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Differential Caleculus of Vector Fields

Review: Chapter 11, Vol. I, Vectors

2-1 Understanding physics

The physicist needs a facility in looking at problems from several points of
view. The exact analysis of real physical problems is usually quite complicated,
and any particular physical situation may be too complicated to analyze directly
by solving the differential equation. But one can still get a very good idea of

3

Vector Integral Calculus

3-1 Vector integrals; the line integral of V1)

We found in Chapter 2 that there were various ways of taking derivatives of
fields. Some gave vector fields; some gave scalar fields. Although we developed
many different formulas, everything in Chapter 2 could be summarized in one
rule: the operators 9/0xz, 9/dy, and 9/0z are the three components of a vector
operator V. We would now like to get some understanding of the significance
of the derivatives of fields. We will then have a better feeling for what a vector
field equation means.
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Goal: Complete Maxwell Equations in integral form
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Convert Maxwell Equations from integral formulation to differential formulation



Using differential Maxwell Eq, EM wave equation is easy to derive.

Maxwell Equations in vacuum

V-E=0 ©V-B=0

Spatial change of electric

Wave Equation for Electric Field
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This 1s to deal with functions of space and time, called fields.
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Scalar functions (just real number) of space and time are called scalar field.

V: R® >R



U(7) Potential energy is determined by positions and it is a scalar.
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Almost like the heights on a map.
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BALV () B2y 4l & Y © Electric Potential V () is a scalar function in space.

M > BISE () 2—(E a2 4 - On the contrary, electric field is a vector field.
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When the function values are vectors, the fields are called vector fields.

E: R® > R3
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Figure 1. On the left, the temperature on the surface of the Earth is an example of a map
from R? — R, also known as a scalar field. On the right, the wind on the surface of the Earth
blows more or less horizontally and so can be viewed as a map from R? — R?, also known as
a vector field. (To avoid being co-opted by the flat Earth movement, I should mention that,
strictly speaking, each of these is a map from S? rather than R?.)

e EIST (1) R > e [ B0 (1)

Temperature distribution 1s a scalar field. = Wind speed distribution is a vector field.
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Differential Formulation of Maxwell Equation from Integral Formulation
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We can define three partial derivatives of a scalar field V (x, y, x).

aVv av aVv
- —(x,v,x _
Ep (x,y,x) 3y (x,y, %) e (x,y,x)
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In one dimension, the derivative of electric potential is electric field.
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The three partial derivatives look like components of a vector. Are they?
G g BRI EE - SiEES M EN 7

If so, 1s the vector the electric field vector E?



Let’s start from the definition:
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Electric potential difference equals the line integral of the electric field.
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Since Py, P, are very close, E does not change much. “
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Electric potential difference between two points equals
—E Ax — E, Ay — E,Az
AV = aVA + 0 Ay +—A
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Comparing the tow formula, we find:

2o (av ov av)
sERUNE = (Er B2 ERN == ~ \9x’' 0y’ 0z

The three partial derivatives are indeed components of a vector.



Multivariable function difference can be written in terms of partial derivatives.

d
RS SETRAERE ¢ f(x + Ax) — f(x) = d_f; (x0) - Ax
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AV = aAX +a—yAy+EAZ (x,y +Ay) (x+Ax,y + Ay)

V(x,y)erEEL

AV = V(x + Ax,y + Ay) = V(x,y)

(x,y)

=V(x+Ax,y+Ay) —V(x,y +Ay) + V(x,y + Ay) = V(x,y)
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FEE Gradient
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We simply treat the operation V as a vector as the notation indicate.
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But V is an operation after all and it must act on a field.
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This derivation does not rely on E being the electric field and 1s true for any vector field A
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Theorem: If the line integral of a vector field A equals the difference of a scalar field ¢,

Ap=— | A-d§
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ﬁ?ﬁ*ﬁﬂu%@zd)ﬁl‘ﬂ%&f A equals the gradient of ¢:
A=-V¢
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Equipotential surface

Field line
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(c) Two equal positive charges

(b) An electric dipole

(a) A single positive charge
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Figure 2.5.

The scalar function f(x, y) is represented by the
surface in (a). The arrows in (b) represent the
vector function, grad f.
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0x’ 0y’ 0z)  So far, gradients acting on scalar fields gives vector fields.
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Partial derivatives in a gradient can act on vector fields too.
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There are 3 partial derivatives in gradient and vector fields. Indices need be arranged.
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We can arrange the indices like an inner product while taking derivatives.
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0x oy 0z The results are a scalar fields.
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Or we can arrange the indices like a cross product. The result is a vector field.
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Integration Theorems
Differential operations are related the the integration of vector field in space.

