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Mathematical methods for application to problems in physics.
223 Mathematical PhysicsHELRUFY = K82 3 RE -
fRfssy 772 = Partial Differential Equation i T-EAE5 A &) JTFE R

AP (CEL Linear Algebra [a] &= 25 [EHVCEL

PSR

55 b B Functions of complex variables
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We will not insist on covering these mathematical topics comprehensively.
B ST & B2 S e By M SRR JER R - DU AR -

But we will insist on covering their physics as comprehensively as allowed.

IV R AL | B s SR Ae = B3 !

This is a physics centric course and is to show how mathematics can help us.

Y B EES 5 N2 N 1] 43 | They are inseperable.
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1

THE PHYSICAL WORLD IS
COMPREHENSIBLE

The most incomprehensible thing about the world is that it is com-
prehensible.*

The most incomprehensible thing about the universe is that it is comprehensible.

EEFEH > eI ED - B TR DI
A. Einstein



Albert Einstein

Albert Einstein in 1921

Born 14 March 1879
Ulm, Kingdom of
Wiirttemberg, German Empire

Died 18 April 1955 (aged 76)
Princeton, New Jersey, US

Residence Germany, ltaly, Switzerland,
Austria (present-day Czech
Republic), Belgium, United

s EBAEREA o

Citizenship Subiject of the Kingdom of
Wirttemberg during the

German Empire (1879-
1896)[no'(e 1]

Stateless (1896-1901)
Citizen of Switzerland (1901-
1955)
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1 The physical world is comprehensible 1

2 The laws of physics are the same here, there, and everywhere, the
same yesterday, today, and tomorrow 15

3 The world is quantum 28

4 Quantum fields forever: Einstein’s total love 72

5 Fearful symmetry: a universe full of symmetries 107

6 Einstein, the exterminator of relativity and the choreographer of
spacetime 134

7 Unity of forces in the universe 176

8 The Creator speaks the language of mathematics 208

9 Entropy and thermal agitation: all about sharing 236
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THE LAWS OF PHYSICS ARE

THE SAME HERE, THERE, AND
EVERYWHERE, THE SAME YESTERDAY,
TODAY, AND TOMORROW

The laws of physics are the same in heaven and on earth

From day one, the entire human race had looked up at the ethereal
moon floating there, all the while waxing and waning like the
tides. Newton alone among the multitudes realized that the moon
was falling.

Yes, falling, just like the apple!

On a moonlit night, the poet inside me trumps the physicist and
I can barely believe that the same law applies to that celestial ap-
parition as to a common rock. The full moon appears so still and so
round, serenely looking down at us. You are not alone if you find it
difficult to visualize the truth, that the moon is constantly falling,
pulled in relentlessly by the earth in the physics nerd’s version of a
fatal attraction. The unceasing and inexorable pull of gravity!

For interminable ages, the savants yakked about celestial mech-
anics and terrestrial mechanics, but after young Isaac had his
blinding insight under the apple tree, there was only one mechan-

$£158H, #3318 7%
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Moon

Isaac Newton

(1642-1727)
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1 The physical world is comprehensible 1

2 The laws of physics are the same here, there, and everywhere, the

same yesterday, today, and tomorrow 15

3 The world is quantum 28

4 Quantum fields forever: Einstein’s total love 72

5 Fearful symmetry: a universe full of symmetries 107

6 Einstein, the exterminator of relativity and the choreographer of
spacetime 134

7 _Unity of forces in the universe 176

8 The Creator speaks the language of mathematics 208

9 Entropy and thermal agitation: all about sharing 236
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THE CREATOR SPEAKS THE
LANGUAGE OF MATHEMATICS

[The universe] ... that great book which ever lies before our eyes ...
but we cannot understand it if we do not first learn the language
and grasp the symbols, in which it is written. This book is written in
the mathematical language, ... without whose help it is impossible to
comprehend a single word of it; without which one wanders in vain
through a dark labyrinth.*
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Galileo Galilei (1564-1642)
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GALILEO DESCRIBES HIS DISCOVERIES
TO THE CHURCH
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Moon

Isaac Newton

(1642-1727)
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Moon
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The Creator speaks the language of mathematics.
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I'he Creator speaks the language of mathematics

written in the mathematical language

Eugene Wigner: “The Unreasonable Effectiveness of Mathematics in the
Natural Sciences”

Opinions differ; Wigner’s remark either trivial or profound or both

CIbook edited by R. Mickens on the 50th anniversary of Wigner’s paper

The unreasonable effectiveness of symmetry in high energy physics”

4 physics. As far as I know, math doesn’t play a prominent role in

ylogenetic trees) and geol
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Maxwell's equations

I e e
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II. VXE-——§—B
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- VB =0
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Conservation of charge
(?p

Voji=
. or

Force law
F = g(E+ v X B)
Law of motion

2 (p) = F, where
dt

Gravitation .

mlmo
F=—-G— e,
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We will start with classical physics.

