


Solving Wave Equation: 52 b 92 ¢
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Search for separable solutions, products of a function of x and a function of t.

They correspond to oscillation modes in coupled spring system.
d(x,t) = X(x) - T(t) d?X 3 d*T

S 2.
dxz—)L-X dtz—v/l T

T(t) is solved right away as SHM.

With boundary condition, allowed X,,(x),n = 1, --- co would be countable. -

We found a series of separable solutions:

nm
u,(x,t) = X, (x) - T,,(t) = sin (T x) (4,, cos w, t + B,, sin w,t)



Separable solutions are really special!

nm
u™(x,t) = sin (T x) (A4,, cos w,t + B, sin w,,t)

All particles oscillate as SHM by identical w,, and phase, amplitudes « sin (nTn x).

It could also be seen as a Sine function of x with time varying amplitude.

Not all solution acts like that.

©2011, Dan Russell






D. Bernoulli, 1700-1782

SRARSEISII - |
Since wave equation is linear, linear combinations of X,,(x)T,, (t) are solutions, too.
d(x,t) = Z c X, (x) T, (t) = Z sin (T x) (4,, cos w, t + B, sin w,t)

n=1 n=1

This 1s an infinite series of functions, summing up lots of separables with coefficients!
These are all solutions of wave equation.

That solutions of Wave E. can be written in this form was proposed by Bernoulli.

They are called Bernoulli Solutions. With 4,,, B,,we can form lots of Bernoulli Solutions



This also happens in coupled spring system.

20 = w“[;ﬁ (z_ﬁ),] +w_;n@m(@,) +3=M=;_<Mw,[§ (2+\/§)¢]
iy = 0110 V800 o [ [R5 -0+ 10 [ B o )
z,(,)=w“[ g(z_ﬁ)t]_wm(@t)+wm[g(zm)t]

All springs have
spring constant k,
and all surfaces
are frictionless.

k=1N/m

m = .2kg
21(0) =1m
73(0) = 9m
23(0) = —3m
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The equation of motions are linear ODE.

Linear Combinations of mode solutions are solutions, too.



For fixed end string: The following 1s one example of Bernoulli Solution.

The blackline solution 1s the sum of colored lines of separable oscillating solutions.

©2012, Dan Russell
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Since wave equation is linear, linear combinations of X, (x)T,, (t) are solutions, to0o.

nm
d(x,t) = z c X (x) - T, (t) = Z sin (T x) (4,, cos w, t + B, sin w,t)
n=1 n=1

How to compute coefficients A,,, B,, for a specific problem.

Are all solutions of the form of Bernoulli Solutions?

Do Bernoulli Solutions exhaust all possible solutions of wave equation?



Equation of motion: ~ #fligsk ~ Wave Equation:

d2X 0%¢ 0%
—=-A4-X =7 = V2 -
dt? dat dx
x, p(jd) = (x)
We usually choose linear combination coefficients to fit initial condition.
Initial Condition Initial Condition
x1(0)
(p(xr O)
Xj g)) Wavefunction at t = 0
xy (0)
, d¢
x1(0) — (x,0
1 E ot (X, )
X ]' (0) Time derivatives with Time partial of wavefunction at t = 0
: fixed ] — X.
xy(0)

Could we always find coefficients A,,, B,, to satisfy specific initial condition?
If yes, we are done, because we have found Bernoulli Solutions to all problems.

Every problem can have only one solution! So yes, all solutions are like Bernoulli’s.



co

nm
d(x,t) = z sin (T x) (4,, cos w,t + B,, sin w,t) Bernoulli’s solution
n=1
The coefficients A, B,, are found, (or fixed) to satisfy initial conditions.
Plug in t = 0 to the expression above, we find the key equation:

= . /mm
d(x,0) = uy(x) = z A, - sin (T x)
n=1
Technically we’d say: function uy(x) is expanded as a series of Sine functions.
9, = . /mm
gqb(x, 0) = vy(x) = Z B, w,, - sin (T x)
n—

How to compute 4,,, B,,?

1768-1830 Jean-Baptiste Joseph Fourier
The following method is proposed by Fourier 50 years after Bernoull..

Expansion of a function as a series of Sine functions 1s called Fourier Series.



Let’s take a hint from the case of 3 body coupled sprlngs
Plug in t = 0 to sums of mode solutions.

x1(0) e

x,(0) | = z a®f, Initial conditions determine coefficients f;.
x3(0) i=1

We choose a®® to be orthonormal. a™Ta™ =g, .,

In analogy, orthonormal eigenvectors look exactly like orthogonal coordinate axes!

1r— 1 (1 1{ 1 (1) (2) (3)
2 V2 2\
1 : 1 1

(1) a®@
a® a®

h— 6

This 1s not 3D space, but its abstract computational rules are identical to 3D.

We call this kind of look-alike 3D space a (generalized) Vector Space.

