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Teaching

| teach graduate and undergraduate students. When | teach, | like to write detailed lecture notes for my courses. | have done so for Quantum Field Theory
(Physics 253a,b/254), Waves (Physics 15c), and Statistical Mechanics (Physics 181). The quantum field theory notes have been incorporated into a
textbook Quantum Field Theory and the Standard Model,

WAVES

Physics 15c, The Physics of Waves is a sophomore level course for physics majors, the third in the sequence after mechanics and electromagnetism. The
course includes a tremendous number of real world applicatoins, such as to the physics of color, music and communication.

Here are the lecture notes for the Spring 2016 version of my course:

e Lecture 1: Oscillators and linearity.

e Lecture 2: Driven oscillators

e Lecture 3: Coupled oscillators

e Lecture 4: From oscillators to waves

e Lecture 5: Fourier series

e Lecture 6: Waves
e Lecture 7: Music

e Lecture 8: Fourier transforms

e Lecture 9: Reflection, Transmission and Impedance

e |ecture 10: Power
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Lecture 2:

Driven oscillators

1 Introduction

We started last time to analyze the equation describing the motion of a damped-driven oscil-
lator:

d%x dz

W+7E+w§z=F(t) (1)

For small damping y <« wo, we found solutions for F(t) =0 of the form

2(t) = Ae 2 cos(wot + @) 2)

where the amplitude A and the phase ¢ are determined by initial conditions. Now we will see
how to deal with F'(t).

We found the damped solution by guessing that an exponential z(t) = Ae®* should work,
since its derivatives are all proportional to itself. Plugging this ansatz in with F(t) we find

Aet(a? + a +wd) = F(t) 3)

This will clearly not be solved for constant o unless F'(t) happens to be of the form e®*. The
trick to solving this equation is to use linearity.
Let us suppose that we can write

F(t)= z cjcos(w;t) 4)
J
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23

Resonance

23-1 Complex numbers and harmonic motion

In the present chapter we shall continue our discussion of the harmonic
oscillator and, in particular, the forced harmonic oscillator, using a new technique
in the analysis. In the preceding chapter we introduced the idea of complex
numbers, which have real and imaginary parts and which can be represented
on a diagram in which the ordinate represents the imaginary part and the
abscissa represents the real part. If a is a complex number, we may write it as
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If a is imaginary, z = z,e'®! —A\\/

= Ae!@t*+P) = A cos(wt + @) + iA sin(wt + ¢)

Re[z] = Acos(wt + ¢)  The solution is oscillating SHM. b 3

If aisreal, z = zyetP?

Re[z] = Ae*Pt  The solution is exponentially decreasing or increasing.

If @ is complex, z = z eTIbt+wt = fetbt. pl(wt+d)

Re[z] = Ae*Pt . cos(wt + ¢)

The solution 1s a oscillation with exponentially decreasing amplitude.

General solutions are linear combinations z = c;e®1t + c,e%t + ... cye®nt

e (& IV BN R ] 15 8 Pick the real part  x = Re z
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&% coupled oscillation, Spring-Mass system
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d?x
my dtzl = —kix1 + ka(x2 —x1) = —(ky + k3)xq + kayxy

The forces exerted on m4 come from two springs.

Note that the change of length of the right hand-hand side spring: x, — x4

r e —ky(xy — x1) — k3xy = kaxq — (ky + k3)x,
The forces on the two particles are linear combinations of x; 5. It 1s a linear system.

It 1s customary to move all the constants to the right hand side.
d?x, ki +k, k,

= X1 +—X
dt? m; + my °

d?x, _ky . ks +k3x
dt2  m, * m, °




kl : k 2 T k 3
AWM | 1 LA | wwww#

|
|
| )
| xl X
|—> e

d’x;  ky+ky k,

= X1 +—xXx
dt? m; + my °
d’x, k, ky, + ks
dt2  m, * m, = °

For simplicity of discussion, assume that : k; =k, =k m; =m, =m

d?x, 2k k d?x, 5 5
gz =~ piito gz~ cevnt oo,
Wy =
d2X2 k 2k d2x2 2 2 02 °
= — X1 ——X = WnoXq1 — L4WnpX
it de2 0%1 0%2

This is a System of 2™ order linear ODE.

