This formalism could be easily extended to more than two masses.
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Order and label the angular frequencies from small to large.
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Red arrows indicate the SHM of individual particles.

—1

a® =c, < 0 ) Eigenvector up to a constant
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x = a®@eiV2wot is one solution!
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Three particle’s x; , 3 oscillate together by same w, with amplitudes proportional to a4 ; 3.

x(t) X a(Z) xl(t):xZ(t):xg(t) = Aq1:09:A3 = —1:0:1 At all t.

Looked individually every particle is doing a simple harmonic motion, with same w.
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Atallt: x(t) < a? wp =woV/2
If the initial condition starts with this proportion, the mode will continue.
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ime—{E e i ZAVE S - This is one independent oscillation mode.
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Three particle’s x; 5 3 oscillate as SHM by same w, with amplitudes proportional to a, ; 3.
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x4 (t)
x(t) = x;(t) x a®® cos /2 — 2wyt

x3(t)
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x4 (t)
x(t) = x;(t) x a® cos /2 +V2wgt

x3(t)
Three particle’s x; , 3 oscillate together by same w, with amplitudes proportional to a4 ; 3.

ia B = (E B RZAYRES, o This is the third oscillation mode.
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The number of modes equals the number of particles.
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Linear Combinations of the 3 modes are solutions, too.
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X
(xl) = z a®W . [f;cos(w;t) + g;sin(w;t)]
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3 unspecified constants f; ; 3 will be determined by 3 initial conditions x; , 3(0).
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The other coefficients g, , 3 are determined similarly by more initial conditions x , 5(0).
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Now extend the formalism to a large number N of particles.
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Figure 5. Same as Figure 4, but with interpolations extended to n =0 and n =7 to show the boundary
conditions.
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FIGURE 129 A schematic of the loaded string. In equilibrium, identical masses are
spaced equidistantly. The ends of the string are fixed.

‘These coils displaced to
right at instant shown.
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d*X
dt?
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When the number N of particles 1s huge, column vector is no longer convenient.

=—A-X

7 = k(g1 — ) ~ k(3 ~ 5-1) y

We’d rather convert it into a function of the original position x = dj

with ¢(dj) = x; the displacement of the jth particles.
¢(dj) =x;  p(d)FLEHBJERLTHINALS -
SR () B AFERN T x = dj HERE

This function ¢ (x) is defined only at discreet locations x = dj.
HEN - o0o,d - 0 FllFradI (U BT Ve maaHy S8y

But when N — oo,d — 0, discreet locations becomes continuous variable x: dj — x
¢(dj) - d(x)  PO)ERIRRxBIRNE - 1T Hop(x, ) ZEEEERLRE - FH Ry PR

¢ (x) becomes a real function of x.

It is time dependent: ¢ (x, t). We get a two-variable function, called wavefunction.
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= +k(p(dj + d) — p(d)) — k(¢(d)) — p(dj — d))

.. . . ) A
Divide the difference of displacements by the separation d. ;

Ad(di Ab(di — d - YAV VARASAAAAAAAAAAAMAAMAAAA
_ ¢(1)_kd ¢(dj — d) 5
d d NP A AAAAAAAAN
e do " d¢ g Cé(l) ;\\\\\\\\\\\\\\\m\\\\\\\\\\\mnmmn(mm
- [a(])—a(]— )] — kd? dx =y
¢ d?¢ kd? d?¢ kd
= kdz d T (x) = —— =
7 (d) = ()= () m/d

2
Z—f is differentiated as x = dj is fixed. That is the partial differentiation 2

Same for — qb , differentiated with fixed t. — az_qb( t) = ¢ —— (%, 1)
™ 5ez % t) = v? X,
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(j=Dd jd (j+Dd

dj

x;(t)

d?X

dt? =4

N > o00,d >0

Continuous limit

m—)

- X

X

¢(dj,t) = ¢p(x,t)  Wave function

2 2

- (x,t) = v2 F (x,t) Wave Equation

This is a partial differential equation PDE.
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right at instant shown.
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There can be a net vertical g
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There can be a net vertical F,,
force on the segment, but

the net horizontal force 1s 9 + do
zero (the motion is‘

transverse). i e =t
F=r1 |
= Equilibrium length of
Fiy  this segment of the string
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K 72T, Wave Equation
9%y _1 0%y G
0x? v? dt? v= 1

...those sound waves reflect \\\\ —
off a fish swimming toward —

the whale...

...and the whale uses those reflected
sound waves to determine where the
fish is and what direction it is swimming.
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PRELf COBLRIFRE R EIFAEEL - y(x,t) = f(x —vt)

y(X,t) = y(x—vt,O) :f(x_vt)
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FREREAHZR - (L BEEFRx — vt 2RI -
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The wave moves horizontally,
but a string particle moves
only vertically. .
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52K N PR 3w f#d' Alembert solution @ y(x,t) = f(x —vt) + g(x + vt)
Dy (m) t=20
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0

Jean le Rond d'Alembert 1717-83
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y(x,t) = f(x —vt) + glx + vt)
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Ordinary Differential Equation

System of ODE

Matrix and Linear Algebra

Eigenvalue problem of Matrix

Partial Differential Equation