All linear combinations of n orthonormal axes form a vector space of dimension n.

Computation rules of this vector space are identical to nD space



In the case of N = 3 coupled springs:

a® are orthonormal.

a(m)

1
a(m)Ta(n) _ (agn), agn), agn)) agm)
(m)

dj,j =1,2,3 x;(t)

‘ Continuous limit
eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

|
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x,0<x<L

Note that subscript j corresponds to x. Inner product in continuous limit
will be multiplying X, ,(x) at the s
L

f dx sin (nL_n x) sin (?
0

ver all x: 1e. integraion.

Are sin (nTn x) orthonormal?




Method 0

Are sin (% x) orthonormal?

Ifm+*n

L ) L

nm mm T T

de sin (Tx) sin (Tx) ZEJ dx lcosz(m—n)x — Cosz(m+n)x]
0 0

L 1 = 1 L
= [ sin—(m —n)x + sm—(m+n)x] =0

2nlm—n L n L 0

Sine functions are periodic.



—F-f—‘
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L
jdxsn sn(nnx) 1jdx 1 Cosznnx]
i inl—x)=— — —
L 2 L
0

L
AR e | R

L 2nm Znn]L

0
We could redefine eigenfunctions X,,(x) such that vector length equal to 1:

L
2 nm
X,(x) = ﬁsin (Tx) jdx X2 =1

0

. nm - o /e C c 2 c
Yes, sin (T x) 1s orthonormal 1f inner product is understood as integration over x.

L

L
2 . /mm - mm

jdx X ()X, (x) = Zj dx sin (T x) sin (T x) = O,

0 0

Kronecker 6 Function 5 0 m#n
1 m=n



Back to the case of 3 body coupled springs:
a®
a® a®

x1(0) s
x2(0)
x3(0)

Initial conditions looks like a vector,

and is expanded in terms of axes al) with f; as components.
Components f; equals the inner product of al¥) and initial condition vector.

. x1(0)
a®T| x,(0) | = f;

x3(0)

For example,

[2)
@) | 5| (a0
fi = a® . x2(0) | = T x2(0)
=0/ (Y] \x©

\3/

— %[% (0) + v2x,(0) + x5 (0)]






Decomposing u,(x) into linear combination of X, (x) could proceed similarly.

mt
Ug (x) —ZA —sm Z x) d = a,i+a,j

Take inner product of uy and X,, in the sense of an integration: a, =1-d

L L
\/%jdx Uy (x) sin —x 2] Ap - sin (anx)] sin (TlTﬂx)
0 m=
o [ L | 0o
_%z Amojdxsin(anx)sin(%x) :%,Zl [Am§5mn] = Ap

Jean-Baptiste Joseph Fourier

OO

nm

L

2 = " -

Zfdx Uy (x)sin (Tx) &= q,.=1-d
0

Plug in these coefficients to Bernoulli’s solution and we solve the problem.



Bernoulli’s solution

co

nm
d(x,t) = z sin (T x) (4,, cos w, t + B, sin w,t)

n=1

Fourier Series of initial condition.

d(x,0) = uy(x) = z A, - sin nLn ) %c]b(x, 0) = vy(x) = Zann - sin (%x)

Fourier Series coefficient formula.

fj dx sin —x uo(x) ——fjdx Vo (x)sin %x)

It satisfies both the system of equations of motion and initial conditions.
There 1s one and only one function that satisfies both EOM and initial conditions.
This is the only one solution.

We prove: any solution of Wave E. 1s a linear combination of separable solutions.



3

X = z aW[f; - cos(w;t) + g; - sin(w;t)]

i=1
x1(0) :
/:i — a(n)T xZ (O) = a]gn)x]' (O)
x3(0) j=1
dj,j =123 x; (t) a;(t)

Continuous limit

Particle movement

* [ seo 5 xeo | TMBIICIgI

Expansion

(0'0) Compression— — " Amplitude (in'm)

d(x, t) = z sin (nn )(A cos w,t + B, sinw,t)

fjdx sin —x qb(x 0)

Inner product of coupled spring system in continuous limit
will be multiplying two functions at the same x then sum up over all x: ie. integraion.
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Uy (x)
1

=7 |ue-i:
04 F -
sal . | | | 0<x<L

0.0 0.2 0.4 0.6 0.8 1.0

x/L

L
2 nn
=ﬁ dx uo(x)sm —x fJ dx—x - sm x)
0

ceos (24|

1 nm :
+ — f dx cos (T x) Integration by part

0 nno
L n
i r—<> ; m(%)z sin ()| =222

Uy(x) = i 2 (_1;1)“ sin (1’2_71 x)
n=1



— XT(t)

Sum (Ave+harmonics)
Average

15! harmonic
harmonic



https://lpsa.swarthmore.edu/Fourier/Series/ExFS.html

If we start with string at rest: vy = 0, B; = 0. A,

ug (x) .

