Gamma Function I'(x)

This 1s one of the Special Functions.

Bessel function, Legendre function etc. would be a focus this semester.

Most of them are solutions of specific ordinary differential equations.

co

Gamma Function is defined as ~ I'(p) = f dx - xP-le=%
0

[t appears very often in physics

In Statistical Mechanics, we use 1t to compute averages in Boltzmann Distribution.
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oo

I'(p) = j dx - xP~le™™
0
Let’s start with this simple calculation of I'(p) for integer p:

Now differentiate the integral with respect to —a once:

d
da

(00) (00)

1
dx -e % = J dx - xe X =—
a

0 0

Differentiate the original integral with respect to —a n times:

dr [ [ |
(—1)"—f dx -e”** = f dx - x"e”** S

dam™ am
0 0
05=11

co

(n—1) = j dx -x"e ™ =n!
0

Gamma Function of positive integral n 1s n factorial! What a surprise!



Indeed, we can prove from definition for any p (not just integer n):

'p+1) =pl'(p)  The key equation of Gamma function.

Using integration by parts to compute the left-hand side:
b b

fdx cu(x)v'(x) = ulx)v(x) 0 J dx -u'(x)v(x)

a a

rp+1) = f dx - xPe™ = —xpe_x‘ +j dx -pxP~te™ = pI'(p)
0
0 0

Note that if we choose p as a positive integer:

co

F(l)zfdx-e‘le

0

Now apply the above formula, we can easily show:

rez)=1ra)=1 r@) =2r(2) = 2! [(n—1) =n!

Gamma Function is n factorial in disguise.



Gamma function 1s not always well-defined.

rp) = 02
@
') = pTO — 00

Gamma Function is infinite and divergent at p — 0.

I'(0
e =0

Gamma Function is divergent at negative or zero integer p < 0.



Could we can define Gamma Function for rational number (non-integer) p:

co

I'(p) = J dx - xP~le™™
0

The answer 1s yes. This integral 1s finite for positive and real p.

Its value 1s smoothly extendedton!atp =n — 1 '(n—1) =n!

30

The gamma function is a smooth curve y = f(x) that connects the
points of the factorial sequence: (x,y) = (n — 1, n!) for all positive

integer values of n.



FIGURE 13.1 Gamma function I'(x + 1) for real x.

Remember I'(p) is divergent at negative integer p < 0.
But I'(p) is defined at —1 < p < 0 using the valuesat 0 < p < 1 and
F'p+1)
p
and other intervals -1 —m<p < -—-m.

I'(p) =






There are two calculable expression of Gamma function:

Euler:

VA

) 2 i 1.2:3---m
@ = e DD Gt

We can check:

1:2:3:.1m

[+ = lim e et~ Gint D" -
oy - 1-2-3....qn )
_an—r>£lo(z+n+1).[Z(Z+1)(Z+2)(Z+3)"'(Z+Tl+)n]
=z -I'(2)

We are sure this formula gives:
[(n—1) =n!

You can find a rigorous proof on P601 of Arfken.



To show the equivalence of these two definitions, Eqs. (13.1) and (13.5), consider the
function of two variables

n

\" ]
F(z,n):/ (1 - —) = ldt,  Re(z) >0, (13.9)
n
0
with n a positive integer. This form was chosen because the exponential has the definition
[ n
lim (1——) =e ', (13.10)
n— 00 n

Inserting Eq. (13.10) into Eq. (13.9), we see that the infinite-n limit of F(z, n) corresponds
to I'(z) as given by Eq. (13.5):

o0
lim F(z.n):F(z,oo):fe_’rz_'drsf‘(z). (13.11)
n—oo

0

Our remaining task is to identify this limit also with Eq. (13.1).
Returning to F(z, n), we evaluate it by carrying out successive integrations by parts. For
convenience we make the substitution # =t /n. Then

|
F(z,n):;f/(l —uw)"u* Vdu. (13.12)
0
The first integration by parts yields
|
F(z, ik :
(z7;1) :(1_u)"u— +ﬁ/(1—u)"—lu”du; (13.13)
n* Z o Z
0

note that (because z # 0) the integrated part vanishes at both endpoints. Repeating this n
times, with the integrated part vanishing at both endpoints each time, we finally get
1

nn—1)---1 =1 gy,

z(z+1)---(z+n—1)0

F(z,n)=n®

1-2-3...n B
= nv.
2(z+1)(z+2)---(z+n)

(13.14)

This is identical with the expression on the right side of Eq. (13.1). Hence
lim F(z,n)=F(z,00)=TI(z2),
n—00o

where I'(z) is in the form given by Eq. (13.1), thereby completing the proof.



But Euler’s formula is still not easy to evaluate.

Infinite Product of Weierstrass:

1
—— = zeV?

