Second Order Linear ODE Ordinary Differential Equation

y' +Px)y +Qx)y=f(x) ==y =f(yx)
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It consists of one power of y, first and second derivatives of y, and a known function of x.

Equation of Motion is most naturally a Second Order Linear ODE.

x"+P()x"+Q(t)x = f(t)



Second Order Linear Ordinary Differential Equation
y'+ Py +Q)y = f(x)
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consists of one power of y, a first and second derivatives of y and a known function of x.

We’ll show with one solution of the homogeneous ODE, we can calculate general solutions.

Other than that, we don’t have general solutions for these ODE.

But if we restrict P(x), Q(x) to constants such as:

'+ a1y’ +agy = f(x)
we do have a procedure using complex number to write down the solutions.

These are called Second Order Linear ODE with constant coefficients.

Surprisingly, this systemic method can be extended to Linear ODE with constant

=@

coefficients of any finite order. d"y
XS
dx™

n



Linear second order ODE f##,%

y"'+Px)y '+ Q(x)y = f(x)

Variation of parameters . , g .
P / léjjﬁ%ﬁﬁg Series \Complex number 8 5 pREA

Wronskian
Linear ODE Linear ODE with constant coefficients
y'+ Py +Q0(x)y = f(x) y'+ a1y’ +agy = f(x)
If we find one solution of the We can find general solutions using
homogeneous ODE, we can calculate complex number exponential function e%t,

the general solution.



Second order Linear ODE

Inhomogeneous ODE Homogeneous ODE

y'+ Py +Q)y =f(*) (mp ¥ +PX)Y +Q(x)y=0

Any solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the general solution y; of the homogeneous ODE.



y'+ Py +Q)y = f(x)
The difference y — y, between any two solutions of a Linear inhomogeneous

ODE equals a solution of the homogeneous ODE.

yV'+PX)y' +Qx)y=f(x) — vy, +P@)y; +Qx)y, = f(x)

2
=92)"+Px)(y—y2) '+ Q(x)(y —y,) =0 homogeneous ODE

y — vy, equals a solution y; of the homogeneous ODE. Hence:
Yy =y1tY

Any solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the general solution y; of the homogeneous ODE.
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y'+ary' +agy = f(x)




YN T REYZE % Forced Oscillation

Assume that the additional force can be written as : Fy cos wpt °

rotator

Equation of Motion contains one more term

d?x
mﬁ = —kx + Fy cos wpt
d?x F,
W'l'wzx:EOCOS(‘)Dt y'+ a1y +agy = f(x)

This is an Inhomogeneous 2" order Linear ODE with constant coefficients.
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To discuss general properties of linear differential equations, it is helpful to introduce
a differential operator notation. Let p and ¢ be continuous functions on an open interval
I —that is, for @ < t < 3. The cases for @ = —o0, or 8 = o0, or both, are included. Then, for
any function ¢ that is twice differentiable on I, we define the differential operator L by the
equation

L[¢] = ¢" + p¢’ + q¢. )

Itisimportant to understand that the result of applying the operator L to a function ¢ is another
function, which we refer to as L[¢]. The value of L[¢] at a point ¢ is

L[g](2) = ¢"(t) + p(t)¢' (1) + q(1)$(2).
For example, if p(t) = t2, q(t) = 1 + ¢, and ¢(t) = sin(3t), then

L[$](t) = (sin(31))" + t3(sin(31))’ + (1 + t)sin(31)
= —9sin(3t) + 32 cos(3t) + (1 + 1) sin(31).

The operator L is often written as L. = D? + pD + g, where D is the derivative operator, that is,
D[¢]=¢'.

In this section we study the second-order linear homogeneous differential equation
L[#](t) = 0. Since it is customary to use the symbol y to denote ¢(t), we will usually write
this equation in the form

Lyl =y"+ p()y' +q(t)y = 0. 2
With equation (2) we associate a set of initial conditions

yt) =Y0,  Y'(to) =Yg 3)

where ¢, is any point in the interval I, and y, and y; are given real numbers. We would like
to know whether the initial value problem (2), (3) always has a solution, and whether it may
have more than one solution. We would also like to know whether anything can be said about
the form and structure of solutions that might be helpful in finding solutions of particular
problems. Answers to these questions are contained in the theorems in this section.

The fundamental theoretical result for initial value problems for second-order linear equa-
tions is stated in Theorem 3.2.1, which is analogous to Theorem 2.4.1 for first-order linear
equations. The result applies equally well to nonhomogeneous equations, so the theorem is
stated in that form.

Theorem 3.2.1 | Existence and Uniqueness Theorem

Consider the initial value problem

V' + p©)y" + q(t)y = gt), Vo) =yo, Y'(to) =Y, @)

where p, g, and g are continuous on an open interval I that contains the point t,. This problem
has exactly one solution y = ¢(t), and the solution exists throughout the interval I.




We emphasize that the theorem says three things:

1. The initial value problem has a solution; in other words, a solution exists.

2. The initial value problem has only one solution; that is, the solution is unique.
The solution ¢ is defined throughout the interval I where the coefficients are continuous
and is at least twice differentiable there.

For some problems some of these assertions are easy to prove. For instance, we found in
Example 3.1.1 that the initial value problem

y'—=y=0, y0)=2, y'(0)=-1 (5)
has the solution
3 = %e‘ + ge“. (6)

The fact that we found a solution certainly establishes that a solution exists for this ini-
tial value problem. Further, the solution (6) is twice differentiable, indeed differentiable any
number of times, throughout the interval (—o0, o) where the coefficients in the differential
equation are continuous. On the other hand, it is not obvious, and is more difficult to show,
that the initial value problem (5) has no solutions other than the one given by equation (6).
Nevertheless, Theorem 3.2.1 states that this solution is indeed the only solution of the initial
value problem (5).

For most problems of the form (4), it is not possible to write down a useful expression for
the solution. This is a major difference between first-order and second-order linear differential
equations. Therefore, all parts of the theorem must be proved by general methods that do not
involve having such an expression. The proof of Theorem 3.2.1 is fairly difficult, and we do not
discuss it here.” We will, however, accept Theorem 3.2.1 as true and make use of it whenever
necessary.



Let us now assume that y, and y, are two solutions of equation (2); in other words,

Lyl =y + py, +qy, =0,

and similarly for y,. Then, just as in the examples in Section 3.1, we can generate more
solutions by forming linear combinations of y, and y,. We state this result as a theorem.

Theorem 3.2.2 | Principle of Superposition

If y; and y, are two solutions of the differential equation (2),

Lyl =y" + p(t)y’ + q(t)y = 0,

then the linear combination c,y, + c,y; is also a solution for any values of the constants ¢,
and c,.
\. J

A special case of Theorem 3.2.2 occurs if either ¢, or ¢, is zero. Then we conclude that any
constant multiple of a solution of equation (2) is also a solution.
To prove Theorem 3.2.2, we need only substitute
y =) + (1) ™

for y in equation (2). By calculating the indicated derivatives and rearranging terms, we
obtain

Llewyr + c2ya] = (ayr +6232)" + p(e)(ery: + €232) + g0y + €2y2)
=y + )y +cp(t)y; + cap()y) + c1g(Oyr + eq(t)y;
= c,(y7 +p@®)y; + q(O)y1) + () + p(©)y; + q(t)y,)
= ¢,L(y)) + c,L(,).

Since L[y, | = 0 and L[y,] = 0, it follows that L[c,y; + c,y,]| = 0 also. Therefore, regardless of
the values of ¢; and c,, the function y as given by equation (7) satisfies the differential equation
(2), and the proof of Theorem 3.2.2 is complete.



Theorem 3.2.2 states that, beginning with only two solutions of equation (2), we can con-
struct an infinite family of solutions by means of equation (7). The next question is whether all
solutions of equation (2) are included in equation (7) or whether there may be other solutions
of a different form. We begin to address this question by examining whether the constants c,
and ¢, in equation (7) can be chosen so as to satisfy the initial conditions (3). These initial
conditions require ¢; and ¢, to satisfy the equations

e (to) + cay2(tp) = Yo,

4 ’ 7 (8)
ey, (to) + Y5 (8) = g,
The determinant of coefficients of the system (8) is
()  ya(ty) ;
= : 0 f o} _ ALYV A A (29)21(7) )
) yi(t)

If W # 0, then equations (8) have a unique solution (c,, c,) regardless of the values of yj
and y]. This solution is given by

. Yo¥5(to) = yoya(toe) . = —=yoY; (to) + Yeyi(to) (10)
P nloyite) = Yitona(t)” 7t mta)Vi(te) = Yito)ya(te)
or, in terms of determinants,
Yo  Yallo) nte) Yo
!/ / ! !/
(to) (t) v
s Yo Ya\lo , i Yillo o a1

Y1 (£p) ¥2(tp)
y;(tu) J’;(to)

yi(to) ¥2(to)
)’;(tu) y;(to)




With these values for ¢; and c,, the linear combination y = c¢,y;(t) + c,y,(t) satisfies the ini-
tial conditions (3) as well as the differential equation (2). Note that the denominator in the
expressions for ¢; and ¢, is the nonzero determinant W'.