Integration of vector field in space 1s over curved surface or a path (line).
Gaussian
surface \

Hif&47 Surface integral A

43557 Line integral

Curl the fingers of
U your right hand around



The fluxes due to charges
outside the surface are all zero.
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The fluxes due to charges
inside the surface add.

- 5 q
¢E=35E-da=— e



A A
—
= - 0. ‘
E 0 1

g, A . |

_______ . Area A Area A

EEOEAEA AR EENERE > SRS EER R -
MILERE > AL E R EARTEE Y N RA -
N=E-AcosH=L_?>-/TECDE

@, Eif & Electric Flux - EZAMN 7@ B L EIIEI458H -



QIR ELEE AR E (B2 SireERR A - s simE) ¢

fﬁ-dﬁz lim Y E;-684;
0A—0

N—-oo |

WSS RPN - 2= NSNS 7T
] DAEEd AR T 1 — R FH A S 4] -

{43 it

B 1

E;-8A; FyEEF > B4R RHbH ik
RyElS > B4 A



Gaussian —
surface \

B TR R A — (R R R
d@=fﬁwa=%%@@mﬁﬁ%%a i AT e

H#HE A LB PR AT Y B4R B H D T EEBH Y BB AR B H |

EOEEATE -, $E-dd=0



E RN —Rh 8y - BJSREEEAF S (EEE AR

by = 391? . dd = BT E SR — A ENE A # 0

EE—EE Y ST EREE - FRIEE)ERAFTELCHBORYEISREHE -
NEIIREL A TIRIFHR
BMLZI A LR - EERE R qHT S HTES 2,3 » EBEEMHTE |

% 1[BBG B AT Y = AT AV BB DR BER IR ~ (LB - AR/NEERE |



The fluxes due to charges
outside the surface are all zero.

@ it
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cross section of a
Gaussian surface
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The fluxes due to charges
inside the surface add.

= — S HEE Gauss’s Law
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But Gauss’s Law 1n this integration formulation is hard to use.

We will now calculate flux on surface using divergence inside surface.

The law will then be converted it into a differential formulation.

7.E=2
€0



First a beautiful mathematical theorem. The key observation:

When a volume 1s divided into two parts: a + b

the electric flux through a + b equals the sum of flux through the two parts a, b.
Cyip =Py + Py
This 1s because when adding up, the contributions from interior faces S,; cancel out.

The outward normal direction of S,; from part b is opposite the direction from a.




If we divide the inner space V of a Gaussian Surface into small cubes dV/,
The sum of all the flux through the cubes equals the flux through I/,

since the contributions from interior faces cancel out.

(I)E —_ z AcbiE
[

Let’s calculate the flux through a small cube:




,'”E (x) E(x + Ax)
1 Gaussian
/ Z surface
/
- | J -
Flux through a small cube: da < __> ,fla
x‘ x + Ax

Z

The flux on the two surfaces (right, left) perpendicular to x axis: f. g5~ E,-da

0
E.(x + Ax) - AyAz — E,.(x) - AyAz = (a—xx) Ax - AyAz

The change in E, as only x change by Ax equals partial derivative% Ax:

0FE
Flux on two surfaces (top, bottom) perpendicular to the y axis: (0_;) - AxAyAz

JE, O0E, OE N
Total flux: &, = <axx + ayy + azz> - AxAyAz = (\7 - E) - Av

IR
V-E=—

Av

The physical meaning of divergence is the flux of the vector field per unit volume!



oy

Flux through a small cube equals the divergence at the cube times its volume.
Abg = (V-E)-Av
The flux through V equals the sum of all the flux through the cubes.

Dy = zACIDiE = Z(ﬁ-ﬁi)-myi - j(ﬁ-ﬁ)dv
L i

Flux through a surface equals volume integral of divergence inside the surface.

fﬁ-da=j(\7-ﬁ)dv
V

S



fﬁ-d&=}(\7-ﬁ)dv ‘f
S %4 av

It 1s true for any vector field.

Divergence Theorem or Mathematical Gauss’s Theorem

Integration in a volume i1s related to quantities on the surface.

This 1s intrinsically generalization of fundamental theorem of calculus.
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Now Physics:
Convert Gauss’s Law from integral formulation to differential formulation

Apply the integral formulation of Gauss’s Law to this small cube:

Electric flux equals the enclosed charge.

0z

. o A n n
fE-da=(V-E)-Av= 12~

€0 €0 5o OV

p 1s the charge density inside the cube, approximately a constant for small cube.

This the differential formulation of Gauss’s Law.

L oo P I r
V.-E=— V-E(r):ﬁ
80 EO

This 1s an equation true for every point in space.

Electric line accumulation of in unit volume 1s proportional to charge density.