3=



d?x, d?x, Method 0
ol —2wix; + wix, —=Z = WX, — 2W5%X,

SEsexy o My R B AR T LA R S A Bh 7, ] DURS RlCE BAYTE BN -
First elevate the real x's into complex function.

And guess the solution 1s a complex number exponential function.

We will prove in the future that exponential functions of imaginary number work:

X, =a,-e x,=a, e wisareal unknown to be solved.

SRR » 3 2T DUFIREAT 7o — BRI et
Note that in this guess, x; , oscillate with time in identical manner: el®t,
ErfiE A 5 FE = Plug the above formula into the equation:

w?e'®lq, = 2wie'®ta; — wie'“ta, » 2wia; — wia, = w?ay
w?e'®lq, = —w3e'®ta; + 2wie'“ta, —wéa; + 2wia, = w?a,
W5y A L B, an I — AR IR -

The original system of ODE is transformed into a system of algebraic Eq of a{, a,.



2wia; — wia, = w?ay

2

—wia, + 2wia, = w?

a

Move all the terms to the left-hand side.

Qwi — w?)a; — wéa, =0

—wia; + Qwi — w?)a, =0

This 1s a homogeneous system of algebraic equation of a4, a,.
a, = a, = 0 is a solution, but we want non-zero a,, a, solution

According to Crammer’s Rule, it has non-zero solution only if the determinant is zero!

Zwizng ngai%wz =0 (w?-2w?)? - (w?)? =0 Arfken p83-85, 88
w? = w§, 3w}

RAE 0w [E:z% 2 HR{EE]EE | The unknown w? has only two options!

W= W1 = Wy w=w25\/§a)0

Only in these two cases is there non-zero a4, a, solution.

When the determinant is zero, the two equations are linearly dependent. Arfken p88-91

They are essentially the same since one can be written as a multiple of the other.



S ERw » Feffa] g H B ERa,, a, Let’s find a4, a, for specific w.
W =w; =wy Plugn
Qwi — w?a; —wia, =0 Qw2 —wd)a, — wia, =0 »a)gal —wia, =0 a;—a, =0
—wia; + Quwi — wHa, =0 —wia; + Qwi — wla, =0 —wia, + wia, =0 —a; +a; =0
The second equation is minus the first one.
a, = a, = C; = A,e'®1 This satisfies both equation.
Therefore, we find that the solution is:

X; = ay - et = () - e!@ot = 4, ¢! (@ot+¢1) X, = Cy - el@ot = 4, gi(@ot+d)
HUEEED » SR J7H24HAYA% © Take the real part:

x; = X, = Re A, (@ot*¢1) = A, cos(wot + 1)
X1 = X5 = —woAq sin(wgt + ¢1)

The two move and oscillatetogether! x; = x, °
SRV R — (AR - B

This 1s called a mode: in this case Symmetric mode.

If initial condition is symmetric : x;(0) = x,(0), x;(0) = x5(0) >

symmetric mode will ensue and continue.
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B Ry, 0o B i aq, ap FTDLARFRIL B -
This mode i1s designated by a4, a,. You can draw a,, a, to represent the mode.

WAL Tx1, X258 Bhay, ap FoffRiE—RELEF2D (F] w) BT RS 22 E) -

In the mode, the two particles take a,, a, as amplitudes, oscillate together (same w).

