, » 2wia; — wia, = w?ay
w?e'®lq, = —w3e'®ta; + 2wie'“ta, —wéa; + 2wia, = w?a,
W5y A L B, an I — AR IR -

The original system of ODE is transformed into a system of algebraic Eq of a{, a,.



2wia; — wia, = w?ay

2

—wia, + 2wia, = w?

a

Move all the terms to the left-hand side.

Qwi — w?)a; — wéa, =0

—wia; + Qwi — w?)a, =0

This 1s a homogeneous system of algebraic equation of a4, a,.
a, = a, = 0 is a solution, but we want non-zero a,, a, solution

According to Crammer’s Rule, it has non-zero solution only if the determinant is zero!

Zwizng ngai%wz =0 (w?-2w?)? - (w?)? =0 Arfken p83-85, 88
w? = w§, 3w}

RAE 0w [E:z% 2 HR{EE]EE | The unknown w? has only two options!

W= W1 = Wy w=w25\/§a)0

Only in these two cases is there non-zero a4, a, solution.

When the determinant is zero, the two equations are linearly dependent. Arfken p88-91

They are essentially the same since one can be written as a multiple of the other.



S ERw » Feffa] g H B ERa,, a, Let’s find a4, a, for specific w.
W =w; =wy Plugn
Qwi — w?a; —wia, =0 Qw2 —wd)a, — wia, =0 »a)gal —wia, =0 a;—a, =0
—wia; + Quwi — wHa, =0 —wia; + Qwi — wla, =0 —wia, + wia, =0 —a; +a; =0
The second equation is minus the first one.
a, = a, = C; = A,e'®1 This satisfies both equation.
Therefore, we find that the solution is:

X; = ay - et = () - e!@ot = 4, ¢! (@ot+¢1) X, = Cy - el@ot = 4, gi(@ot+d)
HUEEED » SR J7H24HAYA% © Take the real part:

x; = X, = Re A, (@ot*¢1) = A, cos(wot + 1)
X1 = X5 = —woAq sin(wgt + ¢1)

The two move and oscillatetogether! x; = x, °
SRV R — (AR - B

This 1s called a mode: in this case Symmetric mode.

If initial condition is symmetric : x;(0) = x,(0), x;(0) = x5(0) >

symmetric mode will ensue and continue.



N —— ——-
<< L o
0 05 10 15 20 ) 05 10 15 20
O vp=0.13 —p - T, :
05 1.0 15 20 0 05 1.0 15 20 4 ~f— fp— 58
- showale “ Symmetrical mode

(in phase)

B Ry, 0o B i aq, ap FTDLARFRIL B -
This mode i1s designated by a4, a,. You can draw a,, a, to represent the mode.

WAL Tx1, X258 Bhay, ap FoffRiE—RELEF2D (F] w) BT RS 22 E) -

In the mode, the two particles take a,, a, as amplitudes, oscillate together (same w).

] a1 — az
i r T ]
of l l X1 = aq + Ay cos(wpt + ¢1)
_15 ]
' Xy = a, + Ay cos(wot + ¢1)

-~ 1 1 1 1 1
00 05 10 15 20 25 30
symmetric mode (1,1)



(1):(1)2:\/§(U0

Qwi — 3w3)a; — wia, =0 ' —wéa; — wéa, =0 a;+a; =0
—wia, + Qwi — 3wd)a, =0 —wia; — wia, =0 a;+a; =0

The second equation is the same as the first one.
a, = —a, = Cz = A28i¢2
The solution is:

Now taking the real part would give us the solution.

x1 = Re Azei(@w0t+¢)2) — AZ COS(\/§0)0t + ¢2)

x2 —x1 = _A2 COS(\/§th + ¢2)

Xy = —X3 = \/§woA2 sin(\/§w0t + qbl)

The two move opposite! x, = —xq °
1SS N RN Ay S AR L o This is called Antisymetric Mode.
If initial condition is symmetric x; (0) = —x,(0), x;(0) = —x5(0)

antisymmetric mode will ensue and continue.