In reverse, take the differential formulation of Gauss’s law.

7. E=L
€0

Plug it into the divergence Theorem:
fﬁ-da=j(\7-ﬁ)dv
We get the integral formulation of Gauss’s law.

fﬁ-dﬁ:j(ﬁ)dv:i
€0 €0

Integral formulation of Gauss’s law 1s equivalent to differential formulation.



Magnetic Gauss’s law can also be converted into differential formulation.
5{> B-dd=0
Divergence Theorem

jﬂﬁ-dazj(ﬁ-ﬁ)dv

Differential formulation: Divergence of the magnetic field 1s always zero.

-

V-B=0



Maxwell Equations

yég.da=i 7F.E=2
€o €0
jﬂﬁ-da=0 V-B =0
L ddg . . dB
E.di=— -2
f S dt VXE e
=g — . ch)E -
%B dS — [.lol +H0€07 \7><§ aE



Within a uniform charge distribution : r < R

Charge density: p ©

4
3 p
= _—7Tr
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3
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Electric flux inside the ball:
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Electric Field of a point charge . ¢

3. The electric field E of a point charge Q fixed at the origin can be written as:

10, ¥ 3
ey r? S T @ >

A. Calculate 7 X E. 2 2

E=

B. Calculate V - E and show it is equal to zero except at the origin r = 0.

—> - Q —> 1’\
V-E = V-(—Zr)=0
41e, T

except for r = 0.
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3 Grad, Div and Curl

In this section we’re going to further develop the ways in which we can differentiate.
We’ll be particularly interested in how we can differentiate scalar and vector fields. Our
definitions will be straightforward but, at least for the time being, we won’t be able to
offer the full intuition behind these ideas. Perhaps ironically, the full meaning of how to
differentiate will become clear only in Section 4 where we also learn the corresponding
different ways to integrate.

The 2d Divergence Theorem: Let F be a vector field in R2. Then

/V-FdAz/F-nds (4.6)
D C

where D is a region in R?, bounded by the closed curve C' and n is the outward normal
to C.

Proof of the 2d Divergence Theorem: For simplicity, we’ll assume that F =
F(z,y)y. The proof that we're about to give also works if F points solely in the X
direction, but a general F is just a linear sum of the two.

We then have

y+(z)
V FdA = / dx / dy — bz
J, v @ o Yo (@) | G

where, as the notation shows, we’ve chosen to do
the area integral by first integrating over y, and

then over z. We’ll assume, for now, that the region Y- (%)

D is convex, as shown in the figure, so that each I\ )

[ dy is over just a single interval with limits y4 (). X
These limits trace out an upper curve C;, shown



in red in the figure, and a lower curve C_ shown in blue. We then have

[ v-Faa= [ do (Fep@) - Py @)

We’ve succeeded in converting the area integral into an
ordinary integral, but it’s not quite of the line integral form
that we need. The next part of the proof is to massage the
integral over [dz into a line integral over [ds. This is

easily achieved if we look at the zoomed-in figure to the
right. Along the upper curve C,, the normal n points
upwards and makes an angle cosf = ¥ - n with the vertical. Moving a small distance
ds along the curve is equivalent to moving

dx =cosflds =y -nds along C

Along the lower curve, C_, the normal n points downwards and so ¥ - n is negative.

We then have
dx = —y -nds along C_

The upshot is that we can write the area integral as

[)V -FdA = A ds (n -F(z,y (z)) +n- F(x,y_(:z:)))

:/ F‘nd8+/ F-Ilds
Cy _
=/F°nds

C

with C = C, + C_ = 9D the boundary of the region.

We're left with one small loophole to close: if the WY b
region D is not convex, then the range of the inte- , ./ [ S
gral [ dy may be over two or more disconnected in- " { _ ! ‘/_,J——)
tervals, as shown in the figure. In this case, the bound- v /1 N7 -

ary curve decomposes into more pieces, but the basic oz
strategy still holds. O X
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Figure 13. Performing the f dz integral for the proof of the 3d divergence theorem.

Proof of the 3d Divergence Theorem

The proof of the 3d (or, indeed, higher dimensional) divergence theorem follows using
the same strategy. If we focus on F = F(z,y, z) Z we have

V-FdV = [ dA mzy)dz—
IARCEYCY
- /D dA (F(z,y,z+(a:,y))—F(z,y,z_(rv,y)))

where the limits of the integral z, (z,y) are the upper and lower surfaces of the volume
V. The area integral over D is an integral in the (z,y) plane, while to prove Gauss’
theorem we need to convert this into a surface integral over S = dV. This step of the
argument is the same as before: at any given point, the different between dA = dzdy
and dS is the angle cosf = n -z (up to a sign). This then gives the promised result

(4.1). O



Maxwell Equations

fﬁ-dci’:i F.E="
€o €0

fﬁ-d§=0 VxE=0

fﬁ-dé’:u()l VXB = pof

Could we write the line integral in a differential formulation?
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If a curved surface in space 1s divided into two regions a + b,

the boundary path I' is decomposed into two sub-paths: T =T, 4T,

Add the line mntegrals along I, and I, and contributions on interface I';; cancel.

