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Wave Equation — =V

If the size of the medium is infinite or its boundaries are far away,
we have already d'Alembert solution of a travelling or propagating wave from :

P(x,t) = flx —vt) + glx +vt)  {THE(EHE

D, (m) =0
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If the size of the medium is finite, its boundaries are nearby.
Reflection from boundaries would make wave behave more like vibrations!

[t resembles a system of coupled springs! Yz
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The medium with finite size usually comes with Boundary Condition %= 5 {514,

such as:

Conducting boundaries impose the same condition on E.
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For 3D medium, boundaries could come in different shapes.

It could be rectangular, cylinder, sphere etc. Vibrating waves are very different.

Waveguide

Waveguide
Wave
propagation
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Solving wave equation with boundary conditions

HHEZR ¢ Wave system is continuous limit of coupled spring system.
The solution here also applies to electromagnetic wave in vacuum.

(n+1)d N\ \/ N
(G-1d jd (j+1)d (n-1yd  nd "L f\ ]'“’\ ' | \ \ \ \\()
--------- *———@---—----- ;
-1 gl n-1 = WAVATATATATATLY ‘Jw \J'

|
dj X
N > oo,d—-0
x; (t) Continuous limit o(dj, t) = dp(x,t) Wave function

—

Equations of Motion Wave Equation

d2X 0% ¢ 0%¢
F:A'X az(xt)—v > (x, 1)
System of Ordinary Differential E. This 1s a partial differential equation PDE

Solutions: Sum of Oscillation Modes ‘ ?

Let’s first review Oscillation Modes for N = 3.



The concept of Oscillation Modes could be extended to more than two masses.
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m m _\/WVVV‘T m
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L———> Xy L—»xg "L—> X3

Equations of motion can be written as a system of ODEs:

Tx kN ko = 2tr 402 w0, = |©
= —— . +— (x> —x1) = —2W3x: + wW3x
172 iy e — g 1 0X1 0X2 m
i2x, k k
= —(x2—2%,) —— (x> — x1) = —2W32%> + W2x2 + W2x
172 m( 3 2) m( 2 1) 0X2 0X3 0X1
d?x; k
= —— (X2 — X)) —— X2 = —2W2x: + W2x
772 m(g 2) ks 0X3 0X2

Define column vector x and matrix A. Equations of motion 1s ODE of vector x:

d> 2 -1 O X1
T —A-x = —w§ (—1 2 —1) (xz>
0O -1 2 X3



Assume there are mode solutions. Their time dependence is a factor e!“t as SHM.
<x2> — celwt. <a2> Time evolution can be isolated.

X3 as
time factor can be separated, these are called separable solutions.

Since the
We understand, eventually we will only keep real part of this complex form.

x = Re[ce’®t - a = a,, cos(wt + ¢) - a i a;
X2 | = a,, cos(wt + @) - | a2
X3 as

Take this form as a guess of solutions and plug it into the equation:

d2
—Xx=—-A-x
dt?
We keep complex number form because exponentials are easier to differentiate.
d2
a eiwt — _wzlaeia)t — —A-a- eiwt
dt?

(A—w?D-a=0



(A-—w?D)-a=0
We transform system of ODE into system of algebraic equations for unknown a, ;, 3.
It has nonzero solutions only when the determinant equals zero.

|A—w?I| =0 This is called characteristic equation CE.

Only certain w*’s that satisfy this CE will allow a solution for unknown a , 5.

To find these w?’s : w? = Aw?

2—A -1 0

A-—w?’l=wi| -1 2-2 -1
0 -1 2-A

A—w?I=0 W (2-21)3-22-D=Q-DQ2-41+1%)=0
A has three solutions. Order and label the solutions of w from small to large.

a)1~/2—\/§a)0 C02““\/2600 a)3~/2+\/§a)0

w1 p 3 are eigenvalues of A.



Let’s take w, as an example for a more detailed study.

First solve a, , 3 for w,.
A=2, W = w,~V2w,

2—2 -1 0 0 -1
(A—ngl)-a:wg<—1 2 — A —1>a=w5 -1 0
0 -1 2-2A

—a2=0
—a; — a3 =0

—a2=0

—1
a(z) =C2< 0)
1

This solution is denoted as a‘®, determined up to a constant.

a® is called an eigenvector of A.



An eigenvector gives a solution!

1
x = ca®@ eiV2wot — ( 0 )amei(\/iwowqb)
-1

Take the real part of this complex form.

xq1 (t) 1
Rex=1|x,(t) | = ( 0 ) [focos(V2wot) + g,sin(V2wyt)]
x3(t) —1

X1 2 3 oscillate as SHM by the same frequency, with amplitudes < a, , 3.
x(t) xa®  x (t):x,(8): x5(6) = ay:ayia; = —1:0: 1
In fact, proportion among x; , 3 1s fixed as a;: a,: az at all ¢.