Mathlet Description Activity Theory Commen ts

COUPLED OSCILLATORS mode + help

05 =
0.0 -1
-0.5
-1.0 3
— 15
— 2.0
[} 1 2 3 4 5 6 7 8 9 10
] x4 =0. - y
O << = x=
] x,=-0.48 g & s
0 05 1.0 15 2.0 0 05 1.0 15 2.0
O vy=-017 G R - y
[} 0.5 1.0 15 2.0 0 0.5 1.0 15 2.0
e e S
2 d
0 05 1.0 15 2.0

[] showall t Antisyn]mctrical mOde
(out of phase)

WAL Tx1, X208 Bhay, ap FoflRiE—RELERD (F] w) BT RS 22 E) -
ay, a;—1E—5 > NI, X AREAHAZET -

|

T
1 l L ' X, =0y A, cos(\/§a)0t + ¢2)

_nL L " . .
0.0 05 1.0 L5 20 25 30

asymmetric mode (1,—1) — _al ¢ AZ COS(\/§th + ¢2)

a1 — —az

x1 = a1 g AZ COS(\/§(U0t + ¢2)




X1 = —Xy = A cos(wot + ¢4)

Wy = \/§(1)0

D — —_—
Antisymmetrical mode
(out of phase)

x1(0) = —x2(0), x1(0) = —x3(0)

PRIy SRR R F R E) -
ML BB A — R B Ros =AY T

k + 2k
m

— s

(1)2:

X1 = x, = Ay cos(wgt + ¢1)

FEEE -

Symmetrical mode
(in phase)

x1(0) = x2(0), x1(0) = x3(0)

TRy R A R ERVEE
Pt AR AL T8 A =2 — s =Y )



A general solution is a sum of the two modes.

—fEEIRIRIE T - R B RLE WA I |

There are four undetermined constants A, 5, ¢ 5.
x; = Aq cos(wot + ¢1) + A, Cos(\/ga)ot + ¢2)
Xy = A cos(wot + 1) — Ay cos(\/§w0t + cl)z)

There are also four initial conditions x4 ,(0), x1 ,(0).

It would be the one unique solution.



i 2 T k4
MWW - MWW 7 WW
! |

d?x,

2k k
dtz | _ [ m m (x1)
d2x2 k Zk x2
dt? m m

We can use simplified notations to write the equation.
1T1a]= Column vector

A [E Matrix
_ (%1 2k k
X = (Xz) - % _;l _ (2(1)
RUHL T B E R — 1T & - _k 2k —w}
m m
d?x, 2k k
d’ dt? m  m\a
de2 X~ d?x, - k 2k (xz) =4
dt? m m
d2

k
m



—A-x=—5x
dt?

Elevate the real x's into complex function. Guess the solutions are the same exponential:

The solution can be written as a constant column vector a times the usual e'®t,

w and a are to be determined.

xl . a
— _ iwt — (71
x= () =ae a=(,)

o = (g @ x, = a,e'®t Key idea is the two particle oscillate with one frequency.
Plug the guess into Eq.
205 —ws\ (4 aq
A-a=w’a ( )=a)2( )
(—wé 2w5 ) N2 @

The differential Equation of x(t) 1s transformed into algebraic equation of a.

This is the eigenvalue problem of Matrix A. w? is the eigenvalue while a the eigenvector.

5y T RRA R b B AR A R > aff B AR -



To solve eigenvalue problem:

208 —wi) (a4 , (1
A-a=w’a (_w(Z) ng (az) @ (az)
202 — w? —w? a
T 0 0 1\ = o
(A-—w’l)-a=0 < w2 202 — a)2> (az)

If the matrix (A — w?) has an inverse matrix (4 — w?)~1, a equals 0.

o= -0+ ()- )

This 1s not what we want.

Unless, determinant |4 — w?| = 0. Then inverse matrix (4 — w?)~! does not exist.

Only 1in this case would a have nontrivial solutions.

2 _ 2 2
A — w2l =0 ‘Zwo 0) wH

—w} 208 — w?