[ (1 +E)e_7i

n

s

n=1
Note that the expression in the infinite product is getting closer to 1 as n — co.
To a certain accuracy, we only need to include finite number of terms.

This expression is readily computable.



Take Euler’s Formula:

e 1:2:3--1
@ = e D+ Gt

inverse it:

1 1+2\/2+4+2z n+z Z
—— = lim Z( )( )( )n_z = 7z lim (1 +—)e_21n"
2 n n m

Inn can be approximated by a series of 1/m:

1 1 1 = 1
lim (1+—+—+---+——lnn)=lim — —lnn|=y
Nn—oo 2 3 n Nn— oo m

m=1

n
Z
lim( —+Zlnn>=yz
n—oo m

m=1

Plug this formula back, we proved Weierstrass’s formula is correct:
n 0
Z Z YA Z
') ze %1_1)130 (1+m)em ze ‘ ‘(1+n)en
m=1 n=1



You can find a rigorous proof on P603 of Arfken.

This infinite-product form is useful for proving various properties of I'(z). It can be
derived from the original definition, Eq. (13.1), by rewriting it as

n

1:2:3n 1 ol
l1()_"@0107(“1) Gt =nll?3021_[(1+;) n. (13.17)

m=1

Taking the reciprocal of Eq. (13.17) and using

n=% =Mz (13.18)
we obtain
n Z
— . (—Inn)z ( _)
e z lim e I I+ ). (13.19)

m=1

Multiplying and dividing the right-hand side of Eq. (13.19) by

11
exp|:(l+2+g+ + )] ]_[e~/"' (13.20)

m=1

we get

1 ) 1 1 1
r2) =Z{,,lliﬂoe"p[(l+§+§+”'+;_1“”)*-“

|:n]ilgol_[(l+m> ”/m:|' (13.21)

m=1

Comparing with Eq. (1.13), we see that the parenthesized quantity in the exponent
approaches as a limit the Euler-Mascheroni constant, thereby confirming Eq. (13.15).



2m+1

Gamma Functions at half integers p =

(00] (0.0] 1
—|l=1d dx -—e™™*
J * f NE

0 0

Change the variable to x = y2.

are especially useful:

Nl

J x_ex Zjd ey zzjdy.e_yzz fdy.e_yz
0 0 —00

I (%) 1s the integral of the Gaussian distribution.

For the general case:

2m+1
de X

0 0 —00

We’ll use T’ G) very soon.

co

3
F(E): de-yze_y2

— 00



To compute integral of Gaussian distribution, multiply two I’ (—; ) together.

(00) (00) (00)

[avr fareer wt(heg) - [t

y

— 00 — 00 — 00 %,dM=pdxdy
N 2 dy

[t equals surface integral on x — y plane, Baos P242-245, ﬁ'b/ R

and we can change to polar coordinates. - | x

27T 0

=jdr frd@e r? = frdr-e"’2 Baos p258
0 0

0

Figure 4.1



Boltzmann Distribution434f 2¢Canonical DistributionF RI|4745

—E(Sl)/kT

P(s e
(s1) — o~AE/KT _

=, —E/KkT
P(sy) ~ e—E(sy)/kT B, Pxe Boltzmann Factor

—{EZRSAEE M [ o HIFAE— R EARRRAYIER [EEEY Boltzmann Factor -
Se HUmE BRE E R A PUATE | AIE A SN 5 S R -

P
1 B EE A AN | I T 248
0.5
0 1 2 3 4 E/kT

E > KT, PK1


http://upload.wikimedia.org/wikipedia/commons/6/67/Boltzmann_factor_vs_energy.svg

Consider a SHO 1n an environment of temperature T.

It means SHO interacts constantly and randomly with particles in environment.

The probability P(v) of finding SHO to have velocity v is « Boltzmann Factor :

m 2
P(v) o e E/KT o o™ 2kT

The total probability P(v) equals one.
mvz
Hence, we divide e 2kT by its integration over all possible velocity to get P(v).

1 muv?

P(v) = e 2kT

mv'?2
(00) —
fo dv' - e  2kT

e
o
o . o ®
e
* e ® .. *
e ®
- e @
s @* 9|



http://upload.wikimedia.org/wikipedia/commons/6/6d/Translational_motion.gif

This integration is integration of Gaussian function and hence is just I (—2 )

1
jdx —e x:2jdy’y}€_y2:2de'e_y2: fdy.e_yz
0 0 —00

We just need to change variable:

1°°d ' P , |2kT
vae jye vi= |-y

— 00

r m'2 kT 1
dv' - e 2kT = —[‘(—)

fv ¢ om \2

0



We can now calculate the average of kinetic energy of SHO in T':

1 r 1 mv?
<Emv2> = j dv-zmvz -P(v) = mvzf dv - —mv 2KT
W f dv - e 2kT

1 2kT
[ av-gmo. 1/2m de yte™ V=l

0

Compared with the formula:

3 (00]
F(E): de-yze_y2

The above integration 1s just kT LI (—)
Zm 2

0 kT _ (3
2 kT |5=T (5

<%mv2> = vaJ v - —mv e 2NT = 2m (2) =—kT
" o )

[ don’t need the value of Gamma Functions. I use just the following formula.

r(z)=2r()



RIS RS S B E Em R |

N s I seRYE T B RISE 2 HEGER

1 r Kx?
<—Kx2> = f X - —Kx 2KT —
T 0
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SRR T = —

(0]

3 mvzﬁ 1 0 mvzﬁ,

j V- —mv 2 P = — _ fdv'e :
o mv'2 o ap

O fO dv e 2 0

mv’z

fdve

T P EIm? 5] DU Y152 |
AR THERTEE T E A o NI AR A BT

mo” G 1 df
— ~ 3p 'B — —_— . —
— lnfdv e 2 axlnf e
BEE SRS
= ™, av= [ L A > RSP AR SRS 2 -
’ e 5 AT AR RIS
0 |2 °°d » .
__ﬁn m—ﬁfxe —__ln —+ln —dee
0
0 1 16



In Statistical Mechanics it 1s essential to have an approximation of n! for large n.

Stirling Formula
n! ~n"e ™/ 2mn n — o

Write it in terms of gamma function, which has an integration definition.
[(p+ 1)~pPe™P,/2np p — 0o

(00) 0.0) (00)

F(p‘l_ 1) = j dx -xpe_x — j dx.(eln_X')pe—x — j dx.eplnx_x
0 0 0
We know how to integrate Gaussian function.

Maybe, p In x — x can be approximated by a quadratic function of x as p — 0.

=0

X=p

.. d
It does have a minimum at x = p. ——(plnx —x)

p Inx — x can be approximated by a quadratic function of (x — p) asp —



p In x — x can be approximated by a quadratic function of x —p asp —
Change the variable: x —p =y\p dx =dyp
j dx -epInx—x — N7 j dy - eP In(p+y\p)-p-yVP

0
Note thatas x - 0,y - —/p = —. See Baos p553.

x? x3
Expand the log in the exponential by: In(1 + x) = x — - + e
2
y y y y
In(p +y P)=1nlp<1+—)]=lnp+ln(1+—)~lnp+ —— 4 .-
VP VP VP N

2

y
pln(p+y\/z3)—p—y\/ﬁ=plnp—p—7

Note that there 1s no linear term in y. It 1s indeed an integration of Gaussian function.

co

In p— 2 Inp,— 1 =
[(p+ 1)~/peP PP de-e 2 = ,/peP "Pe p\/QF(E)=ppe P /2mp

— 00

This is true for all p. Whenp =n, nl~n"e"21n n — oo



Laplace's method XA 11 languages

Article Talk Read Edit View history E

From Wikipedia, the free encyclopedia
Not to be confused with Laplace's approximation or Laplace smoothing.

This article's style of writing may not reflect the encyclopedic tone used on Wikipedia.
’ See Wikipedia's guide to writing better articles for suggestions. (March 2024) (Learn how and

when to remove this message)

In mathematics, Laplace's method, named after Pierre-Simon Laplace, is a technique used to approximate integrals of the form

b
/ eMf(z) dz,

where f is a twice-differentiable function, M is a large number, and the endpoints a and b may be infinite. This technique was
originally presented in the book by Laplace (1774).

In Bayesian statistics, Laplace's approximation can refer to either approximating the posterior normalizing constant with Laplace's
method or approximating the posterior distribution with a Gaussian centered at the maximum a posteriori estimate.['] Laplace
approximations are used in the integrated nested Laplace approximations method for fast approximations of Bayesian inference.



Formal statement and proof |edit]

Suppose f(z) is a twice continuously differentiable function on [a, b], and there exists a unique point 2y € (a,b) such that:

f(zo) = m[a}é] f(z) and f"(z0) <O.

z€|a,
Then:
[P erf@) dg
lim =1.
oo enf(zo) 2
n(—f" (o))

Proof [hide]

Lower bound: Let £ > 0. Since f” is continuous there exists § > 0 such that if |z — c| < d then f"(c) > f"(zo) — €. By Taylor's
Theorem, for any = € (zg — d, ¢ + 9),

£(2) > flao) + 5 (7" (z0) — )& — 20"

Then we have the following lower bound:

b zo+6
/ @) gy > / (@) gy
a x9—0

zo+0
> gnfle0) / " R o))z g
.’1:0—6

. ] b\/n(—F" o) 7o)
— en Z(
n(—f"(zo) +€) J-5,/n(—f"(zo)+e)

where the last equality was obtained by a change of variables

y = /n(~f"(z0) +)(z — z0).

_l
?J dy