Ordinary Differential Equation & {57 HTEZ

1. Decay Equation, First order Linear Ordinary Differential Equation.

2. SHO, damped SHO and Forced Oscillation equation. Second order Linear ODE.

3. Coupled SHO. Systems of second order ODE’s.

4. Vectors, Matrices, linear Equation and Eigenvector Eigenvalue problem.



55" First order ODE, Decay Equation

28— Integrating Factor Second order linear ODE, SHM

ZEV0E Complex Number Solution of Linear ODE,

¥ 7 Inhomogeneous Solutions, Coupled SHM, Systems of ODE’s.

Y il W

=75 Matrix and Eigenvalue



%1+ Positive definite matrices System of ODE’s, Coupled oscillation for large
Z-+—F& Continuous limit and Wave equation

%" & Wave Solution, Vector Calculus

F+=F Vector Calculus

Z+PVUf Electromagnetic Wave Equation, Wave Equation

B F.E Seperation of Variables

FT77E HR=E



Partial Differential Equation.

1. Continuous limit of Systems of ODE and Wave equation

2. 3D Vector Calculus: Gradient, Divergence, Curl. Gauss’ Stokes Theorem.
3. Maxwell Equation by 3D vector calculus notations. Feynman Lectures V. 2 Ch. 1,2,3.
4. Electromagnetic Wave Equation. Partial Differential Equation.

5. Separation of variables. Fourier Series and Eigenvalue problems, similar with matrix.

Eigenvalue problems 72 {[& 57 B 5 IR |

55 {EEEE £/ ¢ Linear Algebra 43 1E(CEL
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N7 7727, Wave Equation will be the organizing topics of the first semester.
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...and the whale uses those reflected

sound waves to determine where the
swimming.

...those sound waves
fish is and what direction it is swimming

off a fish swimming toward
the whale...
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This 1s the identical equation of motion of all wave phenomena.
Identical equation leads to 1dentical solution. All wave systems have identical solutions.
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Initial Condition: FE4ERYZALE P (x, 0) > Eﬁ‘a%?é@ﬁﬁﬁﬁgaﬁ (x,0)
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The importance of wave equation goes beyond the above wave phenomena.

FI AN E dr 1P -

1 The physical world is comprehensible 1

2 The laws of physics are the same here, there, and everywhere, the
same yesterday, today, and tomorrow 15

3 The world is quantum 28

4 Quantum fields forever: Einstein’'s total love 72

5 Fearful symmetry: a universe full of symmetries 107

6 Einstein, the exterminator of relativity and the choreographer of
spacetime 134 ’ ‘

7 Unity of forces in the universe 176

8 The Creator speaks the language of mathematics

9 Entropy and thermal agitation: all about sharing
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3
THE WORLD IS QUANTUM

Mysterious and mystifying

Those who are not shocked when they first come across quantum
theory cannot possibly have understood it.*
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Originally Physicists expect the physical law for the quantum world are no
different from Newton’s mechanics. Electrons are no different from moon and
carth. We now know they are totally different. Quantum world is bizarre.
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THE WORLD IS QUANTUM

Mysterious and mystifying

Those who are not shocked when they first come across quantum
theory cannot possibly have understood it.*
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The Character of Physical Law | think I can safely say that nobody understands
quantum mechanics. Feynman 1960’s.

So do not take the lecture too seriously, feeling

that you really have to understand what I am going to
describe, but just relax and enjoy it.

GHAETFERRTHE . %S 1960's -
FRLUEHE SRR - BRSBTS -
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NOBODY UNDERSTANDS
ME: WHAT SHOULD |

DO?

i mindow!