(w? = 2w3)? — (w3)* =0 w?—2ws = +ws

2

w? = wg, 3w}



w? = wg, 3w AEECHRE > &EEE—RERRa -

Two eigenvalues w?, each corresponding to one eigenvetor a, determined by this formula:

For w? = w§
w=w; = w, 2w — w? —w? a,
2 2 2 ( ) =0
_(UO 2(1)0 - (,()1 a2
ary _ 2(1 —1\/%\ _ .
az)_wo(—l 1)(612)_0 a; —a; =0
Index to denote the first mode
x = aWelort = (D a,e'®ot = (D A, et (@ot+d1) a; = Ae'®
Take the real part:
X1 1 1 :
X = (xz) = (1) A; cos(wot + ¢1) = (1) [ficos(wot) + g;sin(wgt)]
x; = A cos(wot + ¢4) Xy = x; = A1 cos(wot + ¢q)
X1 _ agl) _ This mode 1s designated byagl), agl). .
X2 agl) Note that in this mode, the ratio of % at any time equals the ratio ofa—a).
2 az



Z;) = W (:1 :D (Z;) =0 a;+a; =0

Index to denote the second mode

. 1 . 1 . - .
x=aPel®2t = (_1) a, e V3wt = (_1) A, ei(V3wot+¢z) a; = A,e'®:

Take the real part:
X = (2) ( 1 )Az cos(V3wot + ¢5) = (_11) [f2cos(V3wyt) + gasin(vV3wgt)]
x; = A, cos(\/ga)ot + ¢2) X, = —x1 = —A4, COS(\/§a)Ot + ¢2)

(1) (1)

= —1 In this mode, the ratio of =2 at any time equals the ratio of 2L oD

X2 agl) %2

= —1.



—{E A A E U —{E AR AR

One eigenvalue w? with one eigenvector a corresponds to one oscillating mode.

We have found two oscillating solutions for Coupled system.

(1,2)
In these modes, the ratio of % at any time equals the ratio of agl i
2 a, '

We can plot a as follows to represent a mode:

-~

(8]

' - ) ES)
(2) _ - a; a,

o
L] I

- -~ 1 1 1
g 5 " 75 -2

0005 10 1"’1 '1'0 . 25 30 00 05 10 15 20 25 30
asymmetric mode (1, —1) symmetric mode (1,1)

Wy = \/§CI)O W = W

X1 agl) B X a§1)
== 1 - 1

2 a, X2 agl)



x  ad
X2 agl)

We have found two oscillating solutions for Coupled system.

| S N N
Pob L

«—r e

00 05 10 . 13 20023 30 00 05 1.0 15 20 25 30
asymmetric mode (1,—1) . )
symmetric mode (1,1)
W, = V3w (1)
2 0 X1 a,;
X (1)
L

If initial conditions follow the condition of the mode,

a0 _a” x(0) aV
%2(0) (¥ x2(0) agl)_

the system will continue oscillating as SHM according to the mode!

We usually say: one mode 1s excited while the other 1s not.

Is it possible both modes are excited in the beginning? Of course.



x1(0) = 2x,(0), x1(0) = x3(0) = 0




M x4=1.00
]

) x,=-0.02

[] v, =-0.06

x1(0) = A,x,(0) = 0, x1(0) = x2(0) = 0



A T UL ERIERAZHIE - — R e iR MR &

With two mode solutions, any linear combinations of the two modes are also solutions
of the system of linear ODE. There are four unspecified constants f; 5, g1 ».

(2) ( ) | ficos(wyt) + gysin(wyt)] + ( 11) [fzcos(\/éa)ot) + gzsin(\/éwot)]
VOE R 2 5 Bk R VU EFE SR ERERRE o B

The four unspecified constants will be determined by four initial conditions.

0) x1(0) = f1 + f.
(2(0)) B G)fl * (—11)f2 — xl(O) = fi —fi

RIILf1 2 AT PAME—RTE © f1, will now be uniquely specified.

x1(0)\ /1 1 x1(0) = g1wo + g2V3wy
(xé(O)) - (1) g1wo + (_1) 923w - x5(0) = gywy — goV3wy

91 WA DAE—RTE © g4, will also be uniquely specified.

Note that g, , will vanish if initial velocities x; ,(0) are both zero.

TR T RESHIIREAR R » SKEESE

Our result satisfy both system of ODE and initial condition. It is the unique solution.



For example: if
x1(0) = 24,%,(0) = 0,x1(0) = x5(0) =0 g1 =9g2=0

(2%83) (2(;4) ( )fl ( 11)f2 = fit+tf=24

h=hHh=4 Li=/=0

(2) ( )[Acos(a)ot) ( )[Acos(\/_a)ot)]

X{ = A[cos(wot) + cos(@wot)] Xy = A[Cos(wot) — cos(ﬁwot)]




This formalism could be easily extended to the more general cases.

