Decay Equation

The simplest (ordinary) differential equation of function y(x), with variable x.

B i BT 2= o dy
dx = f(y,x)

The first derivative of function y(x) with respect to variable x is a known function of x, y.

It is called first order Ordinary Differential Equation (ODE) —ZR & filt/r H 2= .

Physics is about the change of physical quantities.
Physical law always concerns the rate of change, ie derivatives.

For physics applications, the variable is usually time t, with the function then x(t) or y(t).
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This is a first order ordinary differential equation of function v, (t).
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A nucleon #%-1- is either a proton or a neutron.

NEUTRON n PROTON

SPARTICLEZ 0 SPARTICLEZ 0

Neutron Proton




FET#ZEETEIRFES -
FTWRYIEBEAE 2 HVE 28 VNI 1% Nucleus

1 Angstrom o0 m
———

/ e

!

HeEsy

100 m
If an atom could be expanded to the size of a football stadium, the nucleus would be the size of a
single blueberry. (credit middle: modification of work by “babyknight” /Wikimedia Commons;
credit right: modification of work by Paxson Woelber)
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In Quantum Mechanics, there exists no quantity which in an
individual case can determine the result of a collision. I myself
1s inclined to give up determinism in atomic world.
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Quantum Mechanics is very imposing. But an inner voice tells me
that it 1s not real thing. The theory delivers a lot but hardly brings us
closer to the secrets of the Old One. I for one am convinced that He
does not throw dice.

Einstein to Born 1926
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Figure 1.2 (Left) Plots of four integral curves, or solution curves (1.5), of the
differential equation (1.4), for four values of C'. (Right) A particular solution
satisfying the initial condition x(0) = x.
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Method 2 (Linear Equation, Integrating Factor)
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First order Ordinary Differential Equation Arfken 7.2

Growth of bacteria over 3 million

over 5 hrs at 37 deg C
(Initial population 100)@
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And they are all separable: f(x,y) can be separated into product of x function and y function



EdpriE  Separable equation > fimethod 1{7{H : P331
——JTEsF

dy
Method 1 a — f(Y; x)

4

dy  P) The right-hand side f(y, x) is separable dN

dx QW) into a function of x and a function of y. g¢ — — I
Q(y)dy = —P(x)dx %dN = —Tdt
1
| ey = - [ P@rax +c [yan=-r[a+c

Solving DE is doing integration, the inverse operation of differentiation.

This gives a relation between y(x) and x and could be solved to get solution y(x).

Again, there 1s an undetermined constant C in the solution!

To determined the constant C , initial condition y, = y(x,) is needed.



Example 1:

dy B dy  P(x)
ax POy =0 - Q0)
1
J;@:jfuydx+d JQ@My=—fP@Mx+C

lny=fp(x)-dx+C'

y = Cel P00 E—THAH



Example 2:

X@EVEFE  Adiabatic Process
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W = PAV

C C
AE; . = ncy AT = %A(PV%HV (PAV + VAP)
A(PV) = (P + AP)(V + AV) — PV~(PAV + VAP)

AR EEAE e + W =0

C
HV(PAV + VAP) + PAV = 0

(%V+ 1) PAV + (%) VAP = 0

Cp
(—) PAV + VAP =0
Cy

2] TAP, AVHIRHR - dV




This is a separable first order ODE of the function P (V).

dP P dy  P(x)
dv |4 dx Q(y)
14 P
1 1 o .
1% j VdV = — j P dP P, = P(V;) is just initial condition.
Vi P;

y (In V)\Zi = — (lnP)|l:

y(nV —InV;) = —(InP —InP;)

n(z) =r-n(5)
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FIGURE 17.8 Chinooks,
warm dry winds, occur
when high-altitude air
descends and is adiabatically
warmed.