X

By Filipe Bastos Posted on 10/01/2020 Posted in Difficult Emotions, Emotional Intelligence, Self-knowledge

Richard P.Feynman
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Six Easy Pieces: Essentials of Physics Explained by Its Most
Brilliant Teacher
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4% The Nobel Prize in Physics 1965
@@ Sin-ltiro Tomonaga, Julian Schwinger, Richard P. Feynman

The Nobel Prize in Physics 1965
Sin-Itiro Tomonaga
Julian Schwinger

Richard P. Feynman

£ y 9
Sin-ltiro Tomonaga Julian Schwinger Richard P. Feynman

The Nobel Prize in Physics 1965 was awarded jointly to Sin-ltiro Tomonaga, Julian
Schwinger and Richard P. Feynman "for their fundamental work in quantum
electrodynamics, with deep-ploughing consequences for the physics of elementary
particles"”.
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U, This first order diagram predict g = 2.

The following diagram gives the leading correction.

1

o &theory =1+(1159652187.9+8.8)x10™"

1 —
> Sexpei =1+(1159652188.4+4.3)x107"2
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FAST FACTS

PROTON VELOCITY:
99.9999991% of light speed

PROTONS PER BUNCH:
up to 100 billion

NUMBER OF BUNCHES:
up to 2,808

BUNCH CROSSINGS
PER SECOND:
up to 31 million, at 4 locations

COLLISIONS PER BUNCH
CROSSING:
up to 20

DATA PER COLLISION:
about 1.5 megabytes

NUMBER OF HIGGS PARTICLES:
1 every 2.5 seconds (at full
beam luminosity and under
certain assumptions about
the Higgs)

50
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7x10'? eV Beam Energy
10%* cm2s'  Luminosity

2835 Bunches/Beam
10" Protons/Bunch
T <
\

7 TeV Proton Proton
colliding beams

Bunch Crossing 4 10" Hz

. . NUMBER OF HIGGS PARTICLES:
Proton Collisions 10°Hz

Q 1 every 2.5 seconds

Parton Collisions e QK;\‘\X/.'

T @"q

S~ . I _ ) 7’| .

signals 10 Hz Ly e 2y fet

(Higgs, SUSY, ....) . jz O’o\q‘ %m_

w

51

Selection of 1 event in 10,000,000,000,000
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EUYV stands for extreme ultraviolet light, which produces the circuitry.
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You may say: How bizarre could the quantum world be be? Try me.
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ITonization limit

4.2 'The Hydrogen Atom

YYYYVYY

A

A

A

y

Balmer series
n—2
visible

Lyman series
n— 1
ultraviolet

__Ground state

-l |

r, = 16ag
n=4 v, = 0.5 X 10° m/s
/E4 = —0.8¢eV
;= 9ay
v, = 0.7 X 10° m/s
E,=—-15eV
r, = 4ag
v, = 1.1 X 10° m/s
E,=—-34eV

] =g
v, = 2.2 X 10°m/s
E, = —13.6eV
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PREDICTED
BEHAVIOR Longer
wavelength
A(nm) /‘ /‘ 486.1 656.3
Shorter
364.6 410.2 434.1 wavelength

PRIV IR TN E T IVRERRE —(EIEE T B BAHE R -



r, = 16a,
v, = 0.5 X 10° m/s
E,= —0.8eV

r; = 9ag
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By = =138V

r, = 4ag

v, = 1.1 X 10° m/s
E,= —-34eV

ry = ag

v, = 2.2 X 10°m/s
E = —136eV
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Prince Louie Victor de Broglie {E4f 48 =

Louis-Victor-Pierre-Raymond, 7th duc de Broglie (1892-1987)

House of Broglie
since 1600’s
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1942 — 2012

Demonstration of single-electron buildup of an
interference pattern

American Journal of Physics 57, 117 (1989); https://doi.org/10.1119/1.16104

A. Tonomura, J. Endo, T. Matsuda, and T. Kawasaki
* Advanced Research Laboratory, Hitachi, Ltd., Kokubunji, Tokyo 185, Japan

H. Ezawa
more...

ABSTRACT
TOPICS

The wave-particle duality of electrons was demonstrated in a

kind of two-slit interference experiment using an electron

+ Wave particle dustiy microscope equipped with an electron biprism and a position-
sensitive electron-counting system. Such an experiment has been
regarded as a pure thought experiment that can never be
realized. This article reports an experiment that successfully
recorded the actual buildup process of the interference pattern

with a series of incoming single electrons in the form of a movie.
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Now, we are looking at the detector plane on the
monitor. Bright spots appear here and there. These

spols indicate individual electrons.