1.0

08¢
0.6 02F
04

02F

0.1F e

0.0E 2 1

0.0 0.2 0.4 0.6 0.8 1.0
*

......
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With coefficients A4,,, we can write down the solution:
00) (00
( t) A si (nn ) ; 7 (_1)11 ) (nn ) ¢
x,t) = E sin(—x) - cos w,t = E sin(—x) - cosw
n= n=

[t satisfies both the system of equations of motion and initial conditions.

This 1s the only one solution.



The end of solving wave equation with boundary conditions.




Here is an example with animation!

Acoustics and Vibration Animations
Daniel A. Russell

Graduate Program in Acoustics, The Pcnnsglvania State Universitg

@ @@@ This work by Daniel A. Russell is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License . Based on a work at
BY NC ND

Today is Saturday, September 26, 2026. The contents (and links) on this page were last updated on August 21, 2025.

I am in the process of attempting to bring all of the pages on this site into compliance with current HTML5, CSS3, and W3C Web Accessibility standards. The bullet symbols
used in the lists below identify pages as

o (filled) still needs to be updated
o (open circle) updated to HTML5 and CSS3 and W3C accessibility.

The links below contain animations illustrating acoustics and
vibration, waves and oscillation concepts. I started using Wolfram
Mathematica to create animations to help me understand and
visualize certain acoustics and vibration phenomena in 1992 while I
was a Ph.D. student in the Graduate Program in Acoustics at Penn
State. For the next 16 years (1995-2011) I was a physics professor
at Kettering University and continued creating animations and using
them as educational tools for the courses I was teaching about
waves and acoustics. Sometime around 1998 or so I began writing
webpages and adding them to this online collection. Now that I'm
back at Penn State, teaching graduate level acoustics, I'm
continuing to add to my collection of animations. My intent has
always been to create physically and mathematically correct

animations, accompanied by explanatory text, that illustrate
complicated phenomena invoIvinmibration in a manner



https://www.acs.psu.edu/drussell/demos.html

Initial condition of the string:

Uy (x)

Initial condition can be decomposed into an infinite Fourier Series:

Uy(x) = i A, - sin (nL_nx)
n=1

0.8
1.terms

% 0.6
04
0.2

0_
1 234567 8 910111213 1415 1617 1819 20 n
taraonic oraber

82012, Dan Russel

Note that coefficients 4,, decrease rapidly with n.
Usually around 10 leading terms are enough to build a satisfactory approximation.



1.terms

©2012, Dan Russell

(00)

nm
d(x,t) = Z sin (T x) (4,, cos w, t + B, sin w,t)

n=1

Terms A, - sin (%’ x) in Fourier series evolve with time separately like separable solutions.

Sum them up and we get the final solution.



= ©@VouTube "

Plucked String (High Speed Video)

A Dan Russell
ﬁ\) 3.96k subscribers @ & 36 QP F> m


https://www.youtube.com/watch?v=2QR-jA_rh-I&t=19s
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High Speed video of a Struck Elastic String

A Dan Russell
‘!i) Screenshot -
WY 3.96k subscribers w 20 q; » Share m Save



https://www.youtube.com/watch?v=oGo8z-V8hA4&t=81s

= @ Voulube "

Bowed violin string in slow motion

ViolinBOW Screenshot
0 346 subscribers w — -3k q;' » Share m Save .


https://www.youtube.com/watch?v=6JeyiM0YNo4
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Solving Wave Equation Y _ 2 0%¢ >KiEREE Bernoulli Solutions

ot2 dx2 Separation of variables plus Fourier Series
Search for separable solutions, products of a function of x and a function of t.

¢(x, t) = X(x) - T(¢)
Satisfying an ODE, T (t) is solved right away as oscillating SHM.
With boundary condition, X (x) satisfies an ODE, called eigenvalue equation.
Allowed X,,(x),n = 1, --- oo would be countable, called eigenfunctions

We found a series of separable solutions:

nm
u,(x,t) = X,,(x) - T,,(t) = sin (Tx) (4,, cos w,,t + B,, sin w,,t)

Since wave equation is linear, linear combinations of X, (x)T, (t) are solutions, too.

0.0) 0.0)

d(x,t) = z c X (x) - T, (t) = z sin (% x) (4,, cos w, t + B, sin w,t)

n=1 n=1

Any initial condition u,(x) can be expanded as a linear combination of X, (x).

d(x,0) = uy(x) = i A, - \Esin (r:—nx)
n=1

This property of Fourier Seris is crucial. We say, it is complete EL55EF5 4.

call 1t a mixture if you want.



A EBCRH o EERE T (8) ~cos(w;t)
iR e |

Cook and then mix cooked ingredients.

nm
d(x,t) = z Xy (x) - T, (t) = z sin (T x) (4,, cos w,,t + B,, sin w,t)
n=1 n=1

BRI BB R e R T TE 2 SUme fEAa kit > FLEmE—## -



The energy levels
are equally spaced.