This 1s expected since time evolution can be isolated.



x1 (t) 1
x,(t) | = ( 0 ) [focos(V2wgt) + g,sin(V2wgt)]
x3(t) -1

If the initial conditions start with proportion —1: 0: 1, oscillation mode will continue.

x1(0) 1 x1(0)
x(0) = x,(0) | ~f, ( 0 ) x'(0) = x5(0) | x w,g,a®
x3(0) —1 x5(0)

Note that constant f,, g, is determined by initial conditions x; , 5(0), x7 , 5(0).

This 1s one oscillation mode that would oscillate independently.

—1
A=2,0=w,~V2w, x(t)oca(z)cx( 0 )
1

The middle particle does not move. It is called a node 7%} - o

Treat node as a fixed point, it is like two systems of double springs. w = e



S =
Normal Mode: 1

Amplitude: i

Frequency: 0.17.

A0OEANEN002™ " 09 5:;‘-).\%“.\0 imy

X1 2 3 oscillate by the same w, with amplitudes o« a, ;.
Looked individually every particle is doing a simple harmonic motion.



xl(t):xZ(t):xg(t) = aq1:Ay: A3 = —1:0:1 at all t.
Therefore a;: a,: az is a good illustrations of x; ; 3.
We can draw a;: a,: a; versus original locations of blocks to represent the mode.

Red arrows indicate the SHM of individual blocks.

L__—_> Xy l—» Xy § i—* RE]

Figure 10.13
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A=2—-V2,w = w;~ /2—\/2(00:

\/E —1 0 aq V2a; —a, =0
_1 \/i _1 az — O —a, +\/§a2 —az = .
0 —1 +2/\% V2 = D e
0 az a
1 T 1; .al 3
- () LT
: 1 —— —1é l v l
X = a(l)cei\/z—\/za)()t — O amel( Z—ﬁw0t+¢) ’) o | o
—1 o 1 2 34
x4 (£) \
Re x(t) = | x,(t) | x a® [flcos( /2 - \/Ea)ot) + glsin< /2 — 2wyt ]
x3(t)
x(t) o« a®

X1 (8): 20, (8): x3(8) = aq:ay: a5 = 1:4/2: 1

X1 2 3 oscillate as SHM by same w, with amplitudes < a, 5 3.



This 1s another oscillation mode.

x4 () 1
x,(t) | = (ﬁ) [focos(V2wgt) + g,sin(V2wgt)]
x5 (t) 1
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Number of Masses
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Normal Mode: 1

Frequency: 0.77.
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A= 2420 = w3~ 2 + Viw, 2 ——
T i a4 A 3 1
V2a; +a, =0 L ® 0 ]
1 a; +V2a, +az; =0 AXOZ | |
a, +v2a; =0 [
a(3)=c3 (—ﬁ) T ] l l
o 1 .aZ

X
Wa =Wwn 2+\/§

x4 (¢) 1
Re x(t) = x; (t) | x <—\/§> [flcos< /2 + \/Qa)ot> + ggsin< /2 + ﬁwﬁ)]
1

x3(t)

x(t) < a® x1(8):x,(t):x3(t) = a:ayia; = 1:—V2:1

This 1s the third oscillation mode.
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Normal Modes of oscillation

w = a)1~,/2—\/§a)o: mewl; Ia1 1“3 -

1 :
a(l) = Cl (ﬁ) —1; v
1 B T

a):a)2~\/§a)0 WWM

=) 1T

1
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System of 3 coupled spring equals 3 independent springs.

The coordinates of the 3 independent springs are linear combinations of x; , 3.
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—1 1
a® =, ( 0 ) a® = c, (—ﬁ)
1 1

Adjusting external force frequency close to w, 3 to generate 2™ 3™ oscillation modes.

This 1s called to excite the second and third mode by resonance in jargon.



VIR IRED
http://www.youtube.com/watch?v=17tgXgvCNOE&NR=1

Breaking Glass

with Sound



http://www.youtube.com/watch?v=17tqXgvCN0E&NR=1

One eigenvalue, one eigenvector of the matrix corresponds one oscillation mode.

Any nXn symmetric matrix has n eigenvalues and they all are real.

2 -1 0

A= w§ (—1 2 —1) A 1s a symmetric matrix.
0O -1 2

The number of modes equals the number of particles.

In modes, coupled springs act like one spring!
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Real Space



The n eigenvectors u can be chosen to be orthogonal.

1 1 1
w1~«/2 — \/Ea)(): alt) = €1 <ﬁ> - 5(\/5)
1 1

-1 -1
wy~V2wy a(2)=c2<0>—>i<0>
1/ V2\q
1\ 4/ 1
w3~\/2 + V2w, a'® = c; <_\/§> - E<_ﬁ>
1 1

Indeed, eigenvectors are orthogonal to each other.

a(z)Ta(l) — a(z) 5 a(l) — 0

We could choose the length of all eigenvectors to be equal to one.
a™MTq = qm) . q(M) = 5 They are called orthonormal.