The force constants k4, k,, k3 could be different.

k, '

k

T 2 k3
AMWA . WAV | o WW
' £ B |
d*x; ki +k; k, . = (x1) f7a& Column vector
_— = 1 +_ x2 - X 0
dt? my my 2 A [ Matrix
dx; ks katks itk K o g
dt2 ~ m, * m 2 S = m m 5(11 12)
‘ ‘ _ka Kyt kg 521 S22
m m
2 d2x, ki+k,  ky
d dt? m m X1\ _
ez d?c, |\ ky  katks (xZ) =5
dt? m m
d2
——x=-8-x S isasymmetric Matrix.



T k2 T k3
AW 7 AV | 2 WAMNW%‘

d? | b 3 | Method I
—S-x= d—tzx — —

Elevate the real x's into complex function. Guess the solutions are the same exponential:

The solution can be written as a constant column vector a times the usual e®t,

w and a are to be determined.

X : a
X = (xl) = qe'®t a= (al) ky + ks _E
2 2 m m (al) _ wz (al)
Plug the guess into Eq. k, ky+ks |\az) a,
—S. aeiwt — _wzaeiwt B m m
ki+k, 5 k,
S-a=wa m ¢ m (a1):0
a
m m

This is the eigenvalue problem of Matrix S. w? is the eigenvalue while a the eigenvector.



my

Unless, determinant |S — w?| = 0. Then inverse matrix (§ — w?)~! does not exist.

Only 1in this case would a have nontrivial solutions.

S — w?I| =0

ki + k,

ky,

m _
ky+hy |70
— W

m
2 2

This is a second order equation for w? usually with two solutions w%, w5.

Plug w? = w?, w3 into

(S — w?I) -a =0 tosolve the two columns vector a:

(1) (2)
a(l) = al a(z) — al
Clgl) Clgz)



We have found two oscillating mode solutions for the coupled system.

a(l) . a(Z)
a(l)eiwlt — 1 pltw1t a(z)eiwzt — 1 plwzt
a(l) (2)
2 a,

Since the ODE’s are linear, any linear combinations of the two modes are solutions.

(1) )
x=" ). eiont ] (creitn)|+ [T ). eiwat {(cpeit2)
(1) 1 (2) 2

22 2y
\ .
Take the real part. Two complex coefficients
(1) (2)
X1 a, 251
X = = cicos(wit + ¢p1) + c,cos(wyt + ¢y)
- o
It is clear that, for example: [fzcos(wyt) + gzsin(w,t)]

X{ = agl)clcos(a)lt + ¢1) + agz)czcos(a)zt + ¢,)

Xy = agl)clcos(wlt + ¢,) + agz)czcos(a)zt + ¢,)

Again, four unspecified constants ¢, ,, ¢ , will be determined by four initial conditions:
X1 (O),Xz (O), x:’l (O)) xé (0)

We have solved the coupled oscillation problem for two particles.



It 1s easier to fit initial conditions by another form of cosine and sine solution.

(1) (2)
X = (2) = <Z§1)> | ficos(wyt) + gqsin(wyt)] (a@) [fzcos(\/gwot) + 9251n(\/§w0t)]

VU R T e B0 EE PHEFEEE (R AR E - Bl

The four unspecified constants will be determined by four initial conditions.

(D (2)
(X1(0)) _ (% £+ f x1(0) = agl)ﬁ + alz)fz
%2(0)/  \g® )" (2) i I (D) @
2 x2(0) =a; ' fi —ay,”f;
RIILf1 2 AT PAME—RTE © f1, will now be uniquely specified.

x1(0) gl) (2) — x1(0) = a1 gla)o + agz)gzﬁwo
me): (1) | 91%0 ¥ m g2V3wo : (1) @)
2 a, x2(0) = a;’gywo — a; g2V3wy
91,2 W a] DIME— 1T o 91,2 W111 also be uniquely specified.

Note that g, , will vanish if initial velocities x; ,(0) are both zero.

TR T RESHIIREAR R » SKEESE

Our result satisfy both system of ODE and initial condition. It is the unique solution.



A times the eigenvector will produce a vector in the same direction.

4-a = (55 47) (04) =2 (0.0

@ _ (08 03y 1y_11
A4-a (0.2 0.7) (—1) 2(—1)
For the two special eigenvectors, matrix multiplication is just a number product.