] a1 — az
i r T ]
of l l X1 = aq + Ay cos(wpt + ¢1)
_15 ]
' Xy = a, + Ay cos(wot + ¢1)

-~ 1 1 1 1 1
00 05 10 15 20 25 30
symmetric mode (1,1)



x1(0) = x2(0) = A, x1(0) = x,(0) = 0



x1(0) = x2(0) = 0, x;(0) = x3(0) = B



(1):(1)2:\/§(U0

Qwi — 3w3)a; — wia, =0 ' —wéa; — wéa, =0 a;+a; =0
—wia, + Qwi — 3wd)a, =0 —wia; — wia, =0 a;+a; =0

The second equation is the same as the first one.
a, = —a, = Cz = A28i¢2
The solution is:

Now taking the real part would give us the solution.

x1 = Re Azei(@w0t+¢)2) — AZ COS(\/§0)0t + ¢2)

x2 —x1 = _A2 COS(\/§th + ¢2)

Xy = —X3 = \/§woA2 sin(\/§w0t + qbl)

The two move opposite! x, = —xq °
1SS N RN Ay S AR L o This is called Antisymetric Mode.
If initial condition is symmetric x; (0) = —x,(0), x;(0) = —x5(0)

antisymmetric mode will ensue and continue.
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x1(0) = —x(0) = 4, x1(0) = —x2(0) = 0



x1(0) = —x,(0) = 0, x4 (0) = —x}(0) = B



We have found two oscillating solutions for Coupled system.

Xy = —x, = A; cos(wyt + ¢q) Xy = Xy = A; cos(wot + ¢1)
Wy = \/§(UO w1 = Wy
> — —
Antisymmetrical mode Symmetrical mode
(out of phase) (in phase)

If initial conditions follow the condition of the mode,
x1(0) = —x2(0), x1(0) = —x3(0) x1(0) = x2(0), x1(0) = x5(0)

the system will continue oscillating as SHM according to the mode!



X1 = —Xy = A cos(wot + ¢4)

Wy = \/§(1)0

D — —_—
Antisymmetrical mode
(out of phase)

x1(0) = —x2(0), x1(0) = —x3(0)

PRIy SRR R F R E) -
ML BB A — R B Ros =AY T

k + 2k
m

— s

(1)2:

X1 = x, = Ay cos(wgt + ¢1)

FEEE -

Symmetrical mode
(in phase)

x1(0) = x2(0), x1(0) = x3(0)

TRy R A R ERVEE
Pt AR AL T8 A =2 — s =Y )



A general solution is a sum of the two modes.

—fEEIRIRIE T - R B RLE WA I |

There are four undetermined constants A, 5, ¢ 5.
x; = Aq cos(wot + ¢1) + A, Cos(\/ga)ot + ¢2)
Xy = A cos(wot + 1) — Ay cos(\/§w0t + cl)z)

There are also four initial conditions x4 ,(0), x1 ,(0).

It would be the one unique solution.



] x4 =-0.66
Ll

(m] Xz =-0.27

[] vy=-0.61

[] Show all t




@ x4=-0.37
[]

™ x,=-0.50

[1 v,=-0.71

[ ] Show all t




Normal Modes: Magnitudes

Setup: 2 masses
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Method I
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The right-hand side can be simplified as a multiplication of matrix and column.

dle—_ﬁx +£x dle /Zk k\;

dt2 = m Y 'm™? » dt? | _ _ m m (1)

d2x2 k Zk d2x2 5 Z_k 2
=X T~ X2 B

dt2 m m dt? m m



FEPHESE TR =S —fT e & ¢ multiplication of a matrix and a column is a column.

S11 oY (fh —Qi
(Sa)l Zsl]al 521 522)( 2)_ 521611 22a2

IR A e tE a2 4R MRy S(ciaq + cpay) = ¢1Sa, + c,8a,

FEfE SefE P ZE 245 PH ¢ multiplication of two matrices and is a matrix.
_ _ (511 S12) (A1 A12) _ (511A 512421 S11412 + 5121422)
(SA)mn - ZlSm]A]n _ACSTL_Sﬁ) (A 1 A22 B @ 521A12 + SzzAzz
]:

Arfken p96-99
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d?x,

2k k
dtz | _ [ m m (x1)
d2x2 k Zk x2
dt? m m

We can use simplified notations to write the equation.
1T1a]= Column vector

A [E Matrix
_ (%1 2k k
X = (Xz) - % _;l _ (2(1)
RUHL T B E R — 1T & - _k 2k —w}
m m
d?x, 2k k
d’ dt? m  m\a
de2 X~ d?x, - k 2k (xz) =4
dt? m m
d2

k
m



—A-x=—5x
dt?