You will see this orthogonality property is extremely important.



All springs have
spring constant k,
and all surfaces
are frictionless.

i) = LEOTED L0 o [[[E(; - 7)) - 0= 204 100 o, [\ [F )

0= 200450 o [|[F6 7] 5020 o (R, 20- V0450 ,, [ 7))
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In general, more than one modes can be excited. Then it 1s not a pure oscillation.

All three modes, multiplied by 3 coefficients, add up, forming a linear combination.

The equation of motions are linear ODE.

Linear Combinations of the 3 mode solutions are solutions, too.

Key Question: Is any solution of system a linear combination of 3 mode solutions?



Linear Combinations of the 3 mode solutions are solutions, too.

X1 3
<x2) = z a® . [ficos(w;t) + g;sin(w;t)]

X3 i=1
Determine 3 coefficients f; , 3 by 3 initial conditions x; , 5(0). Plugin t = 0.

x,(0) 3
() | = > aty,

x3(0) i=1
[ have chosen a® to be orthonormal. a™Taq™ =§_ . Taking inner product:
x1(0) 3 3
a®OT [ x,(0) | = z a(L)Ta(J)fj — z 8iif; = fi x,(0)
x3(0) j=1 j=1 a7 x,(0) | = f;
Inner product of a'¥) and initial column vector equals f;: x3(0)
For example, / 1 \
2
X1 (0) 1 X1 (O) 1
fi=a® | %0) | = | — |- %(0) | =3 [x1(0) + V2x,(0) + x3(0)]
X3 (O) X3 (O)

\3/

N | =



are frictionless.

k=1N/m

m = .2kg
11(0) =1m

EAOER S
z,(¢)=ﬂ(°)+‘/§?__Mom[£ (Z_ﬁ)t] ﬂz_tmm(@) +wm[§; (2+~/§)t] :

) z3(0) = —=3m

“Fm ANANARANAAAAPPRR AN

1. i
fr = > x1(0) + V2x,(0) + x3 (0)| f2 =—=I[x1(0) — x3(0)]
1

3 =5

If initial velocities are all zero, g, , 3 = 0, use numbers f; , 3 to build a solution:

:x1 (0) — V2x,(0) + x5 (0)

1 1 !
X1 / % \ E / 21 \
<Z> = ? ficos(w t) + _()i focos(w,t) + —1—\/2 fzcos(w,t)
\5 ) V2 \ >

/



If initial velocities are not all zero,

determined coefficients g , 3 similarly by initial velocities x; , 3(0).

x1(0)
x3(0) | =0+ Z wiag,
x3(0)
x1(0)
a7 ( x5(0) | = w;g;
x3(0)
Use the numbers f; , 3, g; 2 3t0 build a solution:
X1 3
<x2> = z a® . [f,cos(w;t) + g;sin(w;t)]
X3 i=1

It satisfies both the system of equations of motion and 1initial conditions.
There 1s one and only one function that satisfies both EOM and 1nitial conditions.
We prove: any solution of the system is a linear combination of 3 mode solutions.

Remember the key of the proof is: eigenvectors are orthonormal!



KA

Solving Equation of motion: - x=—-4-x

t
N2 2 Mo ASASNL — = efr S . x a
BSLIR L R IRERREE . x = Gg_em<g>
IRF el S22 (b e A% = 1,2, 34 | X3 as

R AR A A B R 0 (A-wD)-a=0

A BRI THEHE  a®,i=1,3 |

AR, ERMGTE S R TR -
3

X = Z[amfi - cos(w;t) + aWg; - sin(w;t)]
i=1
it = ORVREIBIE DR B A m B a4 AR S - B AGBERETES -
x1(0) s x1(0) 3
%(0) | = ) a®f (x;m)) = ) aly,
x3(0) i=1 x5(0) i=1

FeH G eV & B R REG (GREIRR)E - PIRRI e G |
R AR R T EZUEEE - HEREE HISER



Now extend the formalism to a large number N of particles.

. 2 LAt ¢ ¢ T
1 2 j-1 7 I
d?x;

j _ — X i+1 — A
M-z = k(xj x]—l) + k(x]+1 x])
d’x; k 2k o K

— Xi—1 — —_ Xj X
dtz - j—1 m J m J+1

X1, Xy _ KT TR B & X0, XNt ©
2 B2 EERY 0 FifE ABoundary Condition.

X1 2 -1 0 - 0

a2 |} -1 2 -1 0 0

acz| [T @l O 712 ~10
Xy 00 0 ---\é

d’X 4

dt2

(N + 1)d
(N—1)d Nd -L
- .
N-1 N
j=12--N

Xo = Xn+1 = 0

x1 xl
J X = X]
xN xN



Elevate x; to complex number and put in the following guess solution:

X = ael®t _dX=_A.X » —A-a=—-w’a :
a

dt? — Clj
Ay
The system of differential equations is transformed into a matrix eigenvector problem.
2 -1 0 - 0 aq aq
-1 2 -1 0 0 : :
—w3| 0 -1 2 -1 0[-|%Y [=-w?%
0 O o - 2 ay ay

It 1s a bit impractical to solve it by the condition of vanishing determinant.