Classical turning
point forn = 1




d(x,0) = uy(x) = z A, \/:sm (nLn x)

Any initial condition uy(x) can be expanded as a Fourier Series .

This property of Fourier Series is crucial. We say, it is complete E 552 F 4.

Is this infinite Fourier Series convergent? The answer 1s yes.

How is this infinite Fourier series approaching u,(x)? The answer is:

L

lim
N—o0

0

dx

12

uo(x)—ZA \/:sm T x)
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Chapter 3
Fourier Series

ARV E 5

Just before 1800, the French mathematician/physicist/engineer Jean Baptiste Joseph
Fourier made an astonishing discovery, [42]. Through his deep analytical investigations
into the partial differential equations modeling heat propagation in bodies, Fourier was
led to claim that “every” function could be represented as an infinite series of elementary
trigonometric functions: sines and cosines. For example, consider the sound produced by

a musical instrument, e.g., piano, violin, trumpet, or drum. Decomposing the signal into
its trigonometric constituents reveals the fundamental frequencies (tones, overtones, etc.)
that combine to produce the instrument’s distinctive timbre. This Fourier decomposition
lies at the heart of modern electronic music; a synthesizer combines pure sine and cosine
tones to reproduce the diverse sounds of instruments, both natural and artificial, according
to Fourier’s general prescription.

Fourier’s claim was so remarkable and counterintuitive that most of the leading math-
ematicians of the time did not believe him. Nevertheless, it was not long before scientists
came to appreciate the power and far-ranging applicability of Fourier’s method, thereby
opening up vast new realms of mathematics, physics, engineering, and beyond. Indeed,
Fourier’s discovery easily ranks in the “top ten” mathematical advances of all time, a list
that would also include Newton’s invention of the calculus, and Gauss and Riemann’s
differential geometry, which, 70 years later, became the foundation of Einstein’s general
relativity. Fourier analysis is an essential component of much of modern applied (and pure)
mathematics. It forms an exceptionally powertul analytic tool for solving a broad range of
linear partial differential equations. Applications in physics, engineering, biology, finance,
etc., are almost too numerous to catalogue: typing the word “Fourier” in the subject index
of a modern science library will dramatically demonstrate just how ubiquitous these meth-
ods are. Fourier analysis lies at the heart of signal processing, including audio, speech,
images, videos, seismic data, radio transmissions, and so on. Many modern technologi-
cal advances, including television, music CDs and DVDs, cell phones, movies, computer
graphics, image processing, and fingerprint analysis and storage, are, in one way or another,
founded on the many ramifications of Fourier theory. In your career as a mathematician,
scientist, or engineer, you will find that Fourier theory, like calculus and linear algebra, is
one of the most basic weapons in your mathematical arsenal. Mastery of the subject is
essential.
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This 1s a special case of Fourier Series. | \//\\//\ X
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(B 17 EEak ¥ Fourier Series for periodic function

The series 1s usually extended to include similar Cosine functions and a constant:

mt
f(x)—a0+ZIan sm—x+bn COS——X

There 1s no doubt this expression is a periodic function of period 2L.

It 1s proved any such periodic function can be written as such a Fourier Series.

Usually, the range 1s defined as —L < x < L.

Fourier Series for periodic function and for function with fixed ends are equivalent



Fourier Series for periodic function and for function with fixed ends:
(LI M o0 i A L B R — -5 I 52 L B B 6 R 52, PR B AR AT -
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d(x,0) = uy(x), 0<x<lL

B TERfuo (o) MEFRZFE(EZE ] » Bl A—BERAKEL - EIrEEoRtae A |

TEFMEERHTNE R —aT EL © up(—x) = —uo(x), —00 < x < ©
[EHF 2 HA B2 LAV HARK L @ up(x + 2L) = up(x), —0 < x < 00
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fl—x)=—Ax) \/_\ flx--2N=fx) ,// A
i S - S SRS
) 1'0

1
. 2
\ : / :\ o

’/
\ >
-
\‘—‘

Wy



up(—x) = —up(x), WP u(0) = —up(0) =0

up(x+2L) =up(®), P up(l) = up(—L) = —up(L) = 0

B fBuo (O HVIERE - JRue BFURA: - FIRAEO < x < LEFEFFARIEELGRT -
BEAEfEE Ry — AR R > EILIE A RiAEH |

- . nm
uy(x) = Z lAn sin—-x + B, - cos—x ZAn sm—x
n=1

o (o) AT » FUATTESERERH T - (B SRR 52ty |
BRI TR GRG0 = [2in () 252 !
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nm

Ao
(x)—? z an - Cos—x+bn sme

L

oL | @)

—L

Ay =

L

1 nm i
n =7 j dx f(x) COS——X Inner product of f(x) and oS —~X.
“L
L
1 - nm
b, = I de f(x) sin——x

—L



Fourier Series

Later in this chapter you will find that you can solve many important problems involving
partial differential equations, provided that you can express a given function as an infinite sum
of sines and/or cosines. In this and the following two sections we explain in detail how this can
be done. These trigonometric series are called Fourier series; they are somewhat analogous
to Taylor series in that both types of series provide a means of expressing quite complicated
functions in terms of certain familiar elementary functions.