Elevate the real x's into complex function. Guess the solutions are the same exponential:

The solution can be written as a constant column vector a times the usual e'®t,

w and a are to be determined.

xl . a
— _ iwt — (71
x= () =ae a=(,)

o = (g @ x, = a,e'®t Key idea is the two particle oscillate with one frequency.
Plug the guess into Eq.
205 —ws\ (4 aq
A-a=w’a ( )=a)2( )
(—wé 2w5 ) N2 @

The differential Equation of x(t) 1s transformed into algebraic equation of a.

This is the eigenvalue problem of Matrix A. w? is the eigenvalue while a the eigenvector.

5y T RRA R b B AR A R > aff B AR -



To solve eigenvalue problem:

208 —wi) (a4 , (1
A-a=w’a (_w(Z) ng (az) @ (az)
202 — w? —w? a
T 0 0 1\ = o
(A-—w’l)-a=0 < w2 202 — a)2> (az)

If the matrix (A — w?) has an inverse matrix (4 — w?)~1, a equals 0.

o= -0+ ()- )

This 1s not what we want.

Unless, determinant |4 — w?| = 0. Then inverse matrix (4 — w?)~! does not exist.

Only 1in this case would a have nontrivial solutions.

2 _ 2 2
A — w2l =0 ‘Zwo 0) wH

—w} 208 — w?

(w? = 2w3)? — (w3)* =0 w?—2ws = +ws

2

w? = wg, 3w}






w? = wg, 3w AEECHRE > &EEE—RERRa -

Two eigenvalues w?, each corresponding to one eigenvetor a, determined by this formula:

For w? = w§
w=w; = w, 2w — w? —w? a,
2 2 2 ( ) =0
_(UO 2(1)0 - (,()1 a2
ary _ 2(1 —1\/%\ _ .
az)_wo(—l 1)(612)_0 a; —a; =0
Index to denote the first mode
x = aWelort = (D a,e'®ot = (D A, et (@ot+d1) a; = Ae'®
Take the real part:
X1 1 1 :
X = (xz) = (1) A; cos(wot + ¢1) = (1) [ficos(wot) + g;sin(wgt)]
x; = A cos(wot + ¢4) Xy = x; = A1 cos(wot + ¢q)
X1 _ agl) _ This mode 1s designated byagl), agl). .
X2 agl) Note that in this mode, the ratio of % at any time equals the ratio ofa—a).
2 az



Z;) = W (:1 :D (Z;) =0 a;+a; =0

Index to denote the second mode

. 1 . 1 . - .
x=aPel®2t = (_1) a, e V3wt = (_1) A, ei(V3wot+¢z) a; = A,e'®:

Take the real part:
X = (2) ( 1 )Az cos(V3wot + ¢5) = (_11) [f2cos(V3wyt) + gasin(vV3wgt)]
x; = A, cos(\/ga)ot + ¢2) X, = —x1 = —A4, COS(\/§a)Ot + ¢2)

(1) (1)

= —1 In this mode, the ratio of =2 at any time equals the ratio of 2L oD

X2 agl) %2

= —1.
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One eigenvalue w? with one eigenvector a corresponds to one oscillating mode.

We have found two oscillating solutions for Coupled system.