Summary To solve the eigenvalue problem for an n by n matrix, follow these steps :

1. Compute the determinant of A — AI. With ) subtracted along the diagonal,
this determinant starts with A™ or —A", It is a polynomial in A of degree n.

2. Find the roots of this polynomial, by solving det(A — AI) = 0. The n roots
are the n eigenvalues of A. They make A — A/ singular.

3. For each eigenvalue ), solve (A — AI)x = 0 to find an eigenvector x.




BRI — (4 » 2 — % FB4EfE | | Solving eigenvalue problem of matrix

s=(; 1)
S-u=Au
(S—A-u=0

If 1t has an inverse, the vector u can only be zero:
u=(E-AD"1t-0=0

For A to be an eigenvalue, the condition is § — AI has no inverse

and hence the determinant of § — Al is zero.

det (S —AI) =0

9-1

det (S — AI) = det[ ;

3 — 12 — = —_ =
1_1]_,1 101 = A(1 —10) = 0

A=A, =0o0r A, =10 are eigenvalues.



EHEESEENA - BPTE] DU S R u®, u @

(1)
A=4=0 0=
(1)

W _ (9 3 §)

- O 1 jr— . —

s-an-u®=(; ) L) =0
2

3u(1) ugl)

Eigenvector has one undetermined constant.

s =l (—13)

[E]H
)l=/12=10

)
. (2 — 9-10 3 . u, -1
(5 =20 - u® = ( 5 = 10) u®) " ( 3

(2) _ 3u(2)

= ()



Theorem: All vectors can be written as the linear combination of eigenvectors a‘® and a‘®.
X = Cla(l) + Cza(z)
These are two equations for two unknowns ¢y ;.

As long as al and a® are not in the same directions, 1, can be solved.

K- () -a (9 ra(’)

C1 = 1, Cyr = 0.2 X = a(l) + Za(z)
Then the action of A on any vector X can be easily written down:
AX = A(c;a® + c,a?) = c;4a™ + c,4aP = ¢ 4aD + ;1,0

For example:

= {28 03 qoe

0.2 0.7/ \0.2

(0.6 1,1\ /07
=1 (0.4) tha (—1) - (0.3)
The information in the eigenvectors and eigenvalues alone can represent the matrix!

— (B Y AU E LA R E e SR (CRZ A -

)=A-a(1)+2A-a(2)



Theorem: The ecigenvectors a of A are also eigenvectors of A™ with the eigenvalue A™.
A-a=la » A" -a=1"a
Ata=A""1Aa=A""1-da=1A""%-Aa=24A""?% )a - = "a

The action of A™ on any vector X can also be written down similarly:

A™X = c;A"a® + c,A"a® = c; A %a® + c,A%a?

100
100 (0.8\ _ 100 /0.6 (}) (1Y _ (06
a0 (0) =1 (g +(5) 02 (5)~()
This matrix is called a Markov matrix, with an eigenvalue = 1, the other < 1.

The repeated action of a Markov matrix will push any vector into the eigenvector with A = 1.

4]

+.1 + .05
[+.2] 1 |=-a 1 [-.05
-.2
.65

_ . 8] [7 . [.6
Figure 6.1: The first columns of A, A%, A3 are [2] , [3] , [.35] approaching [4]



Diagonalizing a matrix ¥f 51k

A-aV = /1161(1) A- a(Z) — Aza(z)

a,, a, are column vectors and we can use them to form a matrix.

(1) (2) (1D (2)
U= (g @)= a1 a4 _ (A Q) _ (all a12)
= \a a agl) agz) agl) agZ) _ a21 a22
_m aq1 ai2\\ _ _ 1 2
AV = (dail) (azz)) = (4a® 4a?@) = La 1,a?)

_ (Maqq /126112)_ a1 Q12 (A1 0)_
_(/116121 Azazz _(a21 aZZ) 0 Az DAL

AU = UN TE/EIRUAY R 4EEU - Multiply both sides on the left by U~ :

A 0
0 A,

U™ AUZ— (% FfER - 2B T R E A EE !

Ul-A-U=A= ( ) 1s diagonal with eigenvalues as diagonal elements.