That 1s because on I',;, path I'; and path [}, move in opposite directions.

Line integral along I' equals the sum of line integrals along I';, and I},.

o= e fia

T, T'p




LoopT” Square i

D|d1H
)( JRIRIEIE;
\ | 1D /DD o / Figure 2.30.

For the subdivided loop, the sum of all the
circulations I'; around the sections is equal to
the circulation I" around the original curve C.

Any path can be decomposed into the combination of a series of small squares.

Line integral along I' equals the sum of line integrals along all the small squares.

L



Calculate line integral along a small square on the x — y plane.

Yy _Ex(3) * AX

—E,(4) - Ay — [ E@-ay
Y c A
T

E.(1) - Ax

7@ E-ds = [E,(2)Ay — E,(4)Ay] — [E,(3)Ax + E,(1)Ax]

Sy 0E,
as - E,(2,x+ Ax,y) — E, (4, x,y)~§ Ax

%%y nxty — 252 pyns = (222 _9Ex) pyp = (VXE)_-Aa = (VXE) - Ad
axxy_ayyx dx  dy AV 2 4T ¢
fE-ds= (VXE) - Ad (VXE) = — = ayx

The line integral of E along a small square equals its curl times square area.



The line integral of E along a small square equals its curl times square area.
(VXE) - Ad

Line integral along I" equals the sum of line integrals along squares composing I'.

fﬁ.d§=zjﬂﬁi-d§i=Z(\7xﬁi)-Aai—>j(|7xE)-da
[ [

§;E ds = j
S

Curve I' = 0S is defined as the boundary of S.

- -

(VXE) - dd

r=o0s

Line integral of a vector field along I' = 35S, equals surface integral of curl on S.

Stokes’ Theorem



4.3 Green’s Theorem in the Plane

Let P(z,y) and Q(z,y) be smooth functions on R2. Then

9Q 0PN 44—
/A (&c By) dA f(;Pda:—dey (4.12)

where A is a bounded region in the plane and C' = 0A is a piecewise smooth, non-
intersecting closed curve which is traversed anti-clockwise.

Proof: Green’s theorem is equivalent to the 2d divergence theorem (4.6). Let F =

(Q, —P) be a vector field in R?. We then have

_ [ (99 _9P
/AV-FdA_/A<ax 8y> dA (4.13)

If x(s) = (z(s),y(s)) is the parameterised curve C, then the tangent vector is t(s) =
('(s),v'(s)) and the normal vector n = (v'(s), —2'(s)) obeys n - t.

You’ll need to do a little sketch to convince yourself

that, as shown on the right, n is the outward pointing nor- y N
mal provided that the arc length s increases in the anti- —f
clockwise direction. We then have c\___ 4
dy dz f
F-n=Q—+P— N

@ ds ds g

and so the integral around C' is

/F-nds:/ Pdz + Qdy (4.14)
c c

The 2d divergence theorem is the statement that the left-hand sides of (4.13) and (4.14)
are equal; Green’s theorem in the plane is the statement that the right-hand sides are
equal. O



Applied to a rectangular region, Green’s theorem in the N
plane reduces to the fundamental theorem of calculus. We  ?
take the rectangular region tobe 0 < z <a and 0 <y <b.

Then

A Oy

a b
oP
— da:/d—
/0 oyay

0

dx| — P(z,b) + P(z,0)

Pdx
C

a

where only the horizontal segments contribute, and the minus signs are such that C'is

traversed anti-clockwise. Meanwhile, we also have

9Q 14
4 O
b
dy
0
where, this time, only the vertical se

am

b a
/ dy / dx
0 0

9Q
dy

Q,0)— Q,0) = [ Qda

George Green (14 July 1793 — 31 May 1841) was a British mathematical
physicist who wrote An Essay on the Application of Mathematical Analysis to
the Theories of Electricity and Magnetism in 1828.121%] The essay introduced
several important concepts, among them a theorem similar to the modern
Green's theorem, the idea of potential functions as currently used in physics,
and the concept of what are now called Green's functions. Green was the first
person to create a mathematical theory of electricity and magnetism and his
theory formed the foundation for the work of other scientists such as James
Clerk Maxwell, William Thomson, and others. His work on potential theory ran
parallel to that of Carl Friedrich Gauss.