(1,2)
In these modes, the ratio of % at any time equals the ratio of agl i
2 a, '

We can plot a as follows to represent a mode:

-~

(8]

' - ) ES)
(2) _ - a; a,

o
L] I

- -~ 1 1 1
g 5 " 75 -2

0005 10 1"’1 '1'0 . 25 30 00 05 10 15 20 25 30
asymmetric mode (1, —1) symmetric mode (1,1)

Wy = \/§CI)O W = W

X1 agl) B X a§1)
== 1 - 1

2 a, X2 agl)



x  ad
X2 agl)

We have found two oscillating solutions for Coupled system.

| S N N
Pob L

«—r e

00 05 10 . 13 20023 30 00 05 1.0 15 20 25 30
asymmetric mode (1,—1) . )
symmetric mode (1,1)
W, = V3w (1)
2 0 X1 a,;
X (1)
L

If initial conditions follow the condition of the mode,

a0 _a” x(0) aV
%2(0) (¥ x2(0) agl)_

the system will continue oscillating as SHM according to the mode!

We usually say: one mode 1s excited while the other 1s not.

Is it possible both modes are excited in the beginning? Of course.



x1(0) = 2x,(0), x1(0) = x3(0) = 0




M x4=1.00
]

) x,=-0.02

[] v, =-0.06

x1(0) = A,x,(0) = 0, x1(0) = x2(0) = 0
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With two mode solutions, any linear combinations of the two modes are also solutions
of the system of linear ODE. There are four unspecified constants f; 5, g1 ».

(2) ( ) | ficos(wyt) + gysin(wyt)] + ( 11) [fzcos(\/éa)ot) + gzsin(\/éwot)]
VOE R 2 5 Bk R VU EFE SR ERERRE o B

The four unspecified constants will be determined by four initial conditions.

0) x1(0) = f1 + f.
(2(0)) B G)fl * (—11)f2 — xl(O) = fi —fi

RIILf1 2 AT PAME—RTE © f1, will now be uniquely specified.

x1(0)\ /1 1 x1(0) = g1wo + g2V3wy
(xé(O)) - (1) g1wo + (_1) 923w - x5(0) = gywy — goV3wy

91 WA DAE—RTE © g4, will also be uniquely specified.

Note that g, , will vanish if initial velocities x; ,(0) are both zero.

TR T RESHIIREAR R » SKEESE

Our result satisfy both system of ODE and initial condition. It is the unique solution.



For example: if
x1(0) = 24,%,(0) = 0,x1(0) = x5(0) =0 g1 =9g2=0

(2%83) (2(;4) ( )fl ( 11)f2 = fit+tf=24

h=hHh=4 Li=/=0

(2) ( )[Acos(a)ot) ( )[Acos(\/_a)ot)]

X{ = A[cos(wot) + cos(@wot)] Xy = A[Cos(wot) — cos(ﬁwot)]




There is another way to look at this solution. Method 11
x1 = Aq cos(wot + ¢p1) + A, cos(\/§a)0t + )
Xy = Aq cos(wot + 1) — A, cos(\@wot + ¢,)
Xy = X1+ x5 = 24, cos(wot + ¢4) Generalized Coordinates [& 5 FE f2L
X_ = X1 — X = 245 cos(V3wot + ¢,)  EFPELRAILISE TR E R HELR |

X4, X_ are pure simple harmonic oscillators with respective angular frequencies.

e TR AT, x_m e H B TR ZUY A EZRE

d?x, d?x d?(x; + x,)
— 2 2 2 _ 2 2 1 2
a0 = —2wix, + wix, + iz = W0%1 2wéx, 7 = —wix; — wix,
2
dxy wix,
dt?
d%x, d%x, d*x_ ,
= —2wEx, + wixy — iz = wix, — 2w5x, Jrz = T 300x-

X, x_ are called Normal Coordinates. f& =B

X+ d? wi 0
X = —A- = — A=
() T ae” ( 0 3w5>
For normal coordinates, A 1s now diagonal. Off-diagonal elements means coupling.

X4, X_ are uncoupled, independent SHM.



