System of 2nd order Linear ODE with constant coefficients

d*X L . .
——— =A-X Matrix 4 is what determines the evolution of the system.

dt? "
_Kkr2 -1
_m(—l 2)

l Assume that X = gel@t

dzaeiwt
dt?

— wzaew)t —A4- aelwt

A-a=w’a
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This is the eigenvalue problem of a matrix, central to the subject Linear Algebra.
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i) & 8T & vector or column vector
_ (1
a= (az)
W (E L (— NAEE » EEEEER) © a;,i = 1,2 > AV —HEEE -

Two numbers a;, i = 1,2 (— N) forms a mathematical quantity, called column vector °

ZRFEFEH T BITREN—EEZEHFSR - ° USSR -

X1
) 1S not.

Space vectors are example, but columns need not be space vectors, x = ( X
2

Like 3D vectors, Vectors can be multiplied by numbers, and two vectors can add up.

Linear combinations of vectors are still vectors. Vector space 1s also called linear space.
vV =cia+ c;b $5ME4H-E Linear combinations
0.6] 0.1 0.8 aq by
+2.0-[ [ aE( ) bE( )
0.4 — 0.2 a, bz
If the components of two vectors are proportional, we say they are in the same direction.
a=ch

[0.8

0.4 : -
0.2 and [ 0 1] are in the same direction.



A EvectorA| DUERRE © a= (al) b= (bl)

la| = /a% + a?

(B IEd - o] DUE 22 WA IE [ &= HY A FRinner product :
a'b:a1b1+a2b2 |a|:m

— = T > =, . a E
1T B transpose(BH B FE 5 row [ & - a’ ( a;)
The transpose of columns are called row vectors.

P& R] DLRETT I = 5 [y Y AR PRI R 2R ES

b a\' (b
a-b = a1b1 + azbz = (al aZ) (bl) == (a;) (b;) = aTb

A row times a column equals a number, the inner product.

PR e =Y TR A 0 23 W A = BLR TR A perpendicular :
at’hb =0



2% 2 Matrix JEEZ RAHTT M E@EEEEGERD) © a5, i) = 1,2 dHREVEE = -
s=(gt §2) HAILIARRMASIER - WA EHAT -

21 922
YefEsE{ T &S — T = A matrix times a column equals a column.

S \
e (o Sy (5 _
a= (521 SZZ ( 2) 521a1 + Szzaz (Sa)l z SU o i =1,2

IR A REG LR fE 2 4R MRy S(craq + cpa3) = ¢1Sa, + c;8a,

Fl e & e afEE—4%] A= ¢ A row times a matrix equals a row.

S S
aTS :%{Sii S;z) a1512 + a2522)

2

(a's), = Z a;Sj;i=1,2

j=1



FEPESEAR B E 4B ¢ A matrix times a matrix equals a matrix.
SA = (511 512) (A 1 Alz) _ (511A11 t 512421 S11dp + 512A22)
Az Az @) 521412 + 52242,
21 element of SA equals the inner product of the 2" row of § and the 15 column of A.
2
(SA);, = ZSUA,-R ik =12
=1

ik element of SA equals the inner product of the ith row of § and the kth column of A.

Sla ESRIE[ESR TR & » R NEFRTHE > S8 (EE -

b'Sa = z b;S;ja; Arow times a matrix times a column equals a number.

= This is called quadratic form.

Arfken p96-99



1.4. Matrix Multiplication AB and CR 27

1.4 Matrix Multiplication AB and CR

ﬁ To multiply AB we need row length for A = column length for B. \

2 The number in row %, column j of AB is (row i of A) - (column j of B).

3 By columns: A times column j of B produces column j of AB.

4 Usually AB is different from BA. But always (AB)C = A (BC).
{IfA has r independent columns in C,then A = CR = (m x r) (r x w

We know how to multiply a matrix A times a column vector & or b. This section moves to
matrix-matrix multiplication: a matrix A times a matrix B. The new rule builds on the
old one, when the matrix B has columns by, b2, ..., b,. We just multiply A times each of
those p columns of B to find the p columns of AB.

Column j of AB equals A times column j of B
(D

IfB= [bl ---bp] then AB = [Abl ---Ab,,:|

To see that clearly, start with a 2 by 2 “exchange matrix” for B. So B has two columns b,
and b,. We multiply A times each column to produce a column of AB:

1 2]|0 2 1 2{f1 1 1 2|0 1 21
S 1 R YR A Y S B R PR H R ]
For this matrix B, the result of multiplying AB is to exchange the columns of A.