On the other hand, if W = 0, then the denominators appearing in equations (10) and (11)
are zero. In this case equations (8) have no solution unless y, and y(’) have values that also make
the numerators in equations (10) and (11) equal to zero. Thus, if W = 0, there are many initial
conditions that cannot be satisfied no matter how ¢, and ¢, are chosen.

The determinant W is called the Wronskian® determinant, or simply the Wronskian,
of the solutions y; and y,. Sometimes we use the more extended notation W{[y,,y,]|(t,) to
stand for the expression on the right-hand side of equation (9), thereby emphasizing that the
Wronskian depends on the functions y; and y,. and that it is evaluated at the point t,. The
preceding argument establishes the following result.

Theorem 3.2.3

Suppose that y, and y, are two solutions of equation (2)
Lyl =y"+ p()y’ + q()y =0,
and that the initial conditions (3)
y(ty) = Y, Y(t) = y{,
are assigned. Then it is always possible to choose the constants ¢,, ¢, so that

y = e (t) +cya(t)

satisfies the differential equation (2) and the initial conditions (3) if and only if the Wronskian

Wiy y:.1=ny, — yi¥

is not zero at ¢,




Theorem 3.2.4

Suppose that y, and y, are two solutions of the second-order linear differential equation (2),

Lyl =y" + p(t)y’ +q(t)y = .
Then the two-parameter family of solutions
Yy = (D + 6y

with arbitrary coefficients ¢; and ¢, includes every solution of equation (2) if and only if there
is a point {, where the Wronskian of y; and y, is not zero.
K &

Let the function ¢ be any solution of equation (2). To prove the theorem, we must deter-
mine whether ¢ is included in the linear combinations ¢, y; + ¢,y,. That is, we must determine
whether there are values of the constants ¢; and ¢, that make the linear combination the same
as ¢. Let {, be a point where the Wronskian of y; and y, is nonzero. Then evaluate ¢ and ¢’ at
this point and call these values y, and y;, respectively; that is,

Yo = $(to)s Vo =¢'(t)-

Next, consider the initial value problem

Y +p@y' +q)y=0,  y(t) =yo Y(t) =y, (12)

The function ¢ is certainly a solution of this initial value problem. Further, because we are
assuming that W[y, y,|(¢y) is nonzero, it is possible (by Theorem 3.2.3) to choose ¢; and ¢, such
that y = ¢, y,(t) + ¢,y,(1) is also a solution of the initial value problem (12). In fact, the proper
values of ¢, and ¢, are given by equations (10) or (11). The uniqueness part of Theorem 3.2.1
guarantees that these two solutions of the same initial value problem are actually the same
function; thus, for the proper choice of ¢; and c,,

¢(£) = ciyi(t) + coy1(0), 13)

and therefore ¢ is included in the family of functions ¢; y; + c,y». Finally, since ¢ is an arbitrary
solution of equation (2), it follows that every solution of this equation is included in this family.
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Now suppose that there is no point f, where the Wronskian is nonzero. Thus
W(y1,](t;) = 0 for every point ¢,. Then (by Theorem 3.2.3) there are values of y, and y;
such that no values of ¢, and c, satisfy the system (8). Select a pair of such values for y, and
y(') and choose the solution ¢(t) of equation (2) that satisfies the initial condition (3). Observe
that this initial value problem is guaranteed to have a solution by Theorem 3.2.1. However, this
solution is not included in the family y = ¢;y; + ¢,y». Thus, in cases where Wy, y»](t,) =0
for every f,. the linear combinations of y; and y, do not include all solutions of equation (2).
This completes the proof of Theorem 3.2.4.

Theorem 3.2.4 states that the Wronskian of y; and y, is not everywhere zero if and only if
the linear combination c,y, + ¢,y, contains all solutions of equation (2). It is therefore natural
(and we have already done this in the preceding section) to call the expression

y =1 () + s (1)

with arbitrary constant coefficients the general solution of equation (2). The solutions
¥; and y, are said to form a fundamental set of solutions of equation (2) if and only if their
Wronskian is nonzero.

We can restate the result of Theorem 3.2.4 in slightly different language: to find the general
solution, and therefore all solutions, of an equation of the form (2), we need only find two
solutions of the given equation whose Wronskian is nonzero. We did precisely this in several
examples in Section 3.1, although there we did not calculate the Wronskians. You should now
go back and do that, thereby verifying that all the solutions we called “general solutions™ in
Section 3.1 do satisfy the necessary Wronskian condition.

Now that you have a little experience verifying the nonzero Wronskian condition for the
examples from Section 3.1, the following example handles all second-order linear differential
equations whose characteristic polynomial has two distinct real roots.



In several cases we have been able to find a fundamental set of solutions, and therefore the
general solution, of a given differential equation. However, this is often a difficult task, and the
question arises as to whether a differential equation of the form (2) always has a fundamental
set of solutions. The following theorem provides an affirmative answer to this question.

Theorem 3.2.5

Consider the differential equation (2),

Liy] =y" + p(t)y’ + q(t)y =0,

whose coefficients p and g are continuous on some open interval I. Choose some point f,
in I. Let y, be the solution of equation (2) that also satisfies the initial conditions

.Y(to) = 1’ y,(t(]) = 07
and let y, be the solution of equation (2) that satisfies the initial conditions
y(ty) = 0, Y(@)=1.

Then y, and y, form a fundamental set of solutions of equation (2).
% J/

First observe that the existence of the functions y, and y, is ensured by the existence part of
Theorem 3.2.1. To show that they form a fundamental set of solutions, we need only calculate
their Wronskian at t,:

y1(to) ya(to)
J’;(to) ys(to)

1 0
0 1

W y2)(t,) =

l=1.

Since their Wronskian is not zero at the point f, the functions y, and y, do form a fundamental
set of solutions, thus completing the proof of Theorem 3.2.5.

Note that the potentially difficult part of this proof, demonstrating the existence of a pair
of solutions, is taken care of by reference to Theorem 3.2.1. Note also that Theorem 3.2.5 does
not address the question of how to find the solutions y; and y, by solving the specified initial
value problems. Nevertheless, it may be reassuring to know that a fundamental set of solutions
always exists.



Now let us examine further the properties of the Wronskian of two solutions of a second-
order linear homogeneous differential equation. The following theorem, perhaps surprisingly,
gives a simple explicit formula for the Wronskian of any two solutions of any such equation,
even if the solutions themselves are not known.

Theorem 3.2.7 | Abel’s Theorem”

If y, and y, are solutions of the second-order linear differential equation

LIyl =y" + p(t)y’ + q(t)y =0, (22)

where p and g are continuous on an open interval I, then the Wronskian W{y,, y,|(t) is given
by

Wy, »:1(t) = cexp (— / p(t)dt), (23)

where c is a certain constant that depends on y, and y,, but not on t. Further, W|[y,, y,|(t)
either is zero for all ¢t in I (if ¢ = 0) or else is never zero in [ (if ¢ # 0).

To prove Abel’s theorem, we start by noting that y, and y, satisfy

yi +p@)y; + gy, =0,
vy + p(t)y; +q(t)y, = 0.

Niels Henrik Abel 1802-1829



If we multiply the first equation by —y,, multiply the second by y;, and add the resulting
equations, we obtain

Oy = ¥1¥.) + pO)(y, — y1y2) = 0. (25)
Next, we let W(t) = W|y,,y,](t) and observe that
W = yy) = ¥y2 (26)
Then we can write equation (25) in the form
W' + p(t)W = 0. (27)

Equation (27) can be solved immediately since it is both a first-order linear differential
equation (Section 2.1) and a separable differential equation (Section 2.2). Thus

W(t) = cexp (— j p(t) dt) ; (28)

where c is a constant.

The value of ¢ depends on which pair of solutions of equation (22) is involved. However,
since the exponential function is never zero, W(t) is not zero unless ¢ = 0, in which case W (t)
is zero for all . This completes the proof of Theorem 3.2.7.

Note that the Wronskians of any two fundamental sets of solutions of the same differential
equation can differ only by a multiplicative constant, and that the Wronskian of any funda-
mental set of solutions can be determined, up to a multiplicative constant, without solving the
differential equation. Further, since under the conditions of Theorem 3.2.7 the Wronskian W
is either always zero or never zero, you can determine which case actually occurs by evaluating
W at any single convenient value of t.