FEE WA > AR A -

X1 = —Xp = Az COS(\/§w0t + (pl) X1 = X2 = Al COS(th + ¢1)

x; =0,x_ =24, cos(V3wot + ¢p;) ¥+ = Aj cos(wot + 1), x_ =0

Antisymmetrical mode Symmetrical mode
(out of phase) (In phase)

B L6 45 A (5 QAR AT AR AT E 22 R {E AR 20



This formalism could be easily extended to the more general cases.

The force constants k4, k,, k3 could be different.

k, '

k

T 2 k3
AMWA . WAV | o WW
' £ B |
d*x; ki +k; k, . = (x1) f7a& Column vector
_— = 1 +_ x2 - X 0
dt? my my 2 A [ Matrix
dx; ks katks itk K o g
dt2 ~ m, * m 2 S = m m 5(11 12)
‘ ‘ _ka Kyt kg 521 S22
m m
2 d2x, ki+k,  ky
d dt? m m X1\ _
ez d?c, |\ ky  katks (xZ) =5
dt? m m
d2
——x=-8-x S isasymmetric Matrix.



To define symmetric matrix, first define the Transpose of matrix A

Symmetric Matrix § ST =§

A= (2 8) AT = (é 4) Not symmetric

) Symmetric  §;; = S'ifj =5

G4 S12 = Si2 =S Arfken p99, 104-107



T k2 T k3
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d? | b 3 | Method I
—S-x= d—tzx — —

Elevate the real x's into complex function. Guess the solutions are the same exponential:

The solution can be written as a constant column vector a times the usual e®t,

w and a are to be determined.

X : a
X = (xl) = qe'®t a= (al) ky + ks _E
2 2 m m (al) _ wz (al)
Plug the guess into Eq. k, ky+ks |\az) a,
—S. aeiwt — _wzaeiwt B m m
ki+k, 5 k,
S-a=wa m ¢ m (a1):0
a
m m

This is the eigenvalue problem of Matrix S. w? is the eigenvalue while a the eigenvector.



my

Unless, determinant |S — w?| = 0. Then inverse matrix (§ — w?)~! does not exist.

Only 1in this case would a have nontrivial solutions.

S — w?I| =0

ki + k,

ky,

m _
ky+hy |70
— W

m
2 2

This is a second order equation for w? usually with two solutions w%, w5.

Plug w? = w?, w3 into

(S — w?I) -a =0 tosolve the two columns vector a:

(1) (2)
a(l) = al a(z) — al
Clgl) Clgz)



We have found two oscillating mode solutions for the coupled system.

a(l) . a(Z)
a(l)eiwlt — 1 pltw1t a(z)eiwzt — 1 plwzt
a(l) (2)
2 a,

Since the ODE’s are linear, any linear combinations of the two modes are solutions.

(1) )
x=" ). eiont ] (creitn)|+ [T ). eiwat {(cpeit2)
(1) 1 (2) 2

22 2y
\ .
Take the real part. Two complex coefficients
(1) (2)
X1 a, 251
X = = cicos(wit + ¢p1) + c,cos(wyt + ¢y)
- o
It is clear that, for example: [fzcos(wyt) + gzsin(w,t)]

X{ = agl)clcos(a)lt + ¢1) + agz)czcos(a)zt + ¢,)

Xy = agl)clcos(wlt + ¢,) + agz)czcos(a)zt + ¢,)

Again, four unspecified constants ¢, ,, ¢ , will be determined by four initial conditions:
X1 (O),Xz (O), x:’l (O)) xé (0)

We have solved the coupled oscillation problem for two particles.



It 1s easier to fit initial conditions by another form of cosine and sine solution.

(1) (2)
X = (2) = <Z§1)> | ficos(wyt) + gqsin(wyt)] (a@) [fzcos(\/gwot) + 9251n(\/§w0t)]

VU R T e B0 EE PHEFEEE (R AR E - Bl

The four unspecified constants will be determined by four initial conditions.