There is more to see when we multiply the same A by a full 2 by 2 matrix B:

1 2 5 6 1 2 5 1 2 6
[5 4][7 8] mean=[ 3 ]3] ma=[5 1] (3]
Here is the point. We can multiply Ab, (matrix times vector) the row way or the column way.
The row way uses dot products of b, with every row of A:

Row way Abr = |1 2 [56] [rowl.b,] [1-5+2-7]_[19 2
Dot products P73 4] |7)  |row2-by | |3-5+4:7] |43

The column way uses a combination of the columns of A to find Ab;. Same result:
Column way 1 2][s]_.[1 2] _[ 5], [14]_[19

Combine columns Ab“[s 4]_7_‘5 [3]+7[4]‘[15]+[2s]‘[43] &

Both ways use the same 4 multiplications. With numbers like these, I think most people

choose the row way. To multiply A B, take the dot product of each row of A with each
column of B. When A has 2 rows and B has 2 columns, that means 4 dot products.




AB is usually different from BA

01
1 0

2 1 01 1 2 3 4
AB‘[4 3] BA‘Ilol[s 4]=[1 2] ©)
Matrix multiplication is not commutative. In general BA # AB. Multiply A on the

left for row operations on A, and multiply on the right by B for column operations on A.
1.4. Matrix Multiplication AB and CR 29

For B = [ ] , AB exchanged the columns of A. But B A exchanges the rows of A!

AB times C = A times BC

For matrix multiplication, this associative law is true. We are not willing to give up this
extremely useful law. We can multiply AB first or we can multiply BC first.
The matrices stay in the order A, B, C and their sizes must be right for multiplication :

Aismxn Bisnxp Cispxq. Then ABis mxp and (AB)C is mXxgq.

We can test the law using the exchange matrix B on the rows and the columns of A:
0 01 3 4 01 4 3
eam=[7 ][ 1V ]-13 2] (3 e ][5 7]
01 01 2 1 4 3
san-[ ][ 2] o -2 o3 5]-[5 7]

So row operations on A can come before or after column operations on A.

Notice the meaning of (AB)C = A(BC) when C is just a column vector x. If that
vector = has a single 1 in component j, then the associative law is (AB)x = A(Bz).
This tells us how to multiply matrices ! The left side is column j of AB. The right side
is A times column j of B. So their equality is exactly the rule for matrix multiplication
that we saw in equation (1). It is simply the right rule.

Let me bring together the important facts about ABC and also A times B + C':

Associative (AB)C = A(BC) and Distributive A(B+ C)=AB+ AC| (1)




Inverse matrix

-1 — 1 (522 —512)
detS\—521  S11

Transpose of matrix 4

1= D) w=Crh) A=

T§”ﬁD A12 — A21

Symmetric Matrix

) Not symmetric

4 :
9) Symmetric  §;; = S'l.l;. =5

4 S12 = Si2 = S2 Artken p99, 104-107



System of 2nd order Linear ODE with constant coefficients

d*X
—— =—A-X  Matrix A is what determines the evolution of the system.

dt?
l wENErE X = el

Eigenvalue problem of matrix

2

A-a=wa

s dR (8 Linear AlgebraffJ (i o



Eigenvalue problem of matrix

A-a=a
EREHAFRS T HEe > H—FEEREIFESR » WARIEaVITH -

This means multiplying a column by a matrix does not change its direction.

E—IEMAER ERTHEa - R ERE B An e L2 -

For any specific matrix, there are specific columns a with specific constant A that
satisfy the condition.

{717 &2 afl Ry R ARV AL H) = eigenvector » & BAH Fy A fZ {Heigenvalue -

a’s are called eigenvectors while A's called eigenvalues of the matrix A.

To find a’s and A's is called eigenvalue problem of the matrix A.



For example, take A as a 2X2 matrix. A = (0'8 0-3)

0.2 0.7
In general, A times a vector will produce another vector not in the same direction.

403 = 03) (o) = (03 # < (52)
(0.8,0.2)
A (0.7,0.3)

But there are two special vectors that matrix multiplication is just a number product.

N\ anes

(1,-1)

1
A-a® = (82 83) (—11)25(—11)

For them, 4 times the vector will produce a vector in the same direction.



A times its eigenvector will produce a vector in the same direction.

Solving eigenvalue problem of matrix A -a = Aa The procedure is general.

1 S -S
A—A)-a=0 ¢-1 — ( 22 12)
( ) detS\—521 11

A — Al is also a matrix. If it has an inverse, the vector a can only be zero:
a=MA-D""-0=0

For A to be an eigenvalue, the condition is A — AI has no inverse
and hence the determinant of A — Al is zero.