AU = UA Wi#E/57€U 1 Multiply both sides on the right by U1 :

A=UAU"1=U (/})1 /{) ) py-1 Any Matrix can be decomposed into 3 factors,
: ‘\(b involving just eigenvalues and eigenvectors.
I

Info. of eigenvaIues

0.8 0.3 [
0.2 0.7

—{ERE AT AEUE B R E e SURE (CRZ A -

. of eigenvectors

_illo oslloa —osl



SRRV E IR 551 & Tt is easy to compute the powers of a diagonal matrix:
(/11 0 )" 2L
0 4/ \o L
A = UAU™! This formula is useful for the following calculation!

X0
AF = UAU-UAU™L- - UAUY = UNUL = U(Ol Ak> Ut
2

SEPEIVTEE IR R B B2 © We can define the exponential function of a matrix.

A% A3
/12 /13
1+ A+ +2+ 0
U 21 31 U-1 = U(e/h 0 )U‘l
RV ERRVE. 0 et
0 1+ 45 +E+§+
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EH L —(EETE AR A BUE AN S E B > A ABERAZIR BRI IER -
All n eigenvalues A of a symmetric matrix S are real.

The n eigenvectors u can be chosen to be orthogonal.

. 10.8 0.3
B - 0.2 0.7F

@ _ . [06] 2 _ 1 1) . 4(2)
a C1 0.4] a Czl—1] a a‘“’ #0



JE e e
T EA M {Eorthonormal iy [a & » (FA0] (a2 o] BB R THY 4R 1HEAE &

With two orthonormal vectors , any vector can be written as their linear combination.
H&GEIERSET | with the coefficients easily computed.

SEML—ME v HEREFEIMAT

v =cuW + c,u®
H e EvEL AR A Eu HY TS

4Ty = 4O (4D 4 ¢,u®) = ¢uDTyD 4 ¢, W@
RALERRFAR uMTy@ =0 uWTyW =1

N ) ppp——

i u@PTy =u® .p =g,



THEE oA WE SRR - AEEARRE BB 1T |

To be sure that w has two real solutions, eigenvalue A must be positive.

#5Quadratic form — A x" Sx 18 Ky TEAE - FLERFHS K (FE FEfd -

If Quadratic form xTSx is always positive, the matrix S is Positive Definite [F 7.

Theorem: 1f S 1s positive definite, all the eigenvalues are positive.
Pick x = u;. uj Su, is known to be positive ©

u(l)TSu(l) — Alu(l)Tu(l) o Al

ky ‘ ks
A1 is positive and so is 4. MWW B PWWWWWWH e WWWWJ

! I
I xq X5
: [ 4

0t A5

s 2R SH L AE I 1E - RIEES Ry e FE e AREEARNE IRE -

For coupled oscillation, potential is alwayspositive and hence § is positive definite.

1 2, 1 2 1 2 T
V :Ekz(xz _xl) +Ek1xl +Ek3x2 =mx Sx
Both eigenvalues are positive. w = v/A are both real.

BRER - w = VI HL2EE -



Let’s start from the definition:

BAIFEAV EBIGEHIGIEST |

Electric potential difference equals the line integral of the electric field.

PRI H] DU 2 -




2 & B P {ESEITHYP BAP, ¢ If P; and P, are very close: vA
WAEGHLE% © Displacement: AR = (Ax, Ay, Az) +

N MERIET - BHBERA - TRAHE
Since Py, P, are very close, E does not change much. “
BRI BB i 2%
Electric potential difference between two points equals
—E Ax — E, Ay — E,Az
AV = aVA + 0 Ay +—A
Tox Ty Y T

e i L, aVv aVv oV

AR S B BB B BB ° Fo=-% B=-3 E=-

Comparing the tow formula, we find:

2o (av ov av)
sERUNE = (Er B2 ERN == ~ \9x’' 0y’ 0z

The three partial derivatives are indeed components of a vector.



FEE Gradient

Fe (6(/) 340 a¢) (6 d 0
~ \gx’'dy’ oz 0x' 0y 0z

HEED - ﬁ¢%ﬁ%~{lﬁ§ | For any scalar field ¢ > \?)qb(x, y, Z) is a vector field!
EEEEEANEMA RS » RIUEATDUEVEEEEAS » S AAE |

We simply treat the operation V as a vector as the notation indicate.

‘7_(0 d 6)
~ \9x’ 0y’ 0z

BRI E—EER - ReEEEFAR—ERE L -

But V is an operation after all and it must act on a field.

) =7







The fluxes due to charges
outside the surface are all zero.