Green's life story is remarkable in that he was almost entirely self-taught. He
received only about one year of formal schooling as a child, between the ages
of 8and 9.

Early life e

Green was born and lived for most of his life in the English town of Sneinton,
Nottinghamshire, now part of the city of Nottingham. His father, also named
George, was a baker who had built and owned a brick windmill used to grind
grain.[1]

George Green

14 July 1793

Sneinton, Nottinghamshire,
England
31 May 1841 (aged 47)
Nottingham, Nottinghamshire,
England

Born

Died

Alma mater Gonville and Caius College,
Cambridge
(BA, 1838)

Known for Green measure
Green's deformation tensor
Green's function
Green's identities
Green's law
Green's matrix
Green's theorem
Liouville-Green method

Scientific career

Fields Mathematics
Institutions Gonville and Caius College,
Cambridge“]

In his youth, Green was described as having a frail constitution and a dislike for doing
work in his father's bakery. He had no choice in the matter, however, and as was
common for the time he likely began working daily to earn his living at the age of five.

Robert Goodacre's Academy |edit]

During this era it was r“s‘ér‘é;n‘s;]‘o‘t ~nly 25-50% of children in Nottingham to receive
any schooling.[/afion ne-—--," "6 majority of schools were Sunday schools, run by the

Green's Mill in Sneinton, the mill

=]
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4.4 Stokes’ Theorem

Stokes’ theorem is an extension of Green’s theorem, but where the surface is no longer
restricted to lie in a plane.

Let S be a smooth surface in R? with boundary C' = 8S a piecewise smooth curve.
Stokes’ theorem states that, for any smooth vector field F(x), we have

J(\?’xﬁ)-d&=ff>ﬁ-d§
S

C

C =208

i E—HHERC = OSHYRIESERIE Y - FH SRS » 5% (A =5 hefERVR 77
—{ERHET A RVRR 77 - AR AR o B DU S -



Figure 15. The surface S and bounding curve C for Stokes’ theorem. The normal to the
surface is shown (at one point) by the red arrow. The theorem invites us to compute the flux
of a vector field F, shown by the green arrows, through the surface, and compare it to the
line integral around the boundary.

The orientations of S and C should be compatible. The former is determined by the
choice of normal vector n to S; the latter by the choice of tangent vector t to C. The
two are said to be compatible if t x n points out of S. In practice, this means that if
you orient the open surface so that n points towards you, then the orientation of C is
anti-clockwise. The general set-up is shown in Figure 15.

Note that there will typically be many surfaces S that share the same boundary
C. By Stokes’ theorem, the integral of V x F over S must give the same answer for
all such surfaces. The theorem also holds if the boundary 95 consists of a number of
disconnected components, again with their orientation determined by that of S.



4.4.1 A Proof of Stokes’ Theorem

It’s clear that Stokes’ theorem is a version of Green’s theorem in the plane, but
viewed through 3d glasses. Indeed, it’s trivial to show that the latter follows from
the former. Consider the vector field F = (P,Q,0) in R?® and a surface S that

lies flat in the z = 0 plane. The normal to this surface is n = z, and we have

/VxF dS = /(%—@)ds

But Stokes’ theorem then tells us that this can also

be written as
/
/F-dx:/ Pdz + Qdy
c c

However, with a little more work we can also show that the converse is true. In other
words, we can lift Green’s theorem out of the plane to find Stokes’ theorem.




Consider a parameterised surface S defined by x(u, v) and denote the associated area
in the (u,v) plane as A. We parameterise the boundary C' = 95 as x(u(t),v(t)) and
the corresponding boundary 9A as (u(t),v(t)). The key idea is to use Green’s theorem
in the (u,v) plane for the area A and then uplift this to prove Stokes theorem for the
surface S.

We start by looking at the integral around the boundary. It is

/F-dx:/F'(é—xdu+§dv):/ F,du+ F,dv
c C du dU A

where F,, = F - 0x/0u and F,, = F - 0x/0v. Now we're in a position to invoke Green’s

/ Fudu+dev=/ (dFv — ()Fu> dA
A A ()U ()'U

Now our task is clear. We should look at the partial derivatives on the right hand side.

theorem, in the form

We just need to be careful about what thing depends on what thing:

OF, _ 0 (g 0x\_ 9 F% _ (OFi 02 azi+F_82x"
ou  Ou o) ou\ "ov) \oxiou) ov L Dudv

Meanwhile, we have

OF, _ 0 (g 0x\ _ 0 (.00 _ (0Fdw\0at . &
v Ov o) dv\ ‘ou)  \oxi ov ) du + dvou

Subtracting the second expression from the first, the second derivative terms cancel,

leaving us with

dF, OF, 0a90z" (OF, OF _(5'5__5_5')@0&‘8&
ou  Ov  Ou Ov \oxi  oxi ) R SR TS 00 O

At this point we wield everyone’s favourite index notation identity
€jip€pkl = Ojkoil - Ojloik