But we are sure symmetric positive definite N XN matrix will have N positive
eigenvalues corresponding to N eigenvectors.

And hence there are N oscillation modes.
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AEOTEAREEFENE HER > A SSj{E G -

w|~aj_1 + 2a; — aj41] = 0?a; BERFAEBRXFELLFEHEESS
A BT PSSR - /e TR HE TR PR - B -
UL _emt DT oip mEELLG e - pR R -

AW 3 wi[-e? +2-e7?] =
RO EEILRIER - FEEREE -
R HRTA) BN B EELRIER  FENEZRHE -

a e~ P
a e—i2p

a |~| iy | HOEERRENXNIERSANA B |

a® =

ay e~wN

R R Et BRI AR wi[—e? +2— e7?] = w?



wil2 — (e7 — )| = w?

{ERE L=t v IS B A B Hw? -

w? = wg(2 — 2 cosp)

FEABIEw* B IERT -

—(Ep¥E—RENAEE @ pETFHATE
AR FEEEFIHIEC T E X0, XN 41 » DEFTAEPED ARE BT RA: -

w? — 2w§ Xo =Xy+1 =0

\ 205 [ /
| : -1'\ ; % . I
o \/ -




e”i0p =1
/ e~ P \

X = aPei®t = e~Up el®t a}p)~e_ip'j = cospj +isinpj

e—%Np /
\e—i(N+1)p

PRAEEA R EEUER » A Ea ] B E SR S E R A SR E TR
B L S I AT DA B B e A B E G  xo = 0 M) ag = 0

a}p)~e‘ip'j = a](p) =sinpj = ag =0

/ Sigp \

a®) = ~ siﬁjp

\ | sin:Np /
sin(N + 1)p
A RA 2RV TR AN E (EZREUE - AELIFEpEil -
A e A RS SR anyq = sin(V +1)p =0
p-WW+1)=mn mBE—EAH -

— e B o2 = k-1 \ = . (m) o
P=w1 IS EEp BRI - DmiEE © a7 = sin

mrt

=
_|_
—
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p N + 1 Clj SInpj

m =N+ 15fa; = 0 - JEATEAR R -

m = N +28im = N¥fENp Z HRy2m -

HEME e = —a™ -

r==6

Hegm > N +2EEE2N +2 —m < N >

Hpfik2n: a™ = —a*V ™

A ttm R e DL T iE E(E > FENAFE o
m=1,2,3--N N aEA MBI !

= AITEAE NE A -
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v |t .
AN 1
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Summary

—{E B 2ABmEE A E AR E -

LG =1,2,3---N
P=N+1 M~
/ sinp \
sin(j — 1)p
(p) (m) — in i
n =3 a‘'’’) or a'™ = sin jp
sin(j + 1)p

\ s/

w2, = wé(2 — 2 cosp)
X = a™ceiomt 5 q(M . [A . cos wp,t]

— (& B AR —(E B 1L It =W (R -




a}p) = ¢(dj,t = 0)~sinjp Jth component of the pth eigenvector

In continuous limit N - oo, d — 0:

D p . mm mmn
_ e . o oy — N
= smd jd - sinkx forx=jd,j=1---N d (N + 1)d I
1] ®e ®e r ¢(x,t =0) - sinkx forx =jd,j=1-N
; O ] o
d ° © vy \/\ AT AT TS
[ ® ® ® ‘l/ ,Y\ ’l ‘ ’7 \ 'l l‘| ’ |‘| ’ l‘// ‘f ‘l |'l
1%, ®e *e ¢ \ }f %| '1 \\\\’1 7 |'|/'4‘ [ II| (
VIV N VLY
N ’ N / 4 IH
70 5 10 15 20 0 \/ la 4 200 3 4 s 6

R B (B 1R R |






=
Il
N

= mit mri

K= N+Dd L

¢(x,t = 0)~sinkx forx =jd,j=1--N






SRAESHEHS °

; . . d* X
Solving Equation of motion: —X=-A-X ;1 a,
N 2 - M AeAe — > = FE_IN T . . o X = lwt
B RARERANEGR © x = sorg X=[ 7] [T€ @%
° 3
Rl LB et = 1, -+ ndiRH | XN

UM FEPHRT AR E TR ¢ (A— w?D-a=0
AR EHEENTEHEMEE  ai=1,n
FESE © DTIETGHERE AR  ENENRIEE S - 2R TR GHATE -

X = Z[a(i)fi - cos(w;t) + aWg; - sin(w;t)]

=1
it = ORIERBIEIES R B A A B a DR SHEA & » B AOBAEIEE -
x1 (0) x; (0)
50) | = a®f, (0 = aDug,
5 i=1 : i=1
x (0) x3 (0)

FeH G e % BRI RED (EREIRR) R - PIRERI A4S |
R AR R T EZUSEE - HEREE HBISERK



= EERCRH TR cos(w;t)
(H ezt  mikehs !