Let’s first start with Homogeneous Linear ODE :  y" + P(x)y'+ Q(x)y =0

It is called linear because of this theorem -

If we could find two function y; (x), v, (x) satisfying ¥" + P(x)y' + Q(x)y =0

any linear combination  Cyy,(x) + C,y,(x) would also satisty the equation.
Gy +POy1+Qy =0 + Gy + Py +Q(x)y, =0
(C1y1 + C2y2)" + P(x)(Ciy1 + Coy2)" + Q(x)(Cry, + Coy2) =0

QED
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If we could find two function y; (x), y,(x), we get infinite number of solutions.
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That 1s natural. Then we can fit the initial condition.



a] DLE&HA It could be proven that :

We could always find two independent solutions y; (x), y,(x).

—E A AR (I e By (%), y, O F e T2 0 y" + P(x)y" + Q(x)y =0
M Hyy (), y2 o)A B RIE R - Tl R (R LR MR8 -

All solutions can then be written as :  C1y1(x) + C,y5(x)

C,, C; would be determined by y'(0), y(0) -



There 1s a powerful theorem: Arfken p362

If we have one solution y;(x) y" +P(x)y' ' +Qx)y =0
we can always compute another independent solution y, (x).

The key is Wronskian function W (x), defined as:
W(x) = y1(0)yz(x) — ¥ (x)y1(x)
W (x) satisfies a simple 1st order ODE, which could be easily solved.

dWw

T N () y5 () + y1 () y5(x) — y, () vy (x) — y5(x)y1 (%)

= y1(0)yz (x) — y2 (¥ (x)
yi X Y2 +PXy; +Q(x)y, =0 -y, x  y'+P)y; +Qx)y; =0

aw , Caw
I + P(x)y1y2 — P(x)y,y; = Fm +P(x)W =0

dW
—+ P(x))W =0
dx

X

W =W (0)exp| — J P(x") - dx’ Jozef Maria Hoene-Wronski
0



This 1s a separable equation.

Y )y =0
Py =

j%dyz—fp(x)-dx+€’

lny=—Jp(x)-dx+C'

X

y = C exp —fP(x’)'dx’
0



There 1s one more formula:

d (yz) VY2~ Y1 W

dx \y; B Y12 _)’12

If Wronskian W (x) and y; is known, % could be obtained by integration!
1

W
&=C+fdx—2

Y1 Y1
X
exp(— [ P(x") - dx)
y2 = Cy; + W(0)y, f dx Oyz
1

2

exp(— fox P(x") - dx")
h"')ﬁjdx y
1

H y BT B I S — S R e By, (x) - e LR RE S -

From y; (x) we compute a second independent solution y, (x).



Q15T A By, (o) TR 1 v + POy’ +Q(x)y =0

1y, R S — BB TR By, () - {7 -

FrE VN oI LEEE © Cry (%) + Coyo(x)
C1, Co ] DAHHEEZEFRFY ' (0), y (0)ME—TR7E -

AL - L EfgERRAEE > v+ Py +0)y =0  HUAME—f# -



spring at equilibrium

Spring is

compressed . . .

... and released.
®j =0

|
|
|
|
|
|

Spring and cart
now oscillate.
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Simple Harmonic Motion Periodic Motion

Simple Harmonic Oscillation 558 {RZ

Any small range motion around an equilibrium point is a SHM |



J;R 77 Take atomic force as an example.

Two surfaces
in contact

Very few poin
are actually
in contact.
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F(x)
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Positive force indicates repulsion, negative attraction.
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There 1s an Equilibrium Point where the force vanishes.

F(10712N)
6.0 =

3.0 |-

| x(10719m)
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At the equilibrium point, the force is zero.

Push a particle inside the equilibrium point,

a positive repulsive force will push it back.

Just like a spring.

ERYET-HRR TSR T [ ARG -
EVE EE AR —x -

ws g :
['he sign of (F ). is
always opposite the

sign of As.

Near the equilibrium point, the force line can always be approximated by a straight line.

FEAHE AT PR RSRYI AT - R IRy Eh SRR B v DA — R B4R 2R AT -

A straight line means the force is proportional to displacement from the equilibrium point.
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EMEEY 2 F = —kAx
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Average distance between atoms
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Near any stable equilibrium point, the force line can be approximated by a straight line.
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Any small motion around an equilibrium point is a SHM |

(a) pend EFY
A \
\
\
\
\
\
\
\
— \ X
0 > X
(c) ball in bowl \_\/
\
- \*‘ /
\
() \
\

[l S B AR E — ks - NI ERGHY S & g - A (DUt e — (B8 & E) -
The original shape of a solid is by definition an stable equlhbrlum point.

Hence any small vibration or transfiguration of a structure is an SHM.

(b) ruler clamped at one end

(d) schematic string instrument
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S EEN Y EE) 722 Equation of Motion for SHM

d?x k
— = —w?xi= —wx w = /—
dt? m

—(E S ED) > EREEREE R (BARE) HE |

A SHM is completely determined by a characteristic number w.

AA AR ol S ES) > EH BV E 1% -

Any SHM with identical angular frequency w has identical solution.
This is a Homogeneous 2™ order Linear ODE with constant coefficients.

y'"+ay"+ayy=0



s E BNy B T FE =K fE Solving Equation of Motion for SHM

d*x , |
— = —W*X |
dtz —Xm x

It states the second derivative of x is proportional to itself.

L B R Ko BLE TR IELE © ZIAF A RF& © Polynomials could fit.
NIV ESE - FEEREI 1T | Neither could Exponential due to the minus sign.
ESZ IR B SIS | Sine function does fit.

n

—

0 +X,,

X

&
D)

xn—l Jv),Z)j
i e~ TE sin x COS X
™~
& Q@my
X



d%x
dt?

2

= —wW~X

It states the second derivative of x is proportional to itself.
EsZ BB B A S5V AEE | Sine function does fit.

d(sinwt) dsinwt d

(wt) = w cos wt

dt  d(wt) dt
d(cos wt) ;.
w = —w* SIn wt
dt
d?(sin wt) ,
= —w* sin wt

dt?



ERZIBEFerZ Nt B A EEIMEE | Cosine function also fits.

d?(cos wt)
dt?

2

= —wW*“ cos wt

We can find this simple fact using Wronskian!
If y, (x) satisfies ¥ +Px)y" +Q(x)y =0

we can compute from y, another function y, (x) which also satisfies the ODE.

exp(— fOxP(x’) - dx")
y2~y1de yz
1

Example 7.6.3 A SECOND SOLUTION FOR THE LINEAR OSCILLATOR EQUATION

From d?y/dx* + y = 0 with P(x) = 0 let one solution be y; = sinx. By applying
Eq. (7.68), we obtain

X

. 2%) )
y2(x) = Smxf —— = sInx(—cotx) = —Cos X,
SN~ X7

which is clearly independent (not a linear multiple) of sinx. |



If we could find two function y; (x), y,(x) satisfying  y” + P(x)y’' + Q(x)y = 0

any linear combination ~ Cyy;(x) 4+ C,y,(x) would also satisfy the equation.
G ' +P@y1+Q)y; =0  + Gy + Py, +Q(0)y, =0

(C1y1 + Coy2)" + P(x)(Cyyq + Coy2)" + Q(x)(Cry, + Cy,) =0
QED

If we could find two function y; (x), v, (x), we get infinite number of solutions.

That 1s natural. Then we can fit the initial condition.

All solutions can then be written as :  C;y1(x) + C,y,(x)

C;, C, would be determined by y'(0), y(0) -



TE HH
A5 TR A WA {1 R Ec, (B), x5 (6) E i & 2% 2K Homogeneous 2T ¢

z u =0 SE2 HH R N — R IELH R T TR = -

B + d"x,
: zan.dtnzo b zan’dtnzo

" n

z o d"(ax; + bx;) _ , =
dt™

n



Mae EHH

d?x
dt?

— 32
- WX x=1) o,

IR B 2/ {Ef# - We found two solutions:
X1 = Sin wt X, = COS wt
FR AT — 45 M4 &2 | Any linear combinations would be solutions too.

X = a cos wt + b sin wt

FF97E-21 4R 2% f# | We found infinite number of solutions.



X = a cos wt + b sin wt

v = —wa Ssin wt + wb cos wt

a, bEHFEIERE R TE » a, b would be determined by initial conditionsv(0), x(0).

x(0) =a=x,

v(0) = wb = v,

m
Vo .
X = X COS wt +— sin wt
)

5 {[i R B[] e e R Bl T A2 2U DL R R (I REAG (BR 1 > ERIEL 2 —H Y |
This one solution satisfies both the Equation of motion and initial condition.

AHHETT | It cold be proven that there is only one such function.