We begin with a series of the form

% + él(a,,, cos( mnx) +b, sin( il )) (6}

L L

On the set of points where the series (1) converges, it defines a function f, whose value at
each point is the sum of the series for that value of x. In this case the series (1) is said to be the
Fourier series for f. Our immediate goals are to determine what functions can be represented
as a sum of a Fourier series and to find some means of computing the coefficients in the series
corresponding to a given function. The first term in the series (1) is written as a,/2 rather than
as a, to simplify a formula for the coefficients that we derive below. Besides their association
with the method of separation of variables and partial differential equations, Fourier series are
also useful in various other ways, such as in the analysis of mechanical or electrical systems
acted on by periodic external forces.

Periodicity of the Sine and Cosine Functions. To discuss Fourier series, it is
necessary to develop certain properties of the trigonometric functions sin(mzx/L) and
cos(mmx/L), where m is a positive integer. The first property is their periodic character. A
function f is said to be periodic with period T > 0 if the domain of f contains x + T whenever
it contains x, and if

fGx+T)=f(x) 2

for every value of x. An example of a periodic function is shown in Figure 10.2.1. It follows
immediately from the definition that if T is a period of f, then 2T is also a period, and so indeed
is any integral multiple of 7. The smallest value of T for which equation (2) holds is called the
fundamental period of f. A constant function is a periodic function with an arbitrary period
but no fundamental period.

T

2T

m A periodic function of period T.

2Jean Baptiste Joseph Fourier (1768-1830) was twice imprisoned during the French Revolution, later served as
scientific advisor in Napoleon’s army in Egypt, and was prefect of the department of Isére (Grenoble) from 1801 to
1815. He made the first systematic use, although not a completely rigorous investigation, of trigonometric series
in 1807 and 1811 in his papers on heat conduction. The papers were not published due to objections from the
referees, principally Lagrange. Although it turned out that Fourier’s claim of generality was somewhat too strong,
his results inspired a flood of important research that has continued to the present day. See Grattan-Guinness
or Carslaw (Historical Introduction) for a detailed history of Fourier series.



If f and g are any two periodic functions with common period T, then any linear
combinationc, f + c,g is also periodic with period T. To prove this statement, begin by defining
F(x) = ¢, f(x) + c,8(x); then, for any x,

F(x+T)=c f(x +T)+c,8(x + T) = ¢, f(x) + c,8(x) = F(x). 3)
Moreover, it can be shown that the sum of any finite number, or even the sum of a convergent
infinite series, of functions of period T is also periodic with period T. In a similar way, you can
show that the product fg is periodic with period T.

In particular, the functions sin(mzx/L) and cos(mzx/L), m = 1,2,3, ..., are periodic
with fundamental period T =2L/m. To see this, recall that sin(x) and cos(x) have
fundamental period 27 and that sin(ax) and cos(cex) have fundamental period 27/a. If
we choose a = mn/L, then the period T of sin(mmx/L) and cos(mmx/L) is given by
T = 27L/(mn) = 2L/m.

Note also that, since every positive integral multiple of a period is also a period, each of
the functions sin(mmx/L) and cos(mm x/L) has the common period 2L.

Orthogonality of the Sine and Cosine Functions. To describe a second essential
property of the functions sin(mzx/L) and cos(mmx/L), we generalize the concept of
orthogonality of vectors (see Section 7.2). The standard inner product (u, v) of two real-valued
functions u and v on the interval « < x < 8 is defined by

B
(u,v)=f u(x)v(x)dx. )

The functions u and v are said to be orthogonal on o < x < f if their inner product is zero —
that is, if

B
f u(x)v(x)dx = 0. 5)

A set of functions is said to be mutually orthogonal if each distinct pair of functions in the
set is orthogonal.

The functions sin(mzx/L) and cos(mmx/L), m = 1,2, ... form a mutually orthogonal
set of functions on the interval —L < x < L. In fact, they satisfy the following orthogonality
relations:

L 0, m#n,

mmrx nmx
i) R
-/:L cos( I )cos( I ) x " o (6)
/L cos(m”x)sin(%)dx =0, all m, n; )
Lp
/L in( 7% gin( X\ g 0, m#n, ®
_Lsm( T )sm( T ) X = i .

These results can be obtained by direct integration. For example, to derive equation (8),
note that
L

[ 255 = (o 22 o

L

_ 1L (sin((m —n)ax/L)  sin((m + n)mx/L)
27 m-—n - m+n

-L

=0
as long as m + n and m — n are not zero. Since m and n are positive, m + n # 0. On the other

hand, if m — n = 0, then m = n, and the integral must be evaluated in a different way. In this
case
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This establishes equation (8); equations (6) and (7) can be verified by similar computations.
(See Problem 12.)