3
X = z[a(i)fi . cos(w;t) + aWg; - sin(w;t)]

i=1



i f7 17 F2 =0 Wave Equation Equation of motion satisfied by all wave phenomena.

1 0%y . d’y 1 0%y .
20) — 3D version — 2 —___ 2 1D version
'y v? dt? Y 0x? wv? 0t?
‘: |

and the whale S
sounu waves to d termme where the
fish is and what dir n it is swimming.

Wavelength (in m)

,,,,,,

ommmuuummmooooommammmmm

Expansion

S ~ Compression Amplitude (|n m)




Equations of motion of coupled springs in continuous limit becomes wave equation.

N —- o
d*X Y
—4-X d-o0 —¢=v

dt? q dt?

There 1s an analogy between coupled spring system and continuous elastic medium.

X ) $(jd) = $(x)
Displacement of the jth particles corresponds to the wavefunction at jd = x.
A series of mode solutions exist. A series of similar solutions ¢ exist.
X =ae®t d(x,t) = X(x) - T(¢t)

IMMM Common to two cases: Time evolution can be isolated.

Time factor e'®? is separate from @.  Time factor T(t) is separate from space X (x).

All solutions are sums of modes.



First step of solving wave equation:

Find solutions that can be separated into a time factor T (t) and a space factor X (x).
¢(x,t) = X(x) - T(¢)

These will be called separable solutions,

same name we gave to oscillation modes in coupled springs.

Time factor T (t) is separate from space X (x) and independent of coordinate x.

Benefit: T(t) and X (x) can be solved more easily.

the equilibrium configuration of a planar body, e.g., the deformations of a membrane. Sep-
aration of variables seeks special solutions that can be written as the product of functions
of the individual variables, thereby reducing the partial differential equation to a pair of
ordinary differential equations. More-general solutions can then be expressed as infinite
series in the appropriate separable solutions. For the two-variable equations considered
here, this results in a Fourier series representation of the solution. In the case of the wave
equation, separation of variables serves to focus attention on the vibrational character of
the solution, whereas the earlier d’Alembert approach emphasizes its particle-like aspects.




Chapter 4

Separation of Variables

Three cardinal linear second-order partial differential equations have collectively driven the
development of the entire subject. The first two we have already encountered: The wave
equation describes vibrations and waves in continuous media, including sound waves, water
waves, elastic waves, electromagnetic waves, and so on. The heat equation models diffusion
processes, including thermal energy in solids, solutes in liquids, and biological populations.
Third, and in many ways the most important of all, is the Laplace equation and its inho-
mogeneous counterpart, the Poisson equation, which govern equilibrium mechanics. The
latter two equations arise in an astonishing variety of mathematical and physical contexts,
ranging through elasticity and solid mechanics, fluid mechanics, electromagnetism, poten-
tial theory, thermomechanics, geometry, probability, number theory, and many other fields.
The solutions to the Laplace equation are known as harmonic functions, and the discov-
ery of their many remarkable properties forms one of the most celebrated chapters in the
history of mathematics. All three equations, along with their multi-dimensional kin, will
appear repeatedly throughout this text.

The aim of the current chapter is to develop the method of separation of variables
for solving these key partial differential equations in their two-independent-variable incar-
nations. For the wave and heat equations, the variables are time, ¢, and a single space
coordinate, z, leading to initial-boundary value problems modeling the dynamical behav-
ior of a one-dimensional medium. For the Laplace and Poisson equations, both variables
represent space coordinates, x and y, and the associated boundary value problems model
the equilibrium configuration of a planar body, e.g., the deformations of a membrane. Sep-
aration of variables seeks special solutions that can be written as the product of functions
of the individual variables, thereby reducing the partial differential equation to a pair of
ordinary differential equations. More-general solutions can then be expressed as infinite
series in the appropriate separable solutions. For the two-variable equations considered
here, this results in a Fourier series representation of the solution. In the case of the wave
equation, separation of variables serves to focus attention on the vibrational character of
the solution, whereas the earlier d’Alembert approach emphasizes its particle-like aspects.
Unfortunately, for the Laplace equation, separation of variables applies only to boundary
value problems in very special geometries, e.g., rectangles and disks. Further development
of the separation of variables method for solving partial differential equations in three or
more variables can be found in Chapters 11 and 12.

Peter J. Olver

Introduction to
Partial Differential Equations

@ Springer



Find separable solutions:

B0 =X TO o

Plug 1t into the wave equation: =

at? dx2

2T 02X d2T d2x
X—F =Tv — — =Tv’——
Jot? v 0x?2 » th2 T dx?