We then have

0F, OF, oz* 0zt OF,

- —— = €ipbpkl s
ou ov TPPE Qu Qv Oz

ox 0Ox



Now we're done. Following through the chain of identities above, we have

/ F.-dx = / (?Fv - dFu dudv
C A d’ll, 07}

:/(VXF)- OX XN o
A

ou Ov
=/(V><F)-dS
S

This 1s Stokes’ theorem. O

8. If X, ¥, Z be functions of the rectangular co-ordinates x, y, z, dS an element of any
limited surface, {, m, n the cosines of the inclinations of the normal at dS to the axes, ds
an element of the bounding line, shew that

dz dy dx dz dy dx)| .
” | —=—|+m —— |[+n| ——=—|}dS
dy dx dz dx dv dy

=j(x &y 7%,
ds ds ds

the differential coefficients of X, ¥, Z being partial, and the single integral being taken all
round the perimeter of the surface.

Figure 16. You may now turn the page...the original version of Stokes’ theorem, set as an
exam question.

George Stokes 1819-1903



Physics f E-d3=0 Integral Formulation

Apply it to a small square and let the size approaches zero:

l fﬁ-d§=(\7x§)-m

VXE =0 Differential Formulation

0 Differential Formulation

<l
tr1y
|

X

Plug into the Mathematical Stoke’s Law:

fﬁ-cﬁ:j(\?xﬁ)-da

f E-ds=0 Integral Formulation
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Curl the fingers of

your right hand around
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X

f B.-di=pyi ZErERE Ampere’s Law

Curl of a vector field allows us calculate its line integral.
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With current density j, we can in turn calculate the current i through a flat plane.

If the plane 1s perpendicular to j >

[ ..
A j j=7  i=jA  4Ep  =EA

If not, we can project it into perpendicular one: A4 .

» S i=jA, =j-Acosf=]-4
\\ A J

//7/ Current i equals the inner product of j and A , 1e. flux.

¢ i=j-A - oy =F-A



The above formula can also be used to calculate the current through a curved surface.

ik

C (a)

You just need cut the surface into pieces of small flat plane.
Through any one small flat plane, current equals j - da !

Sum up and take the limit. Total current equals the surface integral of current density.

i=j7.da



Ampere’s Law can also be written in differential formulation

fﬁ-ds?:,,loi:,lojj-da



5. The magnetic field inside a cylindrical current along the z axis with radius R and

constant current density j can be written as (r < R):

Calculate V- B and 7 x B and check it is consistent with Maxwell Equations.




Maxwell Equations For Static Fields

§E-di=" 7-E=2
80 80
5£§ di = 0 7.5 =0
fﬁ-d§=o VxE=0
fﬁ-cﬁ:uoi VXB = pof

HU S AR BT E R R AR 7y | e 2 A S v e (R B SRR oy |




A~ a A
In Cartesian coordinates, with V = x— + ya— +z
x y

curlA=fi(

-+

(

0Ax

a

o4, o,
ay 9z

A,

a9z

ax

)

)

~

a -
az

Points enclose curve

¢ —¢1 = fgrad¢-ds

.00

_ .09 .0 3¢
grad¢_xax

+ya—y +Za—z

=Vé




Time changing magnetic field will generate electric field by induction.

fﬁ i3 = - 208 i dd  Faraday’s L
. e — e — —_ I‘
S o 37 a araday’s Law

Mathematical Stoke’s Law
‘ jéﬁ-d§=j(|7xﬁ)-d&

VXE = —— Faraday’s Law in differential formulation



Complete Maxwell Equations

= /NI =P /i b
(e iy
EF.di =1 I
jLE-da—g \7-E=£
0
€0
fB-dC_l)=0 V-B=0
_ ddg
. d3 = — . 0B
%E ds 1t P = 2P
dt
B -ds = — _ o
f S Uol + Ho€o dt VXB HoJ + Hoéo ot




B¢ HHE Faraday 1791-1861
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Electrostatic field and Magnetostatics field are quite different.

7.E=L
€o
V-B=0
VXE =0
VB = pof

Curl of electrostatic field 1s zero and divergence of magnetostatics field is zero.



In vacuum (no change and current),
electric field and magnetic can only come from induction.