Vo . e e s - .
X = Xy COS Wt + — sin wt  EEF T S E B TR OK A -

75 5 B R Tt i

X = X, cos(wt + ¢) 0 P\— /\z
I 7

B EEE Y A *m

X = X, cos(wt + ¢) = x,,, cos ¢ cos wt — x,, Sin ¢ sin wt

WA 4H B IR A (%

Vo .
Xg = Xy COSP,— = —X,,, SIn ¢ , Vo2
w Xm = [x§ + (—)
w
Vo
tangp = ———
WX

e 22 B Y B S IR e RS AR T — ([ = A R Y !
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file:////F/Concept_Simulations/sim15/sim15.html
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X = X, cos(wt + @)

ISR ¢

X

+X,, -\
0

Displacement

I
I
I

“m

Al

X il Amplitude ZHRBIEVIECA(E




X = xp cos(wt + @)  =FmuBrE—(EEHRE o o FE TIRENEBT -

X
+xm -\ / ™~
0
| |

-x.. I | o |
< r t—— T >

I
l

Displacement

m

x(t) = x(t+7T) — cos(wt + ¢) = cos(wt + wT + ¢)
=HE— SR - AENEI2r - oT =21

21 k .
w=—= |— wii R MR Angular Frequency ©
T m
R Y AE A T 00
T =2 ikl
- T[ —
k

$EZFrequency: f=1/T SF T 7 L(EEHH - Bz s'=Hz -

_m_, 1 |k
W = = nf fo |k
21T |m



X = X, cos(wt + ¢)

B — R Ryx, Y2

— (& 2R B H EE I BRSPS

Light from projector

T

2 (B A B I 7K
G 28 [ o 2 ) 2o B I 288 P Y 7K o B A B R

Turntable

Circular
motion
of ball

7~ Ball

|

Shadow '
\ | Screen
Oscillation of ball’s shadow
|

Simple harmonic motion of block
% | (a)

BEAEEE—ERFH TR

2008 Pearson Education, Inc., publishing as Pearson Addison-Wesley.

wl =21

=,
58 -

EENHS -

Phase Space

Orbit

1
| .
4

Real Space

 HARERIA —EE !



k
X = X, cos(wt + ¢) “)=Z7Tf=\[n:1

—(ERSEEEE) - B —ERAER ~ WIEN ~ HoREHIREIFERS |
PSR w BRI R o B - B —(ERE=RH - A —(EE -

R e S A 5 B HREAR R E
[F] {5 s 4H - BHERIRTES) - FrEEYE R DA -



EEZAFRER D —ERE - EERE TN -
=y SERiREE AN WA

We can introduce a resistance force to account for the dissipation of energy.

A5 | A — (i B R R e (= EERIPE T

fa = —bv
@%ﬂﬁ*%ﬁ%—{lé . x Rigid support

There would be one more term in the equation of motion.

= Gy 25
= Springiness, k
=3

Mass m

Vane

Damping, b

called Damped Oscillation [H/EfRZ ° {




X Rigid support

=3
= Springiness, k
—

Damped Oscillation [HIEEZ

d2 X d X k Mass m
m—— = —b———kx
dt? dt
Vane
d2x+bdx+ , Ny
- _— WX = amping, b
dt? md

This is a Homogeneous 2™ order Linear ODE with constant coefficients.

y'+a;y ' +ayy=0

B — (] 1L 52 B ER 52 B B P BE TR e L= -

Pure Sine (Cosine) function can not satisfy the equation since the first derivative

would generate a Cosine (Sine) function.



Method 0 d2x b dx Damped oscillation [E:%Z 2 2= ikE
=V (iR R R -

Damped oscillatien would oscillate, but with varying amplitude!

rave Guess

KIERVIETE
x(t) = f(t) {cos(w't + ¢)
w?f cos(w't + @)

b
- [f" - cos(w't + ¢p) — (a)’t + ¢)]
(f" — w"%f) - cos(w't + @) — n(a)’t + @)

Now we have both Cosine and Sine in the equation!
FRsin(w't + §)HBRE :

Ask the coefficient of sin(w’t + ¢) to vanish. \ , - \
Zskcos(w't + PINIEEEE - fAAS °

b _b
2f" = — Ef f=x,- e 2m Ask the coefficient of cos(w’t + ¢) to vanish.

b2 , k b2
12 _ |2 _ 2
W' — w? +4m2 0o @ m  4m?2




b
x(t) = xp, - € 2m" - cos(w't + ¢)

There are two unspecified constants x,,, ¢.

We can use the two initial conditions x(0), x'(0) to specify them.

b
IRIEBI R EEE R | xp~xme 2m'

The amplitude decays exponentially.

FRERGLEERE ., [k b2

Angular Frequency is smaller than dampless SHM.

m 4m?



N [ =







0 % b = 0.025mw

—_—
—
—
——
—
i
!
——/
/
—
—
[r—

—bt/2 X
Ae bt/2m e b = 0.1mw

b = 0.5mw

[HIT BRI AR |

The bigger the resistance force, the faster the amplitude decays.



— ) = O.l/l% (weak damping force)
x =——b = 0.4/% (stronger damping force)

A li ~ Ae—br2mt
\ ~N

With stronger damping (larger b):
—Ar e The amplitude (shown by the dashed
curves) decreases more rapidly.
e The period T increases
(T, = period with zero damping).

© 2012 Pearson Education, Inc
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HREIFRRE N | [T R D k26 |
x(t) = xp - e_%t -cos(w't + ¢)

The larger the resistance force, the smaller the Angular Frequency.

, |k bz_ , b2
@ = m 4m2 @ 4m?

until 1t vanishes, there 1s no more oscillation.

b2

— 2 I __
amz = @ w =0
e b?
a2

MRS EGIRE T | LEAYEFRAE T -
sE Rp A A i — (B Py Rl 45 B B R B |

The solution would be a exponentially decaying function.






_ 5 b= 1 f=0c= 0 [ -—> ] 26,98




Over-damping

1. + k= .5 b= 4.( f= 0 c= 0 -——> .8, 200
ErZERAEMF=mg-kx-bv+fsinlcw t), #Hc=0F%THE %R I EREN




W21 F=mg-kx-bv+f,sin(cwt)

m= - 1. + k= 5 b= 1! f= 0 ¢c= 0 EE 4,220
BT {ERAEHM F=mg -k x -bv + fsinlcw t), Hc=02TE E%EBI 7 HEED

m= = 1. + k=5 b= 4( f= 0 c= 0 HE 6,207
ERS{ERISH F =mg - k x - bv + f sin(c w t), FHc=02 M E5ZERBIH T HEED

=




fsg A B & NH e EERIER N - WA T 4R E)
E it T BT - BT — (AR P RO !
TEE s FEEIRE - WKL — FHIERYSN T -

We can exert an external periodic force to keep the oscillation going.

------------- Hand moves with

e the driving frequency.

Block responds at
- the same frequency,

but possibly larger

amplitude.




YR

w = 3.20 rad/s
Agp = 2.00cm
wq = 3.16 rad/s

A =293 cm

Ap = 06141
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Method 0 Y81 TTHYES Forced Oscillation rotator
B TR YN I I AETEK ¢ F cos wpt ©

Assume that the additional force can be written as - F, cos wpt °

friction

HEEN TR N2 T —{[¥EH : One more term for the equation of motion.

d?x dx
EESEAITHER m—— 772 = —ba — kx + Fy cos wpt SEHN

y'+ a1y +agy = f(x)

This is an Inhomogeneous 2™ order Linear ODE with constant coefficients.
Maybe we call it inhomogeneous SHO just like inhomogeneous Decay E.

ST T Bz EE R E AR R AR TE

Forced Oscillation is determined by two frequencies: wp, w.
Jry ik BREE BT SRR B T ARRAV - S RESHIE
For simplicity, ignore damping first.

d?x 2, o F, .
— = —w’x +—cosw
dt? m b



IRR S A LISSEEHIfE « Tt is easy to guess one solution!

d’x  , F
W+a) X = Ecosa)Dt

Aﬁ o »
BHl x=A-cosdpt HNEERIMRMTERE LD EFPRHYIEZ eREL |
Its derivative and the function itself are both the same function as the right-hand side.

. F,
A —4-w?coswpt + A - w?coswpt =— cos wpt
m

A= Fo
- m(w? — w?)
SR TR —(E % - 455 F 3L fRA#% Resonance ©

We get one solution of the inhomogeneous equation of forced oscillation, .

Fo
X, =
T om(w? - wd)

EREIATEE (REMHRERA) » F— TEwma - REHER @ HERER -

This 1s not a complete solution yet since it can not satisfy all initial condition.

coswpt  called Resonance solution



Fe B I — T ARy S

But let us study this Resonance solution first.

— Fo i
m > _a)

PRGN THEEN T - SR BRI e E) -

Under periodic external force, the response of the spring is still an oscillation.