(D (2)
(X1(0)) _ (% £+ f x1(0) = agl)ﬁ + alz)fz
%2(0)/  \g® )" (2) i I (D) @
2 x2(0) =a; ' fi —ay,”f;
RIILf1 2 AT PAME—RTE © f1, will now be uniquely specified.

x1(0) gl) (2) — x1(0) = a1 gla)o + agz)gzﬁwo
me): (1) | 91%0 ¥ m g2V3wo : (1) @)
2 a, x2(0) = a;’gywo — a; g2V3wy
91,2 W a] DIME— 1T o 91,2 W111 also be uniquely specified.

Note that g, , will vanish if initial velocities x; ,(0) are both zero.

TR T RESHIIREAR R » SKEESE

Our result satisfy both system of ODE and initial condition. It is the unique solution.



2. Consider a coupled oscillation of two particles as shown below:

ky

i k; T ks
MWN [ WAWWWWA | 72 WA/WWV% Homework III
I ! I
:xl Xy

e T

with equations of motion:

d?x, ki, + k, k, d*x, k, k, + ks
= — X1 +— X, =—X; — x
dt? m;, ' my? dt2  m, ! m, ~Z

which can be written in the notations of matrices:

dZ
Wx =—-A-x
Assume that the matrix A equals:
5 4
— 2
A= wp (4 5)
The general solutions can be written as:
1) (2)
X1 a a
= (xz) = (ail)) cos(w t + ¢,) +c, <a22)> cos(w,t + ¢,)

2 2

a(l) a(Z)
A. Find the numbers w1, ( 21)> and w,, < 22)).
a, a,

B. If the initial condition is x; (0) = a,,, x,(0) = 0, x; (0) = x5(0) = 0, find the
solution. Hint: ¢p; = ¢, = 0.



But are you sure that the eigenvalues w?, w3 are both positive? w?, w3 >?70

If w? < 0, e**? is an exponential function instead of oscillating function.

Will prove if matrix S is symmetric and positive definite, eigenvalues w? are both positive.

And for coupled system the matrix S is symmetric and positive definite.

Sy YIS
EH - —ERREEAEERSEERE > B ARASEERAZRERIEEAR -

All n eigenvalues A of a symmetric matrix S are real.

The n eigenvectors u can be chosen to be orthogonal.



HHEE o WIEEEH - ABEALEEIEEE S 1T !
Positive Definite [FE Matrix
RS A E A B R B > BEREFERE e FEFE -
=85 * #Quadratic form —ZCAY x"Sx R R IEE - REAERHLS Ky TEE AR
B x = uy ° E5u; Suy BIE -
DT sy = 3 DTy = 3.

RHA RyIE » [EIBEAIRRYIE - FEFES AR S Rk > R E e -

s ER SH L AE I 1E - RIEES ey e FE e AREEARNZ 1IRE -

1 1 1
V= EkZ(xZ — x1)? +Ek1x12 +§k3x22 =mx'Sx

BRIER - 0 = VAHL2EE -



This formalism could be also easily extended to more than two masses.

7 k k k "
m m _v m
7
s
l.—_—>x| l__>x2 *——)x3
Figure 10.13
A EE) TS
d?x,
m-o2 = k(xz — x1) — kxy = —2kx; + kx;
d?x,
m—dtz = k(X3 - xz) - k(xz —_ xl) = —2kx2 + kx3 4 kxl
d?x,
m dt2 = —k(x3 — x3) — kxz = —2kx3 + kx,

B. GtEGEEENEIIAE |

k‘

V= E[xf + (2 — x1)% 4 (x3 — x2)% + x5] = k(x? + x% + x5 — x1%3 — X2X3)

C. ELUHMHEE S AKETT

Hlx = ae't » RABAEEHERX : 4-a= w?a=ofa - FEHEA LT



Ex=—A-x

ix = ae't » (LAGAHEHER : 4-a = 0?a = Aoja - BT BLT
TP B -

2—-12 -1 0
-1 2-12 -1|=0
0 -1 2-2

BT
2-)*-22-D=2-D2-41+1) =0
AN -

A=22+2, 0w? =20}, (2 +V2)wd




D. FEARRIE R :

For A = 2: i}t 71 524 © (A— Awd) -a=0 L L B
(2) (2)
ATLABSRK - 1f % T %3
—a; =0 0 T @
_ (2)
—a; —az =10 L a, l
w2~\/§w0 —a, =0 -1t
—1 o 1 EE 4
TEE q@~( 0 X = a(z)eiwzt 2
1 w2 =’W‘0\/§