Note that partial differentiation becomes ordinary differentiation.
Divide both sides by v2X (x)T(t).
1 1d?T 1d*X
V2T dt?> X dx?
Now left-hand side is only t related while right-hand side only x related.

But x, t are independent variables. General equality is impossible.
The only exception: the two formulae are both constants. Call it A: separation constant
1 1d?T 1d*X d2x 42T

ATdE X2 -t  am s AX g vAT

We find separate equations for time factor T'(t) and space factor X(x) o
Even better, equations are both ordinary differential equation instead of partial DE.



The time factor T(t) can be determined right away

If A <0, T(t)isa SHM with angular frequency w = vv—A.

T(t) = ce't = q,e'Pel®?
or

T(t) = Re a,e'?e'®t = q,, cos(wt + ¢) = fcos(wt) + gsin(wt)

Hence a separable solutions of wave equation 1s also an oscillation mode solution.



d?X B

X (x) satisfies a standard 2™ order ODE. —= AX
X

g ——

The medium with finite size usually comes with Boundary Condition %= 5%,

¢(0,t) = ¢(L,t) =0
Fixed End Boundary Condition



d*X _ oy
dx? k=vV-21

Ifi<0 X&) = Re(Amei"”eiikx) = A,, cos(kx + @) = Acos kx + B sin kx

Choosing B equal to zero, X automatically satisfy one of boundary conditions:

L

$(0,t) =0 = X(0) =0 X(x) = Asinkx .

N
\\ i

The other boundary condition will restrict k we can choose: Ty el
Lt)=0 p e
nim P —
X(L)~sin(kL) =0 = k,=—=,—-4, Wavelength = —
L (5 | AV
n272 : LW AW

These A,, = 7; that allow a solution for X are called eigenvalues.

The solutions X,, (x) for X are called eigenfunctions. NN NN

\/\ /&\/ \\/
nm
X,(x) = Asin (Tx) n=12--0

These names remind us X,, are analogs of eigenvectors of matrix in coupled springs.



d*X 0%¢ 0%

A —— operator
dx? P
d?X, (x
A-a™ =21,a™ d;Z( i AnXn(x)
2
eigenvalue equation of matrix A eigenvalue equation of operator dd—xz

For some function, second order derivative acting
on it gives proportionally identical function.

eigenvector a™ X,,(x) eigenfunction

eigenvalue An A, eigenvalue



a}p) = ¢(dj,t = 0)~sinjp Jth component of the pth eigenvector

In continuous limit N - oo, d — 0:

p p I mm mi
= Slnd jd - sinkx forx=jd,j=1--N 7 v + Dd i
1- L ® .. .é ¢(x,t = O) — Sln kx forx :]d’] = 1 000

L AN
N S LUV INDE VY

0 5 10 15 20 0 la 2a a 5a 6a

Modes a}p) for finite N already look like a sine function.

They becomes X,, = sin(k,x) exactly a sine function for infinite N — oo,



d2X,

dx? = AnXp

With A,,, k,,, the angular frequency of T corresponds to w,,:
d*T

e 21, T = —w?2T

T(t) is a SHM with angular frequency w,, = v/—A4,, = vk,,.

nm
T(t) = f,,cos(w,t) + g,sin(w,t) Wn =V~

These separable solutions we will call u(:

u®™(x,t) = X,,(x) - T(t) = sin(k,x) - (4,, cos w,t + B, sin w,t)
nm nw

./ N ~

NS

The time factor T (t) is an oscillating function of angular frequency w,,,

and the space factor X(x) is a periodic function of angular wave number k,, .

These are typical standing waves.



All particles oscillate as SHM by identical w,, and phase, amplitudes « sin (an x)
) T -
u™(x,t) = sin (T x) (A,, cos w,t + B, sin w,,t)

It could also be seen as a Sine function of x with time varying amplitude.
Oscillation modes in coupled springs system hold same proportion all the time:

x1():2,():ix3(t) = a:ayia; = 1:—V2:1
Here wavefunction at different locations are proportional to sin (n—Lﬂ x) all the time!

. nrt
Wy, t) X))  sin(T x)

(n) - - . (nm
ulM(x,,t) X, (xz) sin (T xz)

L . . . . L : : . . o/ e s ¢ « e \ /s
10 15 / \ /
— N/ \/ \/

©2011, Dan Russell



Note that there are points with no oscillation, called node points l

Wave Superposition fix 8 + g(x,0 = w0 mode!lview

selectchange f(x0 and g(x ) and click play
2.4 l
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8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form

u(x, t) = X(x)I(),

where X is a function of x only and T is a function of ¢ only. If X(x) is chosen

to satisfy the conditions
X(@0) = 0, X(L) =

then the function u(x, ¢) will satisfy the same conditions. Then 7(¢) may, perhaps,

be chosen to satisfy the initial conditions.