> >l o) 008/1:08 B EanCiled

One electron double slit experiment by Akira Tonomura




Every wave has a wave equation.

Give me a wave equation for electrons.
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Schrodinger spent the Christmas break of 1925-1926 at the Villa Herwig at Arosa where
he intended to relax and enjoy the skiing. His mind was, however, consumed by his recent
researches at the expense of what should have been a period of relaxation. As he noted in
a letter to Willy Wien of 27 December 1925,

‘At the moment I am plagued by a new atomic theory...I believe I can write down a
vibrating system — constructed in a comparatively natural manner and not by ad hoc
assumptions — which has as its eigenfrequencies the term frequencies of the hydrogen

atom.’
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Fig. 7.1 The page from Schrédinger’s notebook containing the first appearance of the wave
equation for the hydrogen atom. The wave equation is just visible under the expression for
u. The loop diagrams with intricate loops around two points refer to the path for a contour
integration used to solve second-order differential equations by a method not in general use
today. The lower doodle seems to be concerned with jumps between Bohr orbits. (Used by



3 > - 5 — 1 e dy v 3 -
‘y A_’ e s S . J Aoy o B Fo— J,. “:—’,a’l« ) "*r’,_ % /o I o -(ﬁf 775‘ 7.‘J‘ v ¢ .4.,',,.' ¢ }.aj,’.f'.
fitabffihe * Pt 1P P —f e o | S 3 |
. - S -
s A - e e , - & FoER- Y |
Vg . Brssnneplt s Fphom 4 = A€ R e Iy 2 £op . 7 e Caf
- ¢ ; /{ e = 2 I‘?.’—EY - JJ..{J? p-?hu('.:'-n’/j}.ul,x.(r »"‘ : ”~
G T A oo \ ! v 4 c koo
- oLy L9 e - - . W
I3 iy */ , 3 I M' A 7 e S
; B = . ey _?/ ""f" A.l?_ e e . A SE— - L
- PRy b 2
. J > y A ) [ < -J?_) - D FET
- 7/t > - ): < # p—ff A",V'A ¥ . hd }" o 1
se 7 By ” AuhS / <
] L
AN S . - 4';? - dme S _*-‘,pc ]
y -~ F
ﬁ ;. . { ‘_J_ . i = L. - f’ 5 cl:nl L@ A " P é & P s '.‘r‘, i = el S
T 22 P e o ALy = Iw 2 ¥
/ 2, . . S S & T s
\l' M e, Sapp A NG~ 4 = 4 AL AN AR LT X
£, ¢ T G ey g | L R e/ Er T K‘ A ¥ -
e ,‘,!_‘ /.." ){b
) t . 4 _—":J - / _} 5 ‘,,' l{f |’“ g t If(- / frd 7R
. s LR | - .
- e / - G -'"l L gyt wed o (PP ki - P
i e ,f - venr | ety R wee i o fi —_— . s o —rre i
- S '! L3 !
o, 8- sl W v - Iy [ AP Ry -1 £ir. e e S 23 - 4P . S
) € .-.«/r" - P ay w fany fo = il é‘" e’
X 5. ;a, oh f' - —a rdL e A B ] i P
= P # g .
Fufg o B s i ophms - preds pret-tie <ta fi e
. Awey
e /3}! |+ BN s 2 s -
A /i T R S S
7 S TIMAL R S T I SRS 4 B e k .
> v ’ iwm '
= ’ /{,_’:'." : : :-c VA 5’ I, s M ¥ a a Pt , Ak gt
. ] 3 [ P Wy - o o’ e > T
- i D P . —e. & - - Ay o . A | fare -
7 PR S | Yot J A . : j"& G o ¥ e ; < o .
T I i AL Ju"&"# s
o~ 4 v A £ 3 -
79 Lo p? B By v Y g ) teonid . g 743 ) Sy
CA— m——n wny Syt | P i / ’ ‘/ L e ® p / T/ e * 4§ KFafa = &
bogosd s o Pk Arl0 R gt p N Lage, M
e A AP ” . . .
s - - -- P il
pns -t Ak )’f S cmma e= Ned, & i aw —m-§f Fe = A v /o) Fo®oa Fpia ; - A
g RSN g ’ - - e
. \ . L
- o — Ml S ofbhe.  E- LA s X r PV & T S 82
- | - & | ~ I - oL “ T,
""7“" - f} ML > PTG X, ,.d:f e ; Al 2 1(.7,,_4' R o / - -
o g F. 4
g T ‘
S