— - : :
V-E=0 i:
P

&)

V-B=0 N7/
(
: 1

f‘ E_

L
X = —— ,
ot )

B = ioes L A
= En— i

Ho<€o ot

&

Divergence of electric field and magnetic fields are both zero.
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f ad= 7. E=2
€0
}g - dA 7-BE=0
f E-dl= VXE =0
fﬁ dl = Hol VXB = Uo]
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B it IR » EA NS EIREIR - T S 5 Divergence Free Field -

B WS hl S5 E — (e | SRS AN A DU B S — (B AR E s



Potentials
UxE=0 BHHEESRE  FUABIGE  SEAONE: E
EH A EREEREF 0 UxF=0
LR ¢ B F B — (A BRI © F = V¢
(AR B -
GBI QHIRAE - DMRARRE

|
<
<

Vx(Vg) =0
A R MEATR ISR AIE N B | VXTU~0 > BT
UXE =0

TEEEYEERH - fE#E Stokes Theorem
VxF =0 ) f BL.gz—

%1

B RS > LS e © A = f Fd

WEIEE BB AAIRE - FULRoRURE © F =g 1535 |






R (TR EREEBE, V-B=0
SAFIA I — A BB DLE R — (R RIRANE © B = VxA
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V- (Vx)

—

7.5 =7 (Pxd) =0
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This time, we will prove the converse statement by explicitly exhibiting a vector
potential A such that F =V x A. We pick some arbitrary point Xg = (o, 50, 20) and
then construct the following vector field

A(x) = ( / Ey(a,y,2)d | / "Ry, ) ded — / Fuey,?)d? | o> (3.6)

20 o z0

Since A, = 0, the definition of the curl (3.4) becomes

0A, O0A, O0A, O0A;
VXA_(_BZ’ 0z ' Oz 8y)

Using the ansatz (3.6), we find that the first two components of V x A immediately
give what we want

(v X A)I = FI('JJ,y,Z) and (v X A)y = Fy(.'L‘,y,Z)

both of which follow from the fundamental theorem of calculus. Meanwhile, we still
have a little work ahead of us for the final component

(V% A): = By o) = [ G2y = [ Sy, 2
Ox .. Oy

Z0o 0

At this point we use the fact that F is solenoidal, so V - F = 0 and so 0F,/9z' =
—(0F,/0x + OF,/0y). We then have

* OF, ,
(V x A): = Fu(z,y, 20) + / (2,y,7) d' = Fu(z,, 2)

/
2 02

This 1s the result we want. ]
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If 7 acts like a vector, combining two I’s as inner product generates a scalar.
‘7.‘7=<6 d d d 66) ik 0% 0%
dx ax dy ay d0zdz/ 0x? 0dy? 0z?

This 1s an operation to be acted on functions.

v \?’U—\7zu—azl]+azu+az
B T 0x2  0y?  0z2

This operation 1s called Laplacian °

E=VV ©7.F P
€0

Plug the first formula into the second :

\7 . E‘) = \7 . (\7[/) = 2%y = ﬁ Pierre-Simon Laplace 1749-1827
€0

Electric Potential satisfies Laplacian Equation!

2y O VA L VA ) VAR
vV V — N > + > + > = —
0 dx dy 0z o




Using differential Maxwell Eq, EM wave equation 1s easy to derive.

Maxwell Equations in vacuum

V-E=0 ©V-B=0

Spatial change of electric

Wave Equation for Electric Field




Ax(BxC)
Calculate the components directly:

[Ax(BxC)], = A(BxC) - 4,(BxC),
= A,(B,Cy — B,C,) — Ay(B,C, — B,C,)
= B,(A,C, + A,C,) — (AxBx + A, B, )C,
= B,(A,C, + A,C, + A,C,) — (AB, + A,B, + A,B,)C,

_B,(i-¢) - (i-B)c,

[Ax(BxC)] =B,(A-C)—(A-B)C, H55Nm{Es &t !

Ux(VxF) =V(V-F) = (V-V)F =V(V-F) — V2F



Levi-Civita Tensor

+1 ijk = 123,231,312 :
€ije =1 —1 ijk = 132,213,321 (AxB), = Z €1jxAjBk
0 some subscripts are equal j k=1
2 2

Levi-Civita Tensorf /&

3 - >
3 1 \_41
E El]keklm — 5ll6 6lm5jl For the indices (i, J, k)lneljk C

the values 1, 2, 3 occurring in
k=1 the [ ] cyclic order (1, 2, 3)
correspond to ¢ = +1, while

~ \ .. — occurring in the reverse

ERFRE  FRERERYEIMZOSMTRETERE . o
¢=—1, otherwise ¢ = 0.