The Euler-Fourier Formulas. Now let us suppose that a series of the form (1) converges
for all real numbers x on the interval —L < x < L, and let us call its sum f(x):

9= % + 3 (o) 1 s (22) ®

The coefficients a,, and b,, can be related to f(x) as a consequence of the orthogonality
conditions (6), (7), and (8). First multiply equation (9) by cos(nzx/L), where n is a fixed
positive integer (n > 0), and integrate with respect to x from —L to L. Assuming that the
integration can be legitimately carried out term by term,® we obtain

f i )cos rmx d __fl'm(mtx
+ i a,,,[:'eos(%)eos(m;—x)dx

m=1
~ . /mmox nmwx
+mz=)lb,,, /: sm(T)cos(T)dx. (10)

Keeping in mind that n is fixed whereas m ranges over the positive integers, it follows from
the orthogonality relations (6) and (7) that the only nonzero term on the right-hand side of
equation (10) is the one for which m = n in the first summation. Hence

[: f(x)cos(”’,"—")dx =da, [: ws’(%)dx =aql, n=L2... )

Equation (11) is valid for all n =1, 2, 3, ... . To determine a,, we can integrate equation (9)
from —L to L, obtaining

j:f(x)dx=%/:dx+2a,,,f cos( %) dx+2b j: sin( 7 )dx

m=1 m=1

12)

since each integral involving a trigonometric function over an interval of length 2L (one period)
is zero. Thus

a, = %[:f(x)ws(":—x)dx, n=0,1,2,,.00 (13)

By writing the constant term in equation (9) as a,/2, it is possible to compute all the a, from
equation (13). Otherwise, a separate formula, with an extra factor of 1/2, would have to be

ption, because not all convergent series with variable terms can be so integrated. For
the special case of Fourier series, however, term-by-term integration can always be justified.




A similar expression for b, may be obtained by multiplying equation (9) by sin(nzx/L),
integrating termwise from —L to L, and using the orthogonality relations (7) and (8); thus

L
1 . (NTX
b, = Z/_L fesin(—=)dx, n=123,... (14)

Equations (13) and (14) are known as the Euler-Fourier formulas for the coefficients in a
Fourier series. Hence, if the series (9) converges to f(x), and if the series can be integrated
term-by-term, then the coefficients must be given by equations (13) and (14).

Note that equations (13) and (14) are explicit formulas for a, and b, in terms of f, and that
the determination of any particular coefficient is independent of all the other coefficients. Of
course, the difficulty in evaluating the integrals in equations (13) and (14) depends very much
on the particular function f involved.

Note also that the formulas (13) and (14) depend only on the values of f(x) in the interval
—L < x < L. Since each of the terms in the Fourier series (9) is periodic with period 2L, the
series converges for all x whenever it converges in —L < x < L, and its sum is also a periodic
function with period 2L. Hence f(x) is determined for all x by its values in the interval
-L £x £ L.

It is possible to show (see Problem 27) that if g is periodic with period T, then every integral
of g over an interval of length T has the same value. If we apply this result to the Euler-Fourier
formulas (13) and (14), it follows that the interval of integration, —L < x < L, can be replaced,
if it is more convenient to do so, by any other interval of length 2L.



Assume that there is a Fourier series converging to the function f defined by

-X, -2<x<0, L =2
X; S e 2

f(x+4) = f(x).

Determine the coefficients in this Fourier series.

f(x)=

Solution

o

yl
2_

fx)=1- E(cos(ﬁ) + %cos(m—x) + Sizcos(sn—x) + )

o 2 2 2
8§ <« 1
=l—; Z WCOS(m;tx)
m=135,...

8 - 1 ((2n - 1)7rx)_

cos
7t~ (2n-1) 2

=



Partial sums in the Fourier series, equation (20) for
m = 1 (dotted blue) and for m = 2 (dashed red), for the triangular wave
(gold).




Values of the Error e,,(2)
for the Triangular Wave

| >
0.5 1 15 2 x

Plot of |eg(x)| versus x for the triangular wave in Example 10.2.3.

°
|
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Plot of e,,,(2) versus m for the triangular wave.