Cold moist air

4
N

worm >~ T
moist arr ey ~—
—

is compressed into a smaller volume and is appreciably warmed (Figure 17.8).
fect of expansion or compression on gases is quite impressive.*

Arising blob cools as it expands. But the surrounding air is cooler at increz
evations also. The blob will continue to rise as long as it is warmer (less dense) tl
surrounding air. If it gets cooler (denser) than its surroundings, it will sink. Unde
conditions, large blobs of cold air sink and remain at a low level, with the result t
air above is warmer. When the upper regions of the atmosphere are warmer tt
lower regions, we have a temperature inversion. If any rising warm air is less
than this upper layer of warm air, it will rise no farther. It is common to see evidt
this over a cold lake where visible gases and particles, such as smoke, spread out
layer above the lake rather than rise and dissipate higher in the atmosphert
ure 17.10). Temperature inversions trap smog and other thermal pollutants. The s
Los Angeles often is trapped by such an inversion, caused by low-level cold air fr
ocean over which is a laver of hot air that moves over the mountains from the
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kV
dt m

VINITRE B RIS PR E v, e e — 1% %

L mgy _k
V(t) = Vye m" = (vyo +—g) e m

mgy k., mg
vy (t) = (vyo +T)e =t

= vyoe_ﬁt +— (e mt — 1)

g






y (m)  Baseball’s initial velocity:
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Method 1
&t & —{# Separable Equation

dvy
F =—g+ bvy

vy(t)

t
1
[
g — by,
0

Uy(O)

(a) Metal ball falling  (b) Free-body diagram
through oil for ball in oil

EERMEZHE 45 —EJ774 * integrating factor.



Method 2 R B P336

FrEUE R EE— XAy —Xor - k—X Gy > U (EERAYx i %q (x) -

R Hx i #q (x) (source term ) - fBEHomogeneous Equation ©
A HlfEInhomogeneous Equation » T HYAZELE 5 q Fr ¥ ERYHomogeneous EqtH[EE.

S Inhomogencous Eq ¢ q(x) = —g : oy k=,
dt m ~

iq(x) » EIETHomogencous Eq » 5t EIEMLATA TR - |
dvy k

Z Yy =0
dt +mvy



LAY A E(H @ Method 2 (Linear Equation, Integrating Factor)

dN
s
!

dN+I‘N—O
dt B

—I'N

MR EL I _Felt, called integrating factor!

G e
| iy IN = 0
© Tt

[E7=TF18 A] LR Bl — (B By i or |

d(eN) _ )
dt
FEpR B T R NI —{E L -
eltN =C N() = Ce™ Tt

Leibniz (1645-1716)




P336
&5 IR+ Integrating factor » method 2

dy B
v p(x)y = q(x)

The idea: multiply the left-hand side by an integrating factor a(x):

So that it becomes the derivative of a function ay(x). Leibniz (1645-1716)
dy dy _4 re 4N Ttpr — d(e"™N)
a+p(x)y ) a(x) dx‘l'P(X)a Y= 1x (ay) e — +Te''N = 7

: e a d
By chain rule, the conditionis: — — p(x)a = 0 — Tt — relt
dx dt
This is a separable ODE which we already know how to solve!
X
a(x) = exp lfp(x)dx
X0
This condition is actually the Homogeneous Eq with —p(x). dx oy =0

The integrating factor a(x) equals the inverse of the solution of the Homogeneous Eq.
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Multiply the whole equation by the integrating factor a(x):

d
D )y = )

dx l
dy
a— + apy = aq a(x) = exp jp(x)dx
W o o = CE
The equation is simplified: Cax T T Ty
d(ay) .
dx 4

We can then integrate both sides!

ay=faq(x)dx+C ) V= ¢ + . ja(x)q(x)dx
alx) a(x)

Again, there 1s an undetermined constant C in the solution as expected.



Apply the general solution to the Equation of v), by comparing:

dv, ko dy, oo
it “m?>»_ 9 = M)y =q()
k
a(t) = exp U;ldt} = Q%t a(x) = exp U p(x)dx]
vy, (t) = OO j a(t)g dt fa(x)q(x)dx
= Ce_%t — ge

_k dv k
The first term Ce " is the solution of the homogeneous ODE. d_ty + - vy, =0

The second term 1s one of the solutions of the inhomogeneous ODE.
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Solutions of Linear inhomogeneous ODE equals one solution of the

inhomogeneous ODE plus the solution of the homogeneous ODE.






dy B
v p(x)y = q(x)

C 1 1
VEa e J a(x)q(x)dx =y +y, ) = B [— J p(x)dx]

dy
The first term ﬁ is the solution of the homogeneous ODE. Tx +p(x)y =0

The integrating factor a(x) equals the inverse of the solution of the Homogeneous Eq.
The second term 1s one of the solutions of the inhomogeneous ODE.