WL T2, 22 PAay, ag R ffciE —#E(E [EI A (Rl w)HIREEE 2 E) -
ay, az—1E—& ° Ny, xsAURZFHEAERT - a, BZ > FELLHEZ X &R AT

ErLiaRE R e - M TREIELEN A E
x1(0) 1 x1(0) 0
x(0) = x,(0) | x a(2)~< 0 ) x'(0) = x,00) | = (0)
x3(0) -1 x3(0) 0
PUT e iE 8h T i s AA R AR > #8 NRAL S s 4EfFIEEEBIRA (& -

x1(t) 1
x(t) = | x,(t) | < a® cos w,t ~ ( 0 ) COS Wt
x3(t) —1

s A E T R AR -



For A =2 —/2:

V2a;, —a, =0
(,()1~ 2 — \/Ewo —aq +\/§a2—a3 =0

—a, + ‘/§a3 =0 2 [0 f R ('1) """" ]
i a; ]
7 i oal’ as’
sin— [
4 | I
1 * of
al~ 2]~ sin— : l l
1 . 37_[ -1r v
sin— i
4 7o 1 2 3

w1=wo\/~—\/§

x1(0) 1 x1(0) 0
x(0) = | x,(0) oca(1)~<0> x'(0) = [ x5(0) =<0>

x3(0) -1 x5(0) 0
DU =G 2 E) A2 S EE A R ARz
x4 ()
x(t) = | x,(t) | < a® cos w;t
x3(t)

R (E B TR R, -



ForA =2 +/2: : o 4 » ]
V2a,+a; =0 [
a)~/2+ 2w fa V402 T a5
3 V2w, o, +VZay = 0 of l l
1 1}
a®~| 2 ; ® a”

Wy =wpvV 2+\/§

x4 ()
x(t) = | x,(t) | < a® cos wst

x3(t)

(L1 TR EE — B — AR ERIELL - 8 MRS & 4R HELGiRd (% -
— (A AR A A R

B (EHEHEAEREREe) - A —EFENEEEIREAR(AEE) |
EARVEH - M ARRERE - BFRRTEHE -



A T U E= (BRI - — iR e = F IR M S ® / 2 — 2wy

~

X1 3
<x2> = Z a® . [ficos(w;t) + g;sin(w;t)] W, ~V 2w,
X3 i=1
= (R E B 2,20 E S BRI 2.5 (0) SASE w3~ (2 + 2w,
1 1
x1(0) £ NG 1 1 1 TZ
x2(0) a(‘)ﬁ— 1 f+—<o>f +— | -1 |F
(xi(O)) ; 1 L2 -1 F2 1 ’
x/i V2

SRR A E EEREE  SEABEERLER @ a™Ta™ = 6,
0 FEa W E R EERE K] -

x1(0)
E*i@ﬁ[ﬁﬁﬁﬁ/‘ﬂ?@§<xz(o)> » #h A DA B = (A m 2RV & -
x3(0)
fizamI Dy : [%1(0)
aWT | x,(0) | = f;
x3(0)

SN AERTE HE B 91,23 AN N=ERE(E (FRAcq 2,3 (0) IR ZAE -



A FCTeHZ ol = cos (w;t)

(7.0 (HEERIRES%  BhaE |
a1y




=(EABE BT R TR AR | MR RS AR 2 = -

sin%\ i

/\\ 1 a® ~ sinE — 2
1 . . y= >

- 3m

st Ng)

/_ 3T
sm4

-3
sin— | =

\siny/
Sin 4

a®~

Sl Lal