The variable can be chosen to be time: x — t

Any periodic signal of period T can be written as a Fourier Series of Harmonics.

x(t) = z ’an COS (n— t) + b,, sin (n— t)] Z a, cos w,t + b, sin w, t]

B RSYHVIARAT, = R RN — |
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> f, = 2f; curve 2
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fi = 4f; curve 4
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(a) Original curve

X
A
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(b) Harmonics

A fl = I/T
curve 1
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Harmonics:

h,(t) = sinQnf,t) f,=n/T

(¢) Sum of harmonics
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Square Wave: Generated by Harmonics

Newtons

Seconds

Frequency Spectrum: Square Wave

Newtons

Sqi
S+3[+5[+Tf+9f+ ...

e



http://upload.wikimedia.org/wikipedia/en/5/50/Square_wave_frequency_spectrum_animation.gif
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f(x) =ay + z [an sm—x + b, - COS——X

. . T .
It 1s sometimes useful to redefine m X as new variable x.

f(x) =ay+ Z[an - sinnx + b, - cos nx]

n=1
The period of f(x) is now 2m, defined in the region:—nm < x < m.

This 1s officially how Fourier Series is defined.
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1
J dx cos mx cosnx = E

gt I
=m#n

ir 1 1 -
- E[m I nSln(m +n)x + — nsm(m — n)x] -
EREREBRE - EXRE -

=m=n -
T

T
1
j dx cos mx cosnx = 5 f dx[cos(m + n)x + 1]
—T1T

—T1T
T

e
=3 X=T
—TT
SEEMINE DIFE R A Kronecker 6 Function

0 m#n

T
_ O =
f dx cosmx cosnx = nd,, mn i

—T1T

dx|[cos(m + n)x + cos(m — n)x]|



[E]H

T

j dx sinmx sinnx = nd,,y

—T1T

T T
1
f dx cosmx sinnx = > f dx[sin(m + n)x + sin(m — n)x]|

—TT —TT

=m#+n
17 1 1 "
=— +n)x + - =0
2[‘m_l_ncos(m n)x m_l_ncos(m n)x] »
=m=n -
17 1 "
= — 2 ] =0
2[m+ncos( HEUES ~

dx cosmxsinnx =0

b,
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T
j dx cos mx cos nx = mo,,,

—TT

T

j dx sinmx sinnx = wo,,,
—TT
T
J dx cosmxsinnx =0
—TT

The coefficients can be easily computed:

BT A f o) ple = A e e oy Bl A] -

V[ V[

%jdxf(x)cosnxz% jdx

—TT —TT

co

agp + z la,, - cosmx + b, - sin mx]‘ COS nx
m=1
T

1
= fdx
T

[ A

(0 @) (00)
aop + z Ay, * COSmMx + b, - sinmx lcosn Z A O0mn]| = ay
=1

m=1
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f(x)=ay+ Z[an-cosnx+bn-sinnx],—n <x<Tm
n=1

1 T
Ao =5 jdxf(x)

T

an = L jdxf(x) COS NX

/A
—T

T

b, = L jdxf(x) sin nx

/A
—T



You observed Fourier series sometimes comes with only Sine series or Cosine series

If f(x) is an Odd function, only Sine series contribute !

f(=x) = —f () SRAS
f(x)=Zan-sinnx "’va}'m”'
n=1 H
If f(x) is an even function, only Cosine series contribute |
f(=0) = f()
oo 1
2 =

f(x) =a, + z b,, - cosnx
n=1




B4 Sawtooth $iE i pHEL

T s(x)

1
Uy (x) =, —n<x<T /

b -

T - DIT

1 1 .
an = — de —x sin(nx) =

/[
—T

V[
11 11

= ——[xcos(nx)]|*, + —=— jdx cos(nx)
mn Tin

=2 %COS(TH‘[) + (n—ln)z [xsin (nTn x)] '
(-1)"

nm

—T1T

=2




s
1 —Brr 77':r —r :Q: r
Uy (x) =, —nT<x<T i
1 [ 1 171 17 1
b, = — jdx —x cos(nx) = — fdx —x cos(nx) + — rdx —x cos(nx)
T T T T T T
-7 0

1( L 17 1
——de —(—x) cos(—nx)+—fdx —x cos(nx) =0
T [ [

0

:1

BR0% PRET (8 i #E Even function cos(—nx) = cos(nx)

AR R E 5 i #Odd function Up(—x) = —uo(x)
SRR B oy B - 1F R B B TR o G AR |

SBHTRA TSERBE T Ly 2 (2 CED" nx>

nm

=

n=1
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20

Amplitudes of the relative harmonics of a string plucked with a sawtooth plucking.




xT(t) = Odd Sawtooth Wave

— XT(t)

Sum (Ave+harmonics)
Average

18! harmonic
harmonic



https://lpsa.swarthmore.edu/Fourier/Series/ExFS.html
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y[3 N
Al’irrgo jdx [f(x)—ao+z[an-cosnx+bn-sinnx] =
-1 n=1




There 1s another easier way to solve wave equation:

0’y 10°%
dx2  v? Jt?

This 1s called d'Alembert solution.