We now reqflire that u(x, t) satisfy the PDE. We Rave

8%u(x, t) dZX(x) 8 %u(x, 1)
axz e ar2
Therefore
d’ X 1 d°T
el = aXae

2
= X% d{§’> . 'MATHEMATICAL
PHYSICS
Eugene Bqtkov

The left-hand side of this equation depends on x alone; the right-hand side de-
pends on ¢ alone. If this equality is to hold for all x and ¢, it is evident that either

side must be a constant (same for both sides):

1 d*Xx 1 1d°T

hY

“



The constant \ is known as a separation constant. The equation for X(x) can
be written as
d°X

T

and will lead to exponential functions if A > 0, to trigonometric functions. if
A < 0, and to a linear function if A = 0:

Ae*VX 4 Be—z VX (A > 0),
X(x) = {A cos (x/—\) + B'sin (xn/—2) (A < 0),
A”’x + B” A\ = 0).

It is not difficult to verify that the boundary conditions X(0) = 0, X(L) = 0 can
be satisfied only if A < 0 and, moreover, only if A’ is set equal to zero and the
values of A satisfy the condition

vV —\ = nn/L (n=1,223,...).

Exercise. Show, in detail, that it is possible to satisfy either X(0) = 0 or X(L) = 0,
but not both, if A > 0. Also, prove the statement made for the case A < 0.

These “allowed” values of the separation constant A,
M= —n?r?/L2 (n=1,2,3,..),

are usually called the eigenvalues, or characteristic values, of the problem under
consideration.* By this we mean the problem of finding functions satisfying the
given DE and the given boundary conditions. In our case there is an infinity of
such functions, called eigenfunctions, and they read

X.(x) = B, sin (nwx/L) n=123...),

where B, is an arbitrary (nonzero) constant which may, in general, be different
for different eigenfunctions.




In our problem of the stretched string the function 7(¢) which is multiplied
by X(x) must satisfy the DE with the same separation constant as X(x). Therefore,
to each eigenfunction X,(x) there corresponds a function 7,,(¢) satisfying

1T, e
AT, de ~ =T
This yields

nwct . hwct
T(r) = C,cos T + D, sin i3

’

where C, and D, are arbitrary constants.

* The word eigenvalue is an adaptation of the German term eigenwert derived from
eigen = proper and wert = value.




Summarizing our results we may say that the attempt to find the solution of
our PDE with given boundary conditions and initial conditions in the form

u(x, 1) = X(x)T(t)
leads us, so far, to an infinite number of such functions which may be written as

nwct . hwCt\ . nwx
u,(x, 1) = (An cos —— + B, sin T) sin ——>

where A, = B;,C, and B, = B, D, are arbitrary constants. Each of these func-
tions u,(x, t) satisfies the PDE and the boundary conditions. It remains for us to
select from among these functions, adjusting the constants 4, and B,, those func-
tions that will also satisfy the desired initial conditions. Before we do this, however,
note that each function u,(x, t) represents, on its own, some kind of possible mo-
tion of the stretched string (corresponding to some special initial conditions).
These types of motion are known as the characteristic modes (or normal modes)
of vibration of the string. Each one represents a harmonic motion (vibration)
with the characteristic frequency (or ‘“‘eigenfrequency”)

w, = nwc/L n=1,2,3,...).

A bit of reflection will show that it is not possible to satisfy arbitrary initial
conditions

u(x, 0) = u(x), 35 (x,0) = vo(x)

by any single function u,(x,t). Indeed, any particular function w,(x, ) will
satisfy initial conditions of the form
cnr . nwXx

. nwX
uo(x) = A, sin ——> vo(x) = B, I Sin—p




and no others. To overcome this difficulty we can lean back on the powerful
principle of superposition. Our PDE is linear homogeneous, and so are our boundary
conditions. It is trivial to verify that if two functions w,(x, t) and u,,(x, t) satisfy
the PDE and the boundary conditions, then their linear combination

f(x9 t) . Clun(x, t) T Czum(x, t)

will also satisfy the PDE and the boundary conditions. By induction this will also
be true for a linear combination of a finite number of functions u,(x, ). It is not
unreasonable to conjecture that the same properties will hold for an infinite series
formed by the functions u,(x, 1):

= nwct X nmwx
L

y(x, ) = > (An cos ki + B, sin ——
oaast L L
provided the series converges (or if not, provided it can be treated as a distribution,
in conformity with the principles stated in Chapter 6).



To be more precise, the function defined above certainly satisfies the boundary
conditions

(0,0 = y(L,t) =0

(since each term satisfies them). It will also satisfy the PDE, provided it can be
differentiated twice term by term with respect to both x and . From the point of
view of the classical theory of functions, this may impose considerable restrictions
on A, and B,; e.g., the twice differentiated series y(x, ¢) must be uniformly con-
vergent. On the other hand, from the point of view of the theory of distributions
it is sufficient* that 4, and B, are of the order of some power of n:

|4,| < AnY,  |B,| < BnN  (some N),

and this point of view may be adequate for physical applications.