IA— I =0

_ /08 03
A‘(o.z 0.7)

o {08—4 03 |_. 3,1 (__1)_
A ,11|_‘ 02 o7 gl=sato =0 -D(1-5)=0

8 0.3

1
A=A =1or A, = > are eigenvalues of [8 > 07)



FIRFENIA > B 0] DU L e a:

For a specific A, we can solve the corresponding columns a.

A = /11 = 1
W (08—-1 03 y (ai’ 02 03[ai’
_ (D — .0 — . . _ (—Y- . _
(4=2n-a® = ("5 577 ) oV (os —03) o) ="

0.2a'" = 0.3a'"

Eigenvector has one undetermined constant.

a® = 1 (')

I
2
5 _ (08—05 03 a®\ 03 03y[a?)
@aea® s ( 02 07— 0.5) ' (agz)> - (0.2 0.2) (agz)> =0
0.3a!* = —0.3a

a® = ¢, (_11)



A times the eigenvector will produce a vector in the same direction.

4-a = (05 07)(04)=1(02)

@ _ (08 03y 1\_1/1
A4-a (0.2 0.7) (—1) 2 (—1)
For the two special eigenvectors, matrix multiplication is just a number product.

Summary To solve the eigenvalue problem for an n by n matrix, follow these steps :

1. Compute the determinant of A — A\I. With ) subtracted along the diagonal,
this determinant starts with A™ or —A", It is a polynomial in A of degree n.

2. Find the roots of this polynomial, by solving det(A — AI) = 0. The n roots
are the n eigenvalues of A. They make A — A[ singular.

3. For each eigenvalue ), solve (A — AI)x = 0 to find an eigenvector x.




B — (4 » s — % FB4EfE | | Solving eigenvalue problem of matrix

s=(3 1)
S-u=Au
(S—A-u=0

If 1t has an inverse, the vector u can only be zero:
u=(E-AD"1t-0=0

For A to be an eigenvalue, the condition is § — AI has no inverse

and hence the determinant of § — Al is zero.

det (S — AI) = 0

det(S—u)zdet[g;’1 13/1]:12—101:/1(,1—10):0

A=A, =00r 4, =10 are eigenvalues.



EHRESEIA > SR D B, u®

e
A= /11 =0 u(l) = 1
=,
2

(1)
9 3 u
(5 =20 -ut = (5 1)< %ﬂ) -
U,

3u§1) = —ugl)

Eigenvector has one undetermined constant.
(1) — ( 1 )
u-’ =c
t\-3

[E]H
/1:/12:10

@)
_ ) 9—-10 3 . u, (-1
(S =D - u® = ( 31— 10) <u;z> = ( 3

= 3u§2)

()

u®



There are two beautiful theorems that illustrate the utility of eigenvectors

The eigenvectors and eigenvalues are representations of a matrix!



Theorem: All vectors can be written as the linear combination of eigenvectors a‘® and a(®.
X = Cla(l) + Cza(z)
These are two equations for two unknowns ¢ ;.

As long as alV and a'® are not in the same directions, 1, can be solved.

K- () -a(ral’)

ct=1c,=02 X=a® +2a@
Then the action of A on any vector X can be easily written down:
AX = A(c;a® + c,a?) = c;4a™ + c,4aP = ¢ 4aD + ;1,0

For example:

= {08 03 qoe

0.2 0.7/ \0.2

_ (0.6 1.1\ _ (07
=1 (0.4) t02-5 (—1) - (0.3)
The information in the eigenvectors and eigenvalues alone can represent the matrix!

—{EE P Y AU E B AR E e SR (CRZAEPE -

)=A-a(1)+2A-a(2)



Theorem: The cigenvectors a of A are also eigenvectors of A™ with the eigenvalue A™.
A-a=la W) A"-a=1"a
Aa=A""Aa=A""1 -da=24""?% -Aa=21A""?* Ja- = 1"a

The action of A™ on any vector X can also be written down similarly:

A™X = c;A"a® + c,A"a® = c; A %a® + c,A%a?

100
100 (0.8\ _ 100 /0.6 (}) (1Y _ (06
a0 (0) =1 (g +(5) 02 (5)~()
This matrix is called a Markov matrix, with an eigenvalue = 1, the other < 1.

The repeated action of a Markov matrix will push any vector into the eigenvector with A = 1.

4]

+.1 + .05
[+.2] 1 |=-a 1 [-.05
-.2
.65

, . 8] [7 . [.6
Figure 6.1: The first columns of A, A%, A3 are [2] , [3] , [.35] approaching [4]



Diagonalizing a matrix ¥f 5 1{E

A a(l) — /1161(1) A- a(Z) — Aza(z)

a,, a, are column vectors and we can use them to form a matrix.