@ it

‘/2@ @
@ __— Two-dimensional
cross section of a
Gaussian surface

®

@ il o Total charge

i inside is Q.

in*
A
K

The fluxes due to charges
inside the surface add.

= — S HEE Gauss’s Law

—(EEFA A ESERSY | AR - ELRHE T OB FER R -
But Gauss’s Law 1n this integration formulation is hard to use.

We will now calculate flux on surface using divergence inside surface.

The law will then be converted it into a differential formulation.

7.E=2
€0



The key observation:

When a volume 1s divided into two parts: a + b

the electric flux through a + b equals the sum of flux through the two parts a, b.
Cyip =Py + Py
This 1s because when adding up, the contributions from interior faces S,; cancel out.

The outward normal direction of S,; from part b is opposite the direction from a.




If we divide the inner space V of a Gaussian Surface into small cubes dV/,
The sum of all the flux through the cubes equals the flux through I/,

since the contributions from interior faces cancel out.

Let’s calculate the flux through a small cube:



,'”E (x) E(x + Ax)
1 Gaussian
/ Z surface
/
- | J -
Flux through a small cube: da < __> ,fla
x‘ x + Ax

Z

The flux on the two surfaces (right, left) perpendicular to x axis: f. g5~ E,-da

0
E.(x + Ax) - AyAz — E,.(x) - AyAz = (a—xx) Ax - AyAz

The change in E, as only x change by Ax equals partial derivative% Ax:

0FE
Flux on two surfaces (top, bottom) perpendicular to the y axis: (0_;) - AxAyAz

JE, O0E, OE N
Total flux: &, = <axx + ayy + azz> - AxAyAz = (\7 - E) - Av

IR
V-E=—

Av

The physical meaning of divergence is the flux of the vector field per unit volume!



oy

Flux through a small cube equals the divergence at the cube times its volume.
Abg = (V-E)-Av

The flux through V equals the sum of all the flux through the cubes.
CDE = ZACDLE == Z(ﬁ y El) y Avl- — J(‘? . E)dv

Flux through a surface equals volume integral of divergence inside the surface.

jéﬁ-da=f(|7-ﬁ)dv
vV

S



P73 © Now Physics:

Apply the integral formulation of Gauss’s Law to this small cube:

Electric flux equals the enclosed charge.

0z
. Av n n

€0 €0 5o Y

p 1s the charge density inside the cube, approximately a constant for small cube.

We get the differential formulation of Gauss’s Law.

= = ,0 - = 7;)
V-E=— V-E(r)=&
EO EO

This 1s an equation true for every point in space.

Electric line accumulation of in unit volume 1s proportional to charge density.



In reverse, take the differential formulation of Gauss’s law.

7. E=L
€0

Plug it into the divergence Theorem:
fﬁ-da=j(\7-ﬁ)dv
We get the integral formulation of Gauss’s law.

fﬁ-dﬁ:j(ﬁ)dv:i
€0 €0

Integral formulation of Gauss’s law 1s equivalent to differential formulation.



Maxwell Equations

yég.da=i 7F.E=2
€o €0
jﬂﬁ-da=0 V-B =0
L ddg . . dB
E.di=— -2
f S dt VXE e
=g — . ch)E -
%B dS — [.lol +H0€07 \7><§ aE



Magnetic Gauss’s law can also be converted into differential formulation.
5{> B-dd=0
Divergence Theorem

jﬂﬁ-dazj(ﬁ-ﬁ)dv

Differential formulation: Divergence of the magnetic field 1s always zero.

-

V-B=0



Within a uniform charge distribution : r < R

Charge density: p ©

4
3 p
= _—7Tr
E-4mr? = —3 3eg
3
0
Y |
ER) = Zmea | "]
\ p- 12
_ 1 0r] | 4me, r?
_4776()R3\ :
|
|
|
| r
0 R

Electric flux inside the ball:

. 3} ox dy a
V-BE=L .= p( 4 Z) &
3¢y 3&

+ —
€0

Ay | o



Electric Field of a point charge . ¢

3. The electric field E of a point charge Q fixed at the origin can be written as:

10, ¥ 3
ey r? S T @ >

A. Calculate 7 X E. 2 2

E=

B. Calculate V - E and show it is equal to zero except at the origin r = 0.

—> - Q —> 1’\
V-E = V-(—Zr)=0
41e, T

except for r = 0.