In any case, however, the justification of the method depends on the properties
of A, and B,, and it is usually convenient to assume its validity and justify it later,
after the solution has been developed.

It is needless to emphasize that the function y(x, t) is a Fourier sine series
in x (it is also a Fourier series in ¢, but this fact is of much less importance). Setting
t = 0 and using the first initial condition, we obtain

uog(x) = Y, Ay sin E?

n=1

If the function uy(x) can be expanded into a Fourier sine series, the coefficients
A, can be determined. In physical problems u((x) is invariably continuous, piece-
wise very smooth, and vanishes at x = 0 and x = L. Therefore, it can be repre-
sented as above.

Similarly, calculating (du/dt)(x, t) and using the second initial condition, we
can obtain

ol cnw . nwXx
Vo(x) = B, — sin — -
o) = 2 B sin g




In physical problems vy(x) is sometimes assumed to be discontinuous. However,
it is invariably piecewise continuous and piecewise very smooth, and the coefficients
B, can be determined as well.

Consequently, we have constructed a solution to our problem in the form of
a series

= nwct . nmwct\ . nwx
y(x, 1) = 7?;:1 (A,, cos —— + B, sin —Z—> sin —~

which satisfies the boundary conditions and initial conditions for all physically
reasonable functions uy(x) and vy(x).
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o, t) =y - T(t) Method of Separation of Variables
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11d°T 1 _,

v2T dt2
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11d°T 1 d*T

ATar Ty V= W g =T

= TV
Hermann von Helmholtz 1821-1894

V) =219 Helmholtz Equation



Temperature distribution of a heat conducting bar

paraffin wax droplet temperature sensor

thermometer



Treat the bar as a series of points with temperature distribution u(x, t).

. Au . . . . aqQ
Temperature difference -, at neighboring point drive heat ﬂow;.
7=
A G
u (x) ~> /L\"*) u (x + Ax)
L —
dQ Au a u Rate of heat flow Temperatures of hot and cold ends of rod
— = h —_— > h— Heat current --..,_ ek
dt Ax ax in conduction .'”H — @ = kAM __.LC"S“‘ of rod
d & x Lt
ﬁXed t Thermal conductivity of rod material " Cross-sectional area of rod
- >
u(x—»Ax) | = u(x) y U (x+Ax)
>
© 2016 Pearson Education, Inc. Ax

: : : )
Net heat flow into a point on the bar change its temperature ?1; :

Net heat flow equals heat ﬂow%z to the right minus from the left.

au au au Zu 2
C(pAAx)Ezha(x‘l'Ax)—ha(X)=hAx— 1 du 0J“u

dx? a? ot ~ dx?

fixed x fixed t



1ou d0%u
a2 ot  0x?2

y

Heat Flow Equation

e— | ——>

Boundary condition :

u(t,0) =273K u(t,l) =273K

Initial condition -
u(0,x) =273 K+ f(x)




1 ou d0%u
a2 ot  0x>2

y

Heat Flow Equation

e-— | ——>

Boundary condition :

u(t,0) =273 K u(t,l) =373K

Initial condition -
u(0,x) = 273K



10u d0%u
a2 ot  0x2

The Heated Ring

Heat Flow Equation

So far, we have not paid any attention to boundary conditions. As noted above, these will
eliminate nonphysical eigensolutions and thereby reduce the collection to a manageable,
albeit still infinite, number. In this subsection, we will discuss a particularly important
case, which, following Fourier’s line of reasoning, leads us directly into the heart of Fourier
series.

Consider the heat equation on the interval —7 < 2 < 7, subject to the periodic
boundary conditions

ou  0%u (t ) (t,7) ou du
_— = U\t, —m) = u\t,m), -
ot Ox? ’ Y

75 (=™ = 5 (t,m). (3.21)
HEAT CONDUCTIVITY RING - WOOD
BASE

A$19.25

Code: TCRING

© share

Periodic Boundary Condition

u(t,0) = u(t, 2m)

Ju u
% (t,0) = x (t, 2m)



Search for separable solutions, products of a function of x and a function of ¢.

u(x,t) = X(x) - T(t) Method of Separation of Variables

Plug in the heat flow equation :

1 ou 0%u 1 _oT 0%X

29t 9x2 o2 o | ox?
Devide both side by X(x) - T(t), and change partial d to ordinary d.
1 1dT 1d%X

a?Tdt X dx?
Now left-hand side is only t related while right-hand side only x related.
But x, t are independent variables. General equality is impossible.

The only exception: the two formulae are both constants. Call it A.

1 1dT 1d2X _

@ T dt  Xdx? ,
X (x) satisfies exactly the same ODE as in wave equation. d_X

dx2 AX

With fixed end boundary condition:

X, (x) = Asin (nTﬂx) n=12--0



Equation for the time part 1s different, even simpler:

11dT

a’T dt

dT (t)
dt

= —a?AT(t)

T(t) = ce~® At

Temperature in a conducting bar does not oscillate. It decays exponentially.