Abbildung 9. Double page from Schriodinger’s notebook that very probably served as the
basis for his first communication on wave mechanics (Schrédinger, 1926b) and can thus

be dated to late 1925 or early 1926. On an earlier page of this notebook, Schrédinger had



A total of four papers in 1926

1926. M 6.

ANNALEN DER PHYSIK.

VIERTE FOLGE. BAND 79.

1. Quantisierung als Eigenwertproblem;
von E, Schrédinger,
(Zweite Mitteilang.)?)

§ 1. Die Hamiltonsche Analogie zwischen Mechanik und Optik.

Bevor wir daran gehen, das Eigenwertproblem der Quanten-
theorie fiir weitere spezielle Systeme zu behandeln, wollen wir
den allgemeinen Zusammenhang niher beleuchten, welcher
zwischen der Hamiltonschen partiellen Differentialgleichung
(H.P.) eines mechanischen Problems und der ,zugehdrigen®
Wellengleichung, d. i. im Falle des Keplerproblems der Glei-
chung (5) der ersten Mitteilung, besteht. Wir hatten diesen
Zusammernhang vorliufig nur kurz seiner #uBeren analytischen
Struktar nach beschrieben durch die an sich unverstindliche
Transformation (2) und den ebenso unverstindlichen Ubergang
von der Nullsetzung eines Ausdrucks zu der Forderung, daB
das Raumintegral des niimlichen Ausdruckes stationdr sein soll.?)

Der innere Zusammenhang der Hamiltonschen Theorie
mit dem Vorgang der Wellenausbreitung ist nichts weniger
als neu. Er war Hamilton selbst nicht nur wohlbekannt,
sondern bildete fir ihn den Ausgangspunkt seiner Theorie der
Mechanik, die aus seiner Optik inhomogener Medien hervor-
gewachsen ist.?) Das Hamiltonsche Variationsprinzip kann

1) Siehe diese Annalen 79. S. 861, 1926. Es ist zum Verstiindnis
nicht urbedingt nitig, die erste Mitteilung vor der zweiten zu lesen.
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Figure 4.8: Density plots for the first few hydrogen wave functions, labeled by (2, £, m ). Printed by
permission using “Atom in a Box” by Dauger Research. You can make your own plots by going to:

http://dauger.com.




3. Quantisierung als Eigenwertproblem;
von E. Schrodinger.

(Erste Mitteilung.)

§ 1. In dieser Mitteilung md«
fachsten Fall des (nichtrelativistise
stoffatoms zeigen, daf die iibliche
durch eine andere Forderung ers
von ,ganzen Zahlen® mehr vork
die Ganzzahligkeit auf dieselbe
Ganzzahligkeit der Knotenzahl el
neue Auffassung ist verallgemeine
glaube, sehr tief an das wahre W

Die iibliche Form der letzi
tonsche partielle Differentialgleit

a8
(1) H (9: -8-2—)
Es wird von dieser Gleichung
gich darstellt als Summe von Fur
unabhéingigen Variablen g.

Wir fihren nun fiir § eine
daB 4 als ein Produké von eingrifl
Koordinaten erscheinen wiirde.
@) §=KJ
Die Konstante £ muB aus dime
werden, sie hat die Dimension ein

’ X
() H(g, 5,

Wir suchen nun nickté eine Lisu

3. Quantisation as an eigenvalue problem;
by E. Schrodinger*

(first communication.)

B bRV RS g BB B A BB — R H 23R |

§ 1. In this communication I would like first to show, in the simplest case of the
(non-relativistic and unperturbed) hydrogen atom, that the usual prescription for
quantisation can be substituted by another requirement in which no word about

“integer numbers” occurs anymore. Rather, the integerness! emerges in the same
natural way as, for example, the integerness of the number of knots of a vibrating
string. The new interpretation is generalisable and touches, as I believe, very
deeply the true essence of the quantisation prescription.