Prove wave equation has the following solution:

f(x —vt)

O Oy

Jean le Rond d'Alembert 1717-83



0%y  10% oo o .
Plug in the expression. Note that it is a function of only x' = x — vt.
y(x,t) = f(x —vt) = f(x) x'=x— vt

W — i ayf — Zif fix t and use chain rule. o
dx Ox dx' dx'

=1 witht fixed

d0x
0’y 0 (df) _0x' d (df)
dx2  Odx\dx')  0x dx'\dx'
Second partial is second derivative of f.
' ox' :
9y = ox_ df = —v af fix x and use chain rule. = —v with x fixed
ot ot dx’' dx’' dJt

dx'

d’y 0 (df) ax' d (df
otz ‘ot R b G

0’y 109%y
dx2 2 0t?
Indeed, what we guessed is a solution of wave equation |

x iy ] B ZE ] LR —E - HO e I B ZE R e i

o~



Function f(x) is wave formatt = 0 -

y(x,t=0)=f(x—v-0) = f(x) (‘

The wave moves horizontally,
but a string particle moves

y oA AT

7 only vertically. .

Wave at
t=20 | &
— X
,
> vt
|
Ay |
|
t .
|
— X

y(x,t) =y(x—vt,0) :f(x_vt)

At later time t, wave at x y(x, t) equals wave at t = 0 at location x — vt.



The wave moves horizontally,
but a string particle moves
only vertically.

Ay

l—>iAx=vAt

Ay The wave moves |

without changing i
shape. ’

X
Y
r—,;—»:Ax = vAt
Ay The wave moves~”" !
forward Ax = vAt |
during time
interval Az.

X

Copyright © 2008 Pearson Education, Inc., publishing as Pearson Addison-Wesley.







Wavelength (in m) Ptlm ement
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Amplitude (in m)
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Longitudinal and Transverse Waves (HD)
Animations for Physics and Astronomy

(MY

Longitudinal Wave

0:00 / 0:24

d> ore videos [~ I,YouTuhe





https://www.facebook.com/watch/?v=492234720628603

Sinusoidal wave
f(x) = Y sin(kx + @)
Wave form is a periodic Sine function of period A.
sin(kx + ¢) = sin(kx + kA + ¢)

21T
kA =2m ==
A

Sinusoidal wave function:

y(x,t) = f(x — vt) =y, sin(kx — kvt + ¢)
y(x,t) = y,, sin(kx — wt + ¢)

J vAt

=
®

— — A X
/ \Wave at t= At
Wav

eatt=0

l ] L

X

9| Wavelength A |€




©2011, Dan Russell




f (x — vt) means that a wave form f(x) is moving at speed v to the right. “

Replacing v with - v, we find a wave function g(x + vt) moving to the left.

D, (m) t=0
A
0.30 -

0.20

0.10

0 0.20 0.40 0.60 0.80 1.00



BNTEM Superposition Principle

Since wave Equation is linear, linear combinations of solutions are also solutions.

0%y, _ 10%y1 0%,  10%; o 0°0nty) 10°0n+ys)

0x2 2 Jt2 0x2  v2 Jt2 0x? 2 Jot?

—

J

}




d

A general solution: d'Alembert solution  y(x,t) = f(x — vt) + g(x + vt)

D, (m) t=20
A
0.30

0.20

0.10

0

The wave forms propagates at constant wave speed.

The wave forms do not change during propagation.

Jean le Rond d'Alembert 1717-83



These are properties we expect from a Propagating Wave




y(x,t) = f(x —vt) + g(x + vt)

Functions £ (x), g (x) can be solved from initial conditions: y(x, 0), 2 (x, 0).
y(6,0),% (5,0) & (), 902
y(x,0) = up(x) = fx) + g(x)
% (,0) = vox) = vIf'Gx) — ')

x+vt

y(x, t) = %[uo (x —vt) + up(x + vt)] + 2—11] f dx'vy(x")

x—vt



Take the case v, = 0 as examples. uy(x) is the initial wave form.

y(x,t) = % [ug(x — vt) + uy(x + vt)]

Right moving wave form and left are exactly one half the initial wave form at rest.

The wave form will slip into two, one propagating to the right, one to the left.
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Bernoulli’s solution d'Alembert solution:

(00}
Z —x (A cos w,t + B,, sin w, t)
x—vt) +gx+vt
Fe—ve) + g(x +v0)
Dy (m) t=20
0.30‘:
0.20 -
0.10 - —
0 L ! 1 L L " /I\ > x (m)
2012, Dan Russell 0 0.20 0.40 0.60 0.80 1 00

Two types of solutions are equivalent.












Sawtooth waves (as a Bernoulli solution-coloured lines) are d'Alembert solutions.




Wave Equation — =V

If the size of the medium is infinite or its boundaries are far away,

we have d'Alembert solution of a travelling or propagating wave from :

p(x,t) = flx—vt) + glx +vt)  TTHE(EHE

1.00



If the size of the medium is finite, its boundaries are nearby. s
Reflection from boundaries would make wave behave more like vibrations!

[t resembles a system of coupled springs! Bernoulli’s solution works better.