{BFRERTIRR op » T EEEITEAER o |
But the frequency equals that of the external force wp, instead of the spring w.
SRR EERIBAN TR > AN A/NRIEEE © A o< Fy -

The amplitude 1s not arbitrary but proportional to the magnitude of external force.

HRIE AR A/ N S HIBRER oop FVIAHR -

The amplitude 1s sensitive to the relation between wp and w.

Tt TTIIRER op RN B AR o - IERER @ BEE AR -
The closer wp 1s to w, the larger the amplitude of the oscillation. *
Wp = © A1 ’ />
ZN e iE 12 Physical Law the dating s

The dating would succeed only when the two resonate, \ :—,fff-'-";f' k
1e. when your frequencies are close enough. -

tat

friction




»Ik
A

EE—EEE A —EE AR - 5—EAAEECRE |

®
PHoto HERE
k'

http://hare48.pixnet.net

wp = WHFEAI ASHZR

£ BT - BT 2 BRI tRIA SR -



F F
0 £ 0
D

T

X =
T om(w? - wd)

Jitt JI5RR wp BEIT N E AR 0 > FHEH ERCK |

The closer wp 1s to w, the larger the amplitude of the oscillation.

It falls off rapidly when wp move away from w.

H¥% Resonance

0.1

All]pllllldu

x !
!

Amplification Ratio

¢ = 1.0, Crtical Damping

Frequency Ratio  +

= E R op= o fotz_#tt\ﬁﬁjt | FEE AN T REHT

The maximum amplitude is infinite due to ignoring damping b.

BN RREEE - BAR—EFAEETT !



& [HB % After adding a damping:

d2x+ b dx_l_ , _F .
— +——+ w?x =— Ccos w
dt? mdt m b

i Hy 7 BEe 26— (B EAFH A RAHYIE |

There will be one more term in the denominator.

x, = Acos(wpt + @)

PriEti R {EAE 0p= o T4T - (HEAFZHERA !

The maximum amplitude 1s no longer infinite.

A?

F h SR Y 7 E TR AR BAPE I AN AEEE -

The width of the resonance curve is proportional to damping b.



2
: : b L
The maximum amplitude occurs where (w? — w%g)? + (Tn W D) 1s minimal.

The minimal condition:
d b 2 b\*
5 [(0)2 — 0)12))2 + (;’l a)D) ] = —2(0)2 - (1)%) + (;l) =0

2
1
wd = w? — = (_> Resonance occurs now at close to but not exactly w% = w?

[\S}
S /



Near Resonance @ = @Wp w+ wp = 2wp

F F
A= 0 ~ 0

2 2
mJ(w — wp)?(w + wp)? + (T—I:l a)D) ma)D\[AL(a) — wp)? + (Wbl)
Define the width of the resonance curve as where A? is half its peak value:

1 2

Jitw=o07+ (7)

2

1 ,
foregy] w
2

2

-7+ () +2(3)




x, = Acos(wpt + ¢)  FRHEHYSNIT * Fycoswpt -
PRZFBLNIHES: - 26 T —(EAHE R > TEEEEEEZE -

b
— W
m
2 _ )2
w?* — wp

tang = —

OO

¢ |

—90°

—180°+

AR = 90° - WHELEM I » RIEALEERTZ -



X

Amplification Ratio

The results depend strongly on the damping b = ¢

Amplitude Phase

. = 0. No Damping £ =0, NoDamping —»
. . S -
£=0.1
4 (=02
< =03
Ly - .
¢ =05

= 1.0, Cratical Damping

Phase Angle (deg) (7

1.0, Critical Damping

o

1

05

{
$=02 |
,' 0.l

¢ =0, No Damping

Frequency Ratio 7 anaas Frequency Ratlo 7

x, = Acos(wpt + ¢) 4 = Fo

i m\/(a)2 — w3)? + (T—Iil ba)D)

IR - AHZE90° -

2 tan¢ = —

¢ = 1.0, Critical Damping



EANIEREN T - B RGeS K E & —(EEM R Z:

A
5Fmaddk |- b =02/km Resonance curves for various b.
4F, Jk b x, = Acos(wpt + ¢)
3Enax/k I~ A - FO

b 2
2F. m (w2 — ws)? + (ﬁ a)D)
Frnaxlk b
m w
| | | L ) tan(p - = 2 2
0 0.5 10 15 20 W™ — Wp

A A B HERT » SRR IR ERAL -

Basic features of the resonance solution without damping remain true here.

EUNIHRR wp iRz - & e B H AR |

It oscillates in the frequency of external force wp, instead of the spring w.

INIFRRRET T HTH AR RERIBHAKR | wp >0 AT

The closer wp 1s to w, the larger the amplitude. But it falls off rapidly away from resonance
HHRARGRAVE S BAFE J7 R/ NECIEEE - PR T A g5 e rAvERE 52 |

The width of the resonance curve is proportional to b. Damping weakens resonance.




http://www.walter-fendt.de/ph14e/resonance.htm

AL

U\

Y

® =3.00 rad/s
Ap=2.00cm

wg = 3.16 radis
A =17.1cm
A =0172w



http://www.walter-fendt.de/ph14e/resonance.htm
http://www.walter-fendt.de/ph14e/resonance.htm
http://www.walter-fendt.de/ph14e/resonance.htm

Under resonance

AA

g %
w = 2.00 rad/s
AE = 2.00 cm
wq = 3.16 rad/s

A=333cm
Ap =0.021 T




YR

W

w = 2.00 rad/s
Agp = 2.00 cm
wq = 3.16 rad/s

A =333 cm

Ap = 0.021 Tt

-~V




On resonance

(IJJO w

m w = 3.20 rad/s
Agp = 2.00 cm
wq = 3.16 rad/s

A =293 cm

Ap = 06141




YR

w = 3.20 rad/s
Agp = 2.00cm
wq = 3.16 rad/s

A =293 cm

Ap = 06141




Above Resonnace

€N

Wo

w = 4.00 rad/s
Agp = 2.00cm
wqg = 3.16 rad/s

A =330cm

Ap = 0958 i




YEA
YR

w = 4.00 rad/s
Agp = 2.00 cm
wq = 3.16 rad/s

A =330cm

Ap = 0958




https://www.youtube.com/watch?v=aZNnwQ8HJHU

http://techtv.mit.edu/collections/physicsdemos/videos/769-mit-physics-
demo----driven-mechanical-oscillator

Driven Mechanical
Oscillator
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Resonance solution x,- is one solution of inhomogeneous SHM.
It could not always fit the initial conditions.

The difference x — x,- between any solutions of a Linear inhomogeneous ODE

and this particular one x,- equals a solution x of the homogeneous ODE.

d’x b dx 2 _Fo . dzxr_l_ﬁ%_szx —Ecosa)t
T2 men U=, 5w dt2 ' m dt " m g
¥
d*(x —x,) bd(x—=x,) > d*x  bdx
_ —_ :O _ —_— 2 —
iz Tm oar ) ® otma ="

(x — x,-) equals a solution x, of the homogeneous version of ODE.
Remember there are an infinite number of x;.
Therefore, we get an infinite number of general solutions x.

X = X, + Xg

One of them will satisfy initial conditions.



Solutions of damping SHM Resonance solution of inhomogeneous SHM

b FO

Xs =X e 2m" - cos(w't + ¢p) X, =
b
2 _ ,h2)2 =
mJ(w wp)* + (ma))

> cos(wpt + @)

BT R

d’x b dx F,

x 18 the general solutions of inhomogeneous SHM:  —— + —— + )2x = — cos wpt
dt?> mdt m

=411

X =Xr+ x5 JRUERAK x. Frm e NI RS

While x, is totally fixed by ODE, there are two unspecified constants x,,,, ¢ in x,.

We can choose them to satisfy the two initial conditions x(0), x'(0).

75 (1B eR B R o e 2 B G AR T DA R WA (ERE 4G (R - DRI ME— AR |

The function we get satisfies inhomogeneous SHM ODE and initial condition simultaneously

It 1s the unique solution.



b
X =Xy, -e zm - cos(w't + @) +

= cos(wpt + @)

Fo
2 232 b
m,|(w? — wp) +(ﬁa))
TR R E DI E H N ERwER » A 2wp ©

Nonresonance x, oscillates in the damped frequency of the spring w' instead of wp like x, -

{E Pt IR e 2 - RIHZRER AT LUZHE -

As time progresses, amplitude decreases exponentially. In the long term, it can be ignored
X =X+ Xsg = Xp
RIIME - RALIREEEZER - iR mEHE R

In the long term, only resonance solution survive. Initial conditions do not matter.