(1) (2) (1) (2)

U= (g @)= a1 ! _ (% 4 :(all a12)
agﬂ agZ) agl) agz) dy; Qoy
aq1 aqz

= — 1 2)) = (1) (2)

ao =) () (52) = (a® 40 = Gaa® 2,0

_ (Maqq Aza12)_ a1 Q12 (/11 0)_
- (/116121 /126122 B (a21 a22) 0 /12 - U A

AU = UN THE/EIRUAY R 4EFEU - Multiply both sides on the left by U~ :

A 0
0 A,

U™ AUZ— (8 FfE - BT R E A E !

Ul -A-U=A= ( ) 1s diagonal with eigenvalues as diagonal elements.



AU = UAN FiiE/52€U 1 Multiply both sides on the right by U1 :

A=UAU"1=U (’101 )(L) ) p-1 Any Matrix can be decomposed into 3 factors,
’ x} involving just eigenvalues and eigenvectors.
I

Info. of eigenvaIues

0.8 0.3 [
0.2 0.7

—{ERE AT AEUE PR R E e SRE (CRZ AR -

. of eigenvectors

~llo oslloa —os



S AR E IR 5515 Tt is easy to compute the powers of a diagonal matrix:
(/11 0 )" 2L
0 4/ \o L
A = UAU~! This formula is useful for the following calculation!

X0
A* =UAU - UAU' .- UAU™' = UAUT! = U(Ol Ak> Ut
2

SEPEITEE IR R B B2 © We can define the exponential function of a matrix.

A% A3
A _ R T TR
e —I+A+2!+3!+
AN
1+ + = +—= + - 0
py A5 A 0 e’
0 1+ 2+E+§+'“



kl T k.? l k 3
M| s EAMAWWA | 2 wwvw«%

*1 |2
AR C R R kithk,  k
2 A= i i
d_x:_A.x kZ k2+k3

dt? -

X1 aq .
2= () = (g,) ™"
X2 a

A-a=w?a=a

Every eigenvalue corresponds to a single oscillation mode.
But are you sure that the eigenvalues w?, w3 are both positive? w?, w3 >?70

If w? < 0, e*? is an exponential function instead of oscillating function.

Will prove if matrix § is symmetric and positive definite, eigenvalues w? are both positive.

And for coupled system the matrix S is symmetric and positive definite.
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EH L —(EETE AR ABUE A S BB > A ABERAZIn BRI IER -
All n eigenvalues A of a symmetric matrix S are real.

The n eigenvectors u can be chosen to be orthogonal.

28 (g3 07)

@ _ . [06] 2 _ 1 1) . 4(2)
a C1 0.4] a czl_ll a a‘“’ +0



s=(] 3)  EmtmEmEE -

3 1
A = /11 = 0
D -u® = (9 3). (%
s-a-u®=(3 7) (o)
3Upp = Upg \
LD = Cl( ) AL B B (EHERE AL D (1)
3/ Choose c; so that the length equals 1: V10 \3
A = /12 = 10

1
u®@ = Cy (_31) - ﬁ (_31)

R GiEREMEASEEERIETESR - u® and u® are orthogonal.

u(Z)Tu(l) — u(z) c u(l) — O

uMTy) = ) M) — 5 EFI{E £ Fyorthonormal.



All n eigenvalues A's of a symmetric matrix S are real.
Proof:
Su=Au

Take inner product of the both sides with the complex conjugate of eigenvector u™.
wTsu = luTu

*T

u"'u = ujuy +uyu, s real by definition. 2 EEEITRIENNE » ERNERHER

TR T SWE B R EE > Bl Complex conjugate

£

2 2 2 2
£ 3
(u*TSu) = z u;'kSl'ju]' = z U; Sl]uJ = z u]’-k Sl-jul- = z u]’-‘ Sjiui = u*TSu
[,j=1 I,j=1 [,j=1 I,j=1

SisrealH# S is EfFE symmetric
w*TSu is real. Hence A's are real. And u’s are real too.

AEER O SEER MulV HEEEER  uBAREER



The n eigenvectors u can be chosen to be orthogonal.
Proof:

Consider two eigenvectors with different eigenvalues:
su® =, u®

s —Eu @ fENFE > T8 © Take inner product of the both sides with u®.
u(z)TSu(l) — /'llu(z)Tu(l)

FEiEA] LB R Sij = Sji
2 2
u(z)TSu(l) = z uziSijulj = Z ulijl-uzi = u(l)T . Su(z) = u(l)T/lzu(Z) = /lzu(z)Tu(l)
i,j=1 i}j:l

su® = 2,u®
2 u@Ty® = 3 y@Ty®

0=(4 — Az)u(Z)Tu(l)

ATV A HEANFENERE » FEEERT !

uPTyW = 4@ .4V = 0 KEFERENERME

B DUER A =R R EE A

uMTym = M) M) =5 ZF{#E S/ Borthonormal.