This 1s a general property of all linear ODE’s.



Solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution y; of the homogeneous ODE.

The difference between any two solutions y — y, of a Linear inhomogeneous
ODE equals a solution of the homogeneous ODE.
dy,

d
d—z +p(x)y = qx) — FM p(x)y, = q(x)
.

d(y — y3)
dx

+p(x)y —y2) =0

Yy — Yy, equals a solution y; of the homogeneous ODE.

Yy =Y1t+Y2
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dy B
—+p(y = q)

C 1
y = 2 (0) + (D) j a(x)q(x)dx
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First order Ordinary Differential Equation

% =f(,x)
oA / \
Separable Linear First order ODE
dy  P(x) dy
dx Q) 2 TPy =q(x)

there 1s an undetermined constant C

/ \

FE5T IR T4 integrating factor

Homogeneous ODE Non-Homogeneous ODE
dy
- — 0
7, TPy

Solutions of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution of the homogeneous ODE.
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1.5.3 Existence of Solutions

We defined an initial value problem for a first-order differential equation as
the problem

(IVP) { 2 = f(t.2), (1.27)

z(to) = wo.
Geometrically, solving an initial value problem means determining a solution

that passes through a specified point (tg, o) in the tz plane.
There are many interesting mathematical questions about initial value prob-

lems.

1. (Existence) Given an initial value problem, is there always a solution?
This i1s the question of existence. Note that there may be a solution even
if we cannot find a formula for it.

2. (Uniqueness) If there is a solution, is it the only solution? This is the
question of uniqueness.

3. (Interval of existence) If there is a solution, for which times ¢ does the
solution to the initial value problem exist?

Resolution of these theoretical issues i1s an interesting and worthwhile
endeavor, and it is the subject of advanced courses and books on differential
equations. In this text we briefly discuss the matters. The next three examples
illustrate why these are reasonable questions.



Example 1.36

The initial value problem

=avt-3, z(1)=2,

has no solution because the derivative of z is not defined in an interval contain-
ing the initial time ¢ = 1. There cannot be a solution curve passing through

the point (1,2). O

Example 1.37

Consider the initial value problem

' =2z, z(0)=0.

Both z(t) = 0 and z(t) = t? are solutions to this problem on the interval
—00 < t < co. Thus it does not have a unique solution. []

The following theorem, proved in advanced books, provides partial answers
to the questions raised above. The theorem basically states that if the right
side f(t,z) of the differential equation is nice enough in a domain in the tz
plane containing the point (o, zo), then there is a unique solution that passes
through the that point. A. Cauchy, in the 1820s, was the first to prove such an
existence theorem.



Theorem 1.38

Assume the function f(¢,z) and its partial derivative® f,(¢,z) are continuous
In a rectangle a <t < b, ¢ < x < d. Then, for any value tp iIn a < t < b and zg
in ¢ < & < d, the initial value problem

' = f(t, ),
{ 2(to) = o, (1.28)

has a unique solution valid on some open interval a < a < t < 8 < b containing

to. O

The theorem tells us nothing about how big the interval (a,3) is. The
interval of existence is the set of all time values for which the solution to the
iitial value problem exists. That interval may not extend out to the boundaries
of the rectangle. Theorem 1.38 is called a local existence theorem because it
guarantees a solution only in a neighborhood of the initial time t,. Notice that
to and zo have to lie in open intervals and not on the boundary of those intervals

(Figure 1.22).
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Figure 1.22 Solution to an initial value problem. The fundamental questions
are: (a) Is there a solution curve passing through the given point? (b) Is the
curve the only one? (¢) What is the interval (a, ) on which the solution exists?