. 3?4%‘@ B SR



It is the same as in the free fall with air resistance.

dvy , k 0
—_— —v _— —
at m>y - Y ot
; VY
vy, (1) at) a(t)Ja(t)g t \ o}
1§ e
‘!‘wg 019 l

k k
= Ce_ﬁt — ge_ﬁt 5 Q l
_k, . dvy, k
The first term Ce m" is the solution of the homogeneous ODE. I + - vy, =0

It will vanish exponentially when t — 00,

The second term 1s one of the solutions of the inhomogeneous ODE.

It 1s called particular solution and will survive as terminal speed when t — 0.



TR

http://www.phy.ntnu.edu.tw/moodle/mod/resource/view.php?1d=124

= - 1. + k= .5 b= 0. f= 2 |[c= 1.] -'k—> .0, 251
FTSERDEMF=mg-kx-bv+fsin(cw t), Hc=0F T F5XER I EREN



http://www.phy.ntnu.edu.tw/moodle/mod/resource/view.php?id=124

With a different initial condition:

1. + k= .5 b= 0.4 f= 2 c= 1.] —-———> .2 ,-65
FRSfER M F=mg-kx-bv+fsin(cw t), Ec=0FKTE Fi% R I 11 ERE




m= - 1 + k= .5 b= 0. f= 2 c= 1.! 5= 4,278
ETSM{ERAEH F =mg -k x - bv + fsin(cw t), Hc=0MTEFZEBI TIEED

m= - + k= .5 b= 0.¢ f= 2 c= 1. S 2275
ETEBEH F=mg -k x-bv+fsin(cw t), FHc=02T M E%Z B STIEEN




15t Frequency Mode In Range ( 15.368 Hz )
Max: 1,304e-001
Min: 0,000e-+000
200711427 08:36

0.072
0.058

0.043

0.029

0.014

2nd Frequency Mode In Range ( 24,8761 Hz )
Max: 1,709e-001
Min: 0.000e+000
2007/11/26 13:07

0.171
0.152
0.133
0.114

0.095 i
0.076
0.057
0.038
0.019

z X

TSP ER ] AR 2 s

VIRGH I
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How to do a

onc-ha I"ICICCI I"O”.

HEERPE SRR HPER Ay E e A=) —(EH = -
B S P B - YA TR R AR AR A B T = UEE) ¢

Yi(t) = ym; - cos(wt + ¢;)
F—Bhy, 5 —F R Y m B E B -

I LA PRSI F A S s E LB EER - SiE MRV BT |



B SR R DR 2 () W
S (EE AR R |
AR RIS o SRR o HAR S - JEEM.
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Breaking Glass

with Sound
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A successively greater damping.
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Fig. 23-7. Transmission of infrared radiation through a thin (0.17 w)
sodium chloride film. [After R. B. Barnes, Z. Physik 75, 723 (1932).
Kittel, Introduction to Solid State Physics, Wiley, 1956.]



SRR H SR SEEBE M 0p BT -
1985 S P55 A4S -

FEER LI —(E B 2 H R AR
f~0.5 Hz

/N

]
]

i (AR B B W TE AR -
SEHRIR S (TG S T M R A -

Surface Waves




TSV B CHYE 2R
NETHEPEE LRI R E RUEE
f ez g ~0.5 Hz

A

L 1E
me
Rk f1

(EAR G T s H AR
FERR 3R A ik o




EIRZAFI T » FNIThE T 5 BhaH 5 RyrB 1Y B AR

T FRERARARIRANE

ww.youtube.com/watch?v=eAXVa XWZ8
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https://www.youtube.com/watch?v=lXyG68_caV4













Fluid Damper

Tune Mass Damper
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If a tall building sways slowly
in a wind, the occupants may
not even notice the motion,
but if the swaying repeats
more than 10 times per
second, it becomes annoying
and may even cause motion
sickness. One reason is that
when a person is standing,
the head tends to sway even
more than the feet, setting
off motion sensors in the
balancing region of the inner
ear. Various mechanisms are
employed to decrease

a building’s sway. For
example, the large ball

(5.4 x 10° kg) seen in this
photograph hangs on the
92nd floor of one of the
world’s tallest buildings.

1 Oscillations
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Linear second order ODE f##,%

y"'+Px)y '+ Q(x)y = f(x)

Variation of parameters . . .
AE 8 8 SR PR
NS / ez \| R
Linear ODE Linear ODE with constant coefficients
y'+ Py +Q)y = f(x) y'+ a1y’ +agy = f(x)

If we find one solution of the
homogeneous ODE, we can compute
the general solution.

We can find general solutions using
complex number exponential function e%t,



y'+Px)y" +Q(x)y = f(x) Linear ODE

Variation of Parameters
Wronskian

If we find one solution of the homogeneous ODE, we can compute the second solution.

y'+Px)y +Q(x)y =0

HAPIEH] > inhomogeneous H—{EZ T PAET AL - y(x) = v, (x)y1(x) + v (x)y, (x)

Assume that the solution of the inhomogeneous Eq can be written as above.

2 &1 fhomogeneous /72 Y — R - -FH BUREEA BT R PR -
C1y1(x) + Coy,(x)



Variation of Parameters

y(x) = v1(x)y1(x) + v2(x)y, (x)

ERm eI © The equation  y" + P(x)y’ + Q(x)y = f(x)
By (x)fdlsr + differentiate y(x)

y' = v1y1 + v2y; + v1y1 + V22
PRV, 5 e DU ¢ Choose vy , to satisfy the following condition:
v1y1 + vy, =0
y'(x)B]fH(E : could be simplified:
y'=v1y1 + 12y,
By (x) By ¢ differentiate y’(x) and plug y, y’, y” in the equation:
y"' = vy +v2y; +viys + v2y;
AR e HER - ¥y + Py + 0y = f(x)

viy] + v5ys + iy + Pyl $0yi] + valys + PV} + Qyal = f(x)

Y1 200 & homogeneous JTFEE e
v1y1 + vy, = f(x)



v1y1 + vy, =0 v1y1 + vy, = f(x)
PR PIER B  RIER RS, , - EAFEREMEA -

We have t wo equations for two unknownv, ,. Both can be solved.

IR BT TAIE B2 fy2 B F BT Wronskian W (x) -

/ ny / ylf _ Y1 Y2 _ ! !
v1=—W UZZW W(x) = vyl = Y1YV2 — Y21
RELRRS)

If we know one solution of the homogeneous ODE, we can

compute the general solution of the inhomogeneous ODE.

Joseph-Louis Lagrange 1736-1813



y'+ Py +Q)y = f(x)
The difference y — y, between any two solutions of a Linear inhomogeneous

ODE equals a solution of the homogeneous ODE.

yV'+PX)y' +Qx)y=f(x) — vy, +P@)y; +Qx)y, = f(x)

2
=92)"+Px)(y—y2) '+ Q(x)(y —y,) =0 homogeneous ODE

y — vy, equals a solution y; of the homogeneous ODE. Hence:
Yy =y1tY

Any solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution y; of the homogeneous ODE.



Linear ODE

y'+ Py +Q)y = f(x)

The results of the last three sections may be summarized in a ccnclusion: To
find a general solution of the nonhomogeneous equation

'+ Py’ + Qy = R,

it 1s necessary to find only one solution y,; of the homogeneous equation
y'+ Py'+ Qy = 0.

Then the second solution y (linearly independent of y,) of the homogeneous equa-
tion can be found by direct integration and, after that, the generel solution of
the nonhomogeneous equation can also be found by straight integra:ion.
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Ordinary Differential Equation with constant coefficients
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Teaching

| teach graduate and undergraduate students. When | teach, | like to write detailed lecture notes for my courses. | have done so for Quantum Field Theory
(Physics 253a,b/254), Waves (Physics 15c), and Statistical Mechanics (Physics 181). The quantum field theory notes have been incorporated into a
textbook Quantum Field Theory and the Standard Model,

WAVES

Physics 15c, The Physics of Waves is a sophomore level course for physics majors, the third in the sequence after mechanics and electromagnetism. The
course includes a tremendous number of real world applicatoins, such as to the physics of color, music and communication.

Here are the lecture notes for the Spring 2016 version of my course:

e Lecture 1: Oscillators and linearity.

e Lecture 2: Driven oscillators

e Lecture 3: Coupled oscillators

e Lecture 4: From oscillators to waves

e Lecture 5: Fourier series

e Lecture 6: Waves
e Lecture 7: Music

e Lecture 8: Fourier transforms

e Lecture 9: Reflection, Transmission and Impedance

e |ecture 10: Power



Matthew Schwartz
Lecture 2:

Driven oscillators

1 Introduction

We started last time to analyze the equation describing the motion of a damped-driven oscil-
lator:

d%x dz

W+7E+w§z=F(t) (1)

For small damping y <« wo, we found solutions for F(t) =0 of the form

2(t) = Ae 2 cos(wot + @) 2)

where the amplitude A and the phase ¢ are determined by initial conditions. Now we will see
how to deal with F'(t).