JE e e
T EA M {Eorthonormal iy [a & » (0] [a| =& o] BB R TR 4R 1EAE &

With two orthonormal vectors , any vector can be written as their linear combination.
H&GEIERSET | with the coefficients easily computed.

SEML—ME v HEREFEIAT

v =cuW + c,u®
H e EvEL AR Eu HYNFE

4Ty = 4O (4D 4 ¢u®) = ¢ uDTYD 4 ¢, W@
RAERFAR uMTy@ =0 uWTy® =1

N p——

i u@PTy =u® .p =g,



JE& B E 2R

LEME—ITE v FLUBFAT -

v =cu + c,u®

uWTy =y® . p = ¢

u@Ty =u®@ .y =,



& DIHENTERR !
8 E R AR B HU Y el ERIE BRI D E |

A

iz W (i orthonormal N AR Bl Euq, w,  FEDIAH R —4H JRe A Eh iy BE A7 (o] &1, ] |



(FEFEFE S E A CHYFEREU - BRFHIMEE -
0= 00w =(() (@)

azq az>
T_ (@11 Az1)\ (4@ (1)T,,(2) _ 1T, (1) _
U"= ((alz azz)) B (u(z) uwrws =0 uTu® =1

v = (S () = (M) wer= (¢ 9)

U—l — UT

TH A HREAEES o] RN Ry B A LAVERE » JefEU, UT 2R -

A O
— T _ 1 T
S =UAU —U<0 AZ)U

UTtLU TS X 55 |



Positive Definite I g #b P L — 2K A
P kitke ko
dcgiz =T _"iiz Ky + ks (2) =S-x | W
dt? m m
e sl Y ] DALIRE E 5T
V= %kz(xz —x1)? +%k1x12 +%k3x%

1 1
= E(kl + k)Xt + koxyx; 5 (kz + k3)x;

ki+k, k-
_ m m X1\ = T
= m(xq,x,) k, k4 ks (Xz) =mx Sx
m m

Quadratic form — 27! of the matrix A.

I kg

”:‘1 MWW
|
|
|



THETE 05 WE SR - AEEARRZ BB 1T |

To be sure that w has two real solutions, eigenvalue A must be positive.

#5Quadratic form — A x" Sx 18 Ky TEAE - FLERRHS £ (F e FEfe -

If Quadratic form x*Sx is always positive, the matrix S is Positive Definite [F 7.

Theorem: 1f S 1s positive definite, all the eigenvalues are positive.
Pick x = u;. uj Su, is known to be positive ©

u(l)TSu(l) — Alu(l)Tu(l) o /11

T k2 l k3
A4 1s positive and so is 4. MWA 1 AVWWWWA | 2 WVWW%‘

| I |
N ?
: ‘ [ 4

= {= PN

s 2R SH LB 1E » ARSI e FE e © AREFEARNZ IRE -

For coupled oscillation, potential is alwayspositive and hence § is positive definite.

1 1 1
V = Ekz(Xz - xl)z +E k1x12 + Ek3x22 =m xTS.x
Both eigenvalues are positive. w = v/A are both real.

BRIER - w = VA HL2EE -



Theorem: If all the eigenvalues of S are positive, S is positive definite. xTSx > 0.

u(l)TSu(l) — Alu(l)Tu(l) — /11 u(Z)TSu(Z) — Az
Any vector x can be expanded as

x = cou® + c,u®

T
xTSx = (c;u® + c,u@) §S(c;u® + c,u?)

= 2uWTsu® + Zu@Tsu@ + ¢, c, (uPTsu® + uWTsuR)
= 2uWTsu® + Zu@Tsu®@ + ¢, ¢, (1, u@Tu® + 2, uWTyu?)

BRI R (A A B R TERS -

= ZuWTsuW 4 2u@Tsu®@) = 21, + 21, >0
S is positive definite. x'Sx > 0.

That S 1s positive definite 1s equivalent to that all the eigenvalues of S are positive.



7S B e B fEAEfE © If S is a positive definite symmetric matrix:

Ay O
— T _ 1 T
S =UAU —U(O AZ)U

o5 2ol B R

(0l )l e

EH SRR MR 0 §=44"