R - JBmE] 8,8, B IEImIE - JEUE - 8m8)y -

ORI » RAE—EeiE - AENGE - FAER > HIEL < 1558 -

3
z EL]kA EklmBl z A; BlC (5115]m 5im5jl)
jklm=1 jklm=1

Ax(BxC)=B(A-C) - (4-B)C



Vx(VXB) = uoeoV 0
—‘Llogo X at

Wave Equation for Magnetic Field




Consider a special version of EM wave with E in y and B in z directions.

This wave will move 1n x direction and we allow fields to be x dependent.
E,(x,t), B;(x,t)

The field 1s constant on yz plane and this wave 1s called Plane Wave

y - 0%E

l VE = U 9t2
Ay 3
“ BALE 4 0°E, 0°E,

ox2  HofoT5.2




E,(x,t),B,(x,t)
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1
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v e || %

Light is an electromagnetic wave.

S HT RS — T RS |

Magnetic Field Electric Field

~2.99%10%m/s

Field Lines Around a Bar Magnet



PART VL

ELECTROMAGNETIC THEORY OF LIGHT.

(91) At the commencement of this paper we made use of the optical
hypothesis of an elastic medium through which the vibrations of light are
propagated, in order to shew that we have warrantable grounds for seeking,
in the same medium, the cause of other phenomena as well as those of light.
We then examined electromagnetic phenomena, seeking for their explanation in
the properties of the field which surrounds the electrified or magnetic bodies.
In this way we arrived at certain equations expressing certain properties of
the electromagnetic field. 'We now proceed to investigate whether these pro-
perties of that which constitutes the electromagnetic field, deduced from electro-
magnetic phenomena alone, are sufficient to explain the propagation of light
through the same substance.
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‘s

These electromotive forces are due to the variations either of the electromagnetu-: or

the electrostatic functions, as there is no motion of conductors in the field ; so thaq:tﬂg
equations of electromotive force (D) are s

. e
e

dG dv
Q= i —W’

J

~ (04) Combining these equations, we obtain the following i—
F(G=V'F )+ (G 4+ 5p) =0,
H(5=7"8) + s (Gt 5op) =0,
k(g—v-ﬂ)+4m(§§—+% =0. |

If we differentiate the third of these equations with respect to y, and the second with .
respect to z, and subtract, J and ¥ disappear, and by remembering the equations (B) of -2
magnetic force, the results may be written s

PR
EV o =dap—x pa,
=
kY pf=dmp gz pp,
3 g
KV iy =Amp 5y |

(96) If we assume that «, 8, y are functions of lz4-my+nz—Vi=uw, the first equa-

k,,g_:gpgv-%;, il s e e

or V=i..-é.....‘.......(71)

The othe_r.e{;ugt'ipns give the same value for V, so that the wave is propagated in either
direction with a velocity V. . '




(95) If we assume that a, 8, y are functions of le+my+nz— Vi=w, the
first equation becomes

d’a

d’a 2171
[ b 4o’V 7 ARSI LITEI ST P LTI RTPRIPPTRY (70),
or V=4 TP e (71)
47# e .s L4

The other equations give the same value for ¥, so that the wave is propa-
gated in either direction with a velocity V.

This wave consists entirely of magnetic disturbances, the direction of mag-
netization being in the plane of the wave. No magnetic disturbance whose
direction of magnetization is not in the plane of the wave can be propagated
as a plane wave at all.

Hence magnetic disturbances propagated through the electromagnetic field
agree with light in this, that the disturbance at any point is transverse to
the direction of propagation, and such waves may have all the properties of
polarized light.

(96) The only medium in which experiments have been made to determine
the value of % is air, in which p=1, and therefore, by equation (46),

By the electromagnetic experiments of MM. Weber and Kohlrausch ¥,
2=310,740,000 metres per second



The velocity of light in air, by M. Fizeau's* experiments, is
V'=2314,858,000 ;
according to the more accurate experiments of M. Foucault t,

¥'=298,000,000.

The velocity of hght in the space surrounding the earth, deduced from
the coeficient of aberration and the received value of the radius of the earth’s
orbit, is

V' =308,000,000.

(97) Hence the velocity of light deduced from experiment agrees sufficiently
well .with the value of v deduced from the only set of experiments we as yet
possess. The value of » was determined by measuring the electromotive force
with which a condenser of known capacity was charged, and then discharging
the condenser through a galvanometer, so as to measure the quantity of electricity
in it in electromagnetic measure. The only use made of light in the experiment
was to see the instruments. The value of ¥V found by M. Foucault was
obtained by determining the angle through which a revolving mirror turned,
while the light reflected from it went and returned along a measured ‘course.
No use whatever was made of electricity or magnetism.

The agreement of the results seems to shew that light and magnetism
are affections of the same substance, and that light is an electromagnetic dis-
turbance propagated through the field according to electromagnetic.laws.
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