We found the damped solution by guessing that an exponential z(t) = Ae®* should work,
since its derivatives are all proportional to itself. Plugging this ansatz in with F(t) we find

Aet(a? + a +wd) = F(t) 3)

This will clearly not be solved for constant o unless F'(t) happens to be of the form e®*. The
trick to solving this equation is to use linearity.
Let us suppose that we can write

F(t)= z cjcos(w;t) 4)
J
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Feynman

LECTURES ON PHYSICS

23

Resonance

23-1 Complex numbers and harmonic motion

In the present chapter we shall continue our discussion of the harmonic
oscillator and, in particular, the forced harmonic oscillator, using a new technique
in the analysis. In the preceding chapter we introduced the idea of complex
numbers, which have real and imaginary parts and which can be represented
on a diagram in which the ordinate represents the imaginary part and the
abscissa represents the real part. If a is a complex number, we may write it as
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We discussed the homogeneous ODE with constant coefficients, including decay, SHO etc.
N

d"x
Do g =0

n=0

RS = AR > e TRk EL
The solutions could be Trigonometric Trig functions or Exponential functions.

i PE e 2 A e — 8 ek B 5 B B A

The solutions of damped SHO i1s even a product of both.

H H] Re it — A R B 15 B R B S E —ElE 2

To have a generalized approach, is it possible to unify the trig function with exponential
function?

The answer is yes.



FE B LB = B E T ML L2 B ¢ They are similar.
d2eb? d? sin 6
— 1.2 ,b6 — Qi
qgr = bl = 62 Sin &
W HE RSy » KIERE - Ifweassume: b%2=—1,b=vV-1=1i
TEZ R E LT 0] DUE R e B B -

It seems Sine function could be the exponential of imaginary variable:

i0

sin @ ~e
HILERE » B AL ¢ sin 0877 &sin 0 ©
But this does not work for first derivative.

de® » d(sin 8)

= = 6
70 ie 10 CoS

F—NEUR  ONWEEEE  FEEE KR !

The first formula indicates that e'® must be complex with a real and a imaginary part.



dei@

T . o .
T e i(a+ib) =—b +ia
el HI—RrEECELE | - kR EEE R R G K -

The derivative of e'? is e'® multiplied by i, exchanging the real and imaginary part.

= AP —K o7 cos B sin G #A / /

The derivative of Trig functions will exchange Cosine and Sine.

d(cos@) 0 d(sinf) 9
T = —sin ——g = cos

[AIRFHEES e WY B LR B oy BB 2 B 6k
With this correspondence, why don’t we just assume that:

the real and imaginary parts of e'® are Cosine and Sine respectively.

e® = cosO +isinf g - 4

(.



et® = cosO +isinb

Euler’s Formula FEEHITERAEL » AR EREF

d " _ _ e

Ee‘ = —sinf +icosf = iel

d? . .
—26‘9=—cos€—isin0=—e‘9=ize‘9 2

do Carl Friedrich Gauss (1777—1855)
TR TR HAR e B ek B = i e I o Bl A -

éeiax — (l-a)n . plax

el . e = (cosa +isina)- (cosf +isinp) =
(cosacosfB —sinasinf) + i(sinacosf + cosasinf) =

cos(a + B) + isin(a + B) = ei(@*h)
IESF AR e B B R e Y SRR RE % -
e e e N B A MY |
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= A NEHIZR R -

1
cos =1 ——0>
I

_ 1 3
sin @ = 0—59

1
+—0%+
4!

1
5 4
+5'6?

TEBN B Z= R -

1 1

f=1l+x+-x*+x3+—x*+.

1
21
FOKFE BB ZE

3! 4!

SR B ¥ e R IS HIHY

1 1 1
0 =14+i0——02—-i—03+ '94

21
12
=1-0%++

=cosf +isinf

3 41

1 1
4 3
4'9 + - +l(9——3'9

)



PeffTa] DU — P e Tt Bla = a + IOV BN EL

e = @t — 00pl0 — oa(co5 0 + jsinH) lef| =1

e TERBITHE EHRT - ehiR@E e o5t e = e®
Any complex number z can be expressed this way: 7z = |z]| - e'®

4 lmn| = |m| - |n|
Im «a

e = |e%|

v

Re a




Im a
el
7]
Re a
d d .
_ pax — _— (,ax,ifx
dxe dx(e ¢ )

— (aeax)eiex + eax(igeiex)

= (a + i0)e?*0 = ge®*
The derivative of a complex exponential equals the coefficient times the exponential.

dn
A DAEEHA - Weax = ()" - e™

FRTLL > a8k S > AT BT ab L E CRELE |

The derivative of nth order equals the coefficient to the nth power times the exponential.



fEEicaes - LIS /AKfE SHO by complex number method :

& + P 0
a2z T OFT
BB (E AT x e B —(EE 8 z -

First elevate the real function x into a complex number function z(t) -

d?z ,
F + wz=0
Y z 2 B R EIRe zELEHHE Im z -

Complex z consist of real part Re z and imaginary part Im z -

2 .
d (Rez-l;zlmz) + w?(Rez +ilmz) =0+ i0
dt
R B TR TR 4R IERY > z8Y B BER B R B0l . [  ie & J 2K o i e HY T FZ 2 |

Since the equation is linear, both the real and imaginary part satisfy the Eq.
d?(Im 2) , d?(Re z) ,

172 + w*(Imz) =0 172 + w“(Rez) =0
WRAEME N E Rz - A EHE SRS - BVRSEI R TR W B R x -

If we solve complex z, Re z and Im z would be solutions x of the real Eq.




d’z BAIRRERE - B EEL Y — (W8 B e B ek
5 Twz= 0 . _ ot
dt Guess: z = zpe

¥

227 + wiz =0 LEPTEHEEPEELRZ

Both terms are proportional to z. dn ,
VALl — Mz Je — Y Z — a Z
‘ TROTHI KB FEa IR - dtn

Orders of derivatives corresponds to powers of «.
a’+w?=0

R AR o A2 AT — TS — TR b B R A e e < AREUTRE R -
The original differential Equation can be transformed into an Algebraic Equation.

o O {7 H, ¢ o can solved

ayr = tiw

fiE H #5812z * The complex solutions are:

Zy = z e Tiot



zore—EEEF & NIELAIPIEER, -

The constant z, can be written by its Absolute value A and argument ¢:

Zo = Ae'® A, QETHEEHHBL - m
z, = Ae'@t*P) = A cos(wt + ¢) + iA sin(wt + @) Aell@t+d)

A
E R BB | The is the complex % o
solution. s

Re

(EAHEI S M R Ae (O O HpE BV I EAYZEER | P is  partile

< moving in a circle.
MEEFHE - siedEsES I E R |

Pick the real part of z, , we arrive at real solutions x. il 41 I

Acos(wt + ¢) = Re[Ae'@wt+P)]

Pis a projection
moving in SHM.

i (A W ER E 55 NILEUE s BV T

The general solution contains two unknown constants A, ¢ just to fit two initial conditions.

The final function will be the unique solution to both satisfy the Eq. and initial Conditions.



Az BV EE 85330 K2 z_E ? How about the imaginary part of z, and z_?

Im[Aei(wt+¢’)] = Asin(wt + ¢) = A cos (wt + ¢ —7—2T)

z W B ez, VBB E -

The 1maginary part of z, 1s equivalent to its real part.

(=] z_ BB R ke e B iz (B B

The the real and 1maginary part of z_ 1s equivalent to the real part of z, .

Acos(—wt + ¢) = A cos(wt — ¢p)

s
Asin(—wt + ¢) = —Asin(wt — ¢) = —A cos (a)t — ¢ _5)



Rigid support

Damping, b

HIEMREEE) > e EREE RN BRI E R |

b b o
Xy - e 2m - cos(w't + @) = xue 2m’ - Re[el@WiHP)] =

N ERTA R TR ARV S R B a Bk B ?

Re [x = 2mt+1(wt+¢))]
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BHIE s Ees » DAEETT AKEE ¢
d’x b dx

—+——+wx=0 =
dtz m dt ::' Springiness, k

BB EEA TN x HE A EEE z -
First elevate the real x into a complex z(t) °

dzz+bdz+ 2, _ o
dtz " mdt " " 2

TR z S E R Re zBE B m z -

d’(Rez+ilmz) b d(Rez+ilmz)
dt? = dt
Rl B JTRE e 4R MERY > z BN BB Bl fE B D o [5] 05 i /2 IR 2R e Y T A2 = |

Since the equation is linear, both the real and imaginary part satisfy the Eq.

WIRAEREH E Rz - A EEESUEEHES - BV RSRIE T R E R0 x -

If we solve complex z, Re z and Im z would be solutions x of the real Eq.

Damping, b

+ w?(Rez +ilmz) = 0+ i0

d’(Imz) b d(mz) , d’(Rez) b d(Rez) ,
de2 +E s + w*(Imz) =0 d—t2+;1 7 + w“(Rez) =0




d’z bdz AR FAFTARAERE » ARIELE—(EHE R E B g -

dt2 = mdt z = zpe™
¥
A ERATATERRIEL R ¢ .
a’z + m az + w'z =0 all terms are proportional to z. WZ =z
‘ BRI R B FE QI FE L -
b Orders of derivatives corresponds to powers of a.
a’ + mY +®? =0 This s called Characteristic Equation.

AR5 FT R B — TR — T b Bk KA B 2 PR R, -

The original differential Equation is transformed into an Algebraic Equation of a.

o BIHZAEHY ¢ o can solved These are called Eigenvalues of the SHO.

2 2
:_i-'- 2 __ i E—i‘l‘ ! w’E wz_b_
e 2m N 2m 2m ~ o 4m?
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SEAFA ©> 5 BEEITSEEEEER =

H

Il

I

|
I+
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The two complex solutions are:

ayt —S5mt . ,tiw't

Zy = Zpe = Zpe 2m -e

The constant z, can be written in terms of Absolute value A and argument ¢p:  z, = Ae'?
b b _
— Ael? . o 2mt it — foZmleti(@'tFP)

— Ae_%t + [cos(w't + @) *+ isin(w't + ¢)]

Ut Bz R EEED - RS2 F R (R B B0 x -
Pick the real part of the complex solution z,, we arrive at real solutions x of the Eq.

x =Rel[z;] =4 eZ—lr)nt [cos(w't + ¢)]

SE— MR W E M AR R ERT R B A, ¢ o MR W EREG TR EA, ¢

The general solution contains two unknown constants A4, ¢ just to fit two initial conditions.
& 25l e = HIHE—FE -

The final function will be the unique solution to both satisfy the Eq. and initial Conditions.



b
X =Xy, - e 2zm [cos(w't + ¢)]




b
HHIER w < o a5 2N {E FEEE - a has two real solutions:

b ] b 2 b b 2
ai=—%il\/w2—(%) I:> ai:—%i\/(?n) =2
a EEER  W{EAEEN BRI EERRE > 2 EIRE !

Both solutions a are negative, the solution z; , of Eq. is exponentially decaying.

- zl;n \/(zlr)n)z_‘”z]t _

zlze[

There 1s no oscillation in this case.

LB S %jtb“/:\w > AR A2 HRE) 1 | [HE A PIREIE — R E A A AR TERL |



b
HRIEH o =5— oS EIREHEE TR

2m
a, = _b d’z bdz .,
+ 2m Ttz + —r + wz=0
M A SE]—4H A%
b
Zl = e_mt

1y PR S — BB T R By, (x) » HUER TR -

exp(— [ P(x) - dx')
yo~y1 | dx )2
1

b b

Z, = e_mt Z, = te 2mt fRE DARARERS ©



LI By AR Sy vl DI S 2 B AR R o7 A2
N

d" :
z a, d_t’)"c =0 The above can be generalized to ODE of arbitrary order N.
n=0

SR Ryt 8] elevated to complex number.

S d’x bdx .,
Z“"'W‘O dez " mde 7T
n=0

SEFEI (A guess and plugin =~ z = zpe®t

N N

b
Zan-anzzo ) Zan-anzo a’l+—a+wi=0
n=0 n=0 e

77 TR =G s b By AR A3 oY REETT 220 ¢ ODE into Algebraic Eq.
REFER T AYA NEfEEay 25y ¢ Algebraic Eq of order N has N solutions.
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Z = Zp€ o — =

. . . " — T
If @ is imaginary, z = zye'®t —A\\/

= Ae!@t*+P) = A cos(wt + @) + iA sin(wt + ¢)

Re[z] = Acos(wt + ¢)  The solution is oscillating SHM. b 3

If aisreal, 2z = zyet??

Re[z] = Ae*Pt  The solution is exponentially decreasing or increasing.

If a is complex, z = z,eTIbt+iwt = fetbt. pl(wt+d)

Re[z] = Ae*Pt - cos(wt + ¢)
The solution is a oscillation with exponentially decreasing amplitude.

General solutions are linear combinations z = c;e®1t + c,e%t + ... cye®nt

e (& IV BN R ] 75 8% Pick the real part  x = Re z

A N{EER A NE AR > NELRE AR ZN(EEE4a (T - fit initial conditions.

— e RE MG E M AEZEN R DL T filt5T © Initial condition contains initial
value and initial derivatives of order smaller than N.
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d’x bdx ., F - \
gpz T gy T@TX = coswpt - JERIRGR IR

B S HERE R BRI TR ERA TENRDY ¢

Elevate the real x into a complex z(t) with e!“P? replacing cos wpt.

J;,”.[
g ot
VR 2% o
&y
E s
Rty
N

(R

WYY YYYYYYYYYYYYY

(i)

‘ 0
I — T twlz=_elwnt

e'®pt = coswpt + isinwpt

AU I TR VB B > RARe(2) ke FRAY G

Take the real part of the whole equation and we recover the original ODE.

d’Re(z) b dRe(2) ) F, o F,
- -7 - __ " pt) —
172 7 + w?Re(z) =— Re(e'“Pt) =— cos wpt

with solutions which are the real part of z.
x = Re(2)
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dzz+bdz+ 5 _FO iwpt
dt? mdt wz—me

Again, postulate the solution is an exponential function of complex variable.

AT UK Ry z = z0e® A ER

b F
() .
(a2 +—a+ wz) zpe® = — e'®nt
m m

ARAF o RE—TEAJRE a=iwp IREINILIEIRIERER |

a could only have one possibility.

m

Zy could only have one possibility, too.
Fy 1

m(wz — w5 +%wD)

Zo =

AN B S5 —{[E 45 5If#E - 1 get one particular solution!
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ib
F, 1 Fy (0*—wp)—— wp
ZO j— - j—
m ib m 2
(a)z — wj +%wD) (w2 — w3)?2 + (b;;)zD)

= Ae'® = A(cos ¢ + i sin ¢)

Fy 1
A= - >
Je o+ (52)
bwp
m
t = —
an ¢ (@? — (Uzz))

This particular solution can be written as:

7 = zge~@pt = fe~ilwpt+e) Please note that A, ¢ are both fixed.

HEEELENE S 20 E 8##Z Its real part is a real solution.

Re z = Re Ae H@pt+9) = 4 cos(wpt + @) = x,
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This 1s the so-called resonance solution, with no freedom to fit initial conditions..



Resonance solution x,- is one solution of inhomogeneous SHM.
It could not always fit the initial conditions.

The difference x — x,- between any solutions of a Linear inhomogeneous ODE

and this particular one x,- equals a solution x of the homogeneous ODE.

d’x b dx 2 _Fo . dzxr_l_ﬁ%_szx —Ecosa)t
T2 men U=, 5w dt2 ' m dt " m g
¥
d*(x —x,) bd(x—=x,) > d*x  bdx
_ —_ :O _ —_— 2 —
iz Tm oar ) ® otma ="

(x — x,-) equals a solution x, of the homogeneous version of ODE.
Remember there are an infinite number of x;.
Therefore, we get an infinite number of general solutions x.

X = X, + Xg

One of them will satisfy initial conditions.



Solutions of damping SHM Resonance solution of inhomogeneous SHM

b FO

Xs =X e 2m" - cos(w't + ¢p) X, =
b
2 _ ,h2)2 =
mJ(w wp)* + (ma))

> cos(wpt + @)

BT R

d’x b dx F,

x 18 the general solutions of inhomogeneous SHM:  —— + —— + )2x = — cos wpt
dt?> mdt m

=411

X =Xr+ x5 JRUERAK x. Frm e NI RS

While x, is totally fixed by ODE, there are two unspecified constants x,,,, ¢ in x,.

We can choose them to satisfy the two initial conditions x(0), x'(0).
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The function we get satisfies inhomogeneous SHM ODE and initial condition simultaneously

It 1s the unique solution.



b
X =Xy, -e zm - cos(w't + @) +

= cos(wpt + @)

Fo
2 232 b
m,|(w? — wp) +(ﬁa))
TR R E DI E H N ERwER » A 2wp ©

Nonresonance x, oscillates in the damped frequency of the spring w' instead of wp like x, -

{E Pt IR e 2 - RIHZRER AT LUZHE -

As time progresses, amplitude decreases exponentially. In the long term, it can be ignored
X =X+ Xsg = Xp
RIIME - RALIREEEZER - iR mEHE R

In the long term, only resonance solution survive. Initial conditions do not matter.
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