‘1T'he usual form of the latter 1s tied to the Hamiltonian partial differential equa-
tion:

(1) H<qg—z>:E




Wir werden fiir # zuniichst die Hamiltonsche Funktion
der Keplerbewegung nehmen und zeigen, daB die aufgestellte
Forderung fiir alle positiven, aber nur fiir eine diskrete Schar
von megativen FE-Werten. erfiillbar ist. D. h, das genannte
Variationsproblem hat ein diskretes und ein kontinuierliches
Kigenwertspektrum. Das diskrete Spekirum enfspricht den
Balmerschen Termen, das kontinuierliche den Energien der
Hyperbelbahnen, Damit numerische Ubereinstimmung hestehe,
mub X den Wert %2/2% erhalten.

Da fir die Aufstellung der Variationsgleic d? l/)E 2m
Koordinatenwahl belanglos ist, wihlen wir rechtwis x2 R V(x) — E]-Yg
tesische. Dann lautet (1°) in unserem Fall (¢, m Siuu ssauuug
und Masse des Elektrons): |

o [ @2+ @)+ BT - )wmo.
r=Va4y2422.
Und unser Variationsproblem lautet

(3) { 0 = afffdxdydz[(_g%)z_!_ (g_;f)s'i‘ (_g%)zh
_m(ﬁ’q_ )¢2]=0’ _

das Integral erstreckt iiber den gamzen Raum. Man findet
daraus in gewohnter Weise

" | V16J—fdf5¢ —fffdzdydz3¢[4w+
| l +~K_’(E+"F)‘P]=O-

Schrodinger Equation

Es muB also erstens | - .
(8) , qu—]_—%(lf}-}- e—)y;:O

r
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Quantisierung als Bigenwertproblem. 371
§ 2. Die Bedin
i 4th excited

(19) i '
Es ergeben sich also die wohlbekannten Bohrschen Energie- 800 -
niveans, die den Balmertermen entsprechen, wenn man der i
Konstante X, die wir in (2) aus dimensionellen Griinden ein- s Rl
fithren muBten, den Wert erteilt i 600 - E,
(20) K= i
Dann wird j& . 4 S 2nd excited i
(19') —E = 2.'___“}&,";, e, 3 2
Unser I ist die Hauptquantenzahl. = -1 hat Analogie mit 200 14 excited
der Azimutalquantenzahl, die weitere Aufspaltung dieser Zahl _ -
bei der niheren Bestimmung der Kugelfiachenfunktionen kann i o g
mit der Aufspaltung des Azimutalquants in ein siquatoriales”
und ein ,polares® Quant in Anslogie gesetzt werden. Diese B T-REfE

Zahlen bestimmen hier das System der Knotenlinien auf der
Kugel. Auch die ,radiale Quantenzahl,” !—n — 1 bestimm®b
genau die Zahl der ,,Knotenkugeln®, denn man kann sich leicht
iiberzeugen, daB die Funktion f(z) in (18) gemau I—n—1
TAUSEN
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Quantization as an Eigenvalue Problem 1926
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3. Quantisierung als Eigenwertproblem;
von E. Schrodinger.

(Erste Mitteilung.)

§ 1. In dieser Mitteilung md«
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3. Quantisation as an eigenvalue problem;
by E. Schrodinger*

(first communication.)
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§ 1. In this communication I would like first to show, in the simplest case of the
(non-relativistic and unperturbed) hydrogen atom, that the usual prescription for
quantisation can be substituted by another requirement in which no word about

“integer numbers” occurs anymore. Rather, the integerness! emerges in the same
natural way as, for example, the integerness of the number of knots of a vibrating
string. The new interpretation is generalisable and touches, as I believe, very
deeply the true essence of the quantisation prescription.

‘1T'he usual form of the latter 1s tied to the Hamiltonian partial differential equa-
tion:

(1) H<q(())—‘2>:E




1.1 The Schrédinger Equation

Imagine a particle of mass m, constrained to move along the x axis, subject to some specified force F'(x, )

(Figure 1.1). The program of c/assical mechanics is to determine the position of the particle at any given time:

x(f). Pnce we know that, we can figure out the velocity (v = dx/df), the momentum (p =mv), the

kinetic energy (T ={1 /2)m uz), or any other dynamical variable of interest. And how do we go about
determining x (f)? We apply Newton’s second law: ' — jpq. (For conservative systems—the only kind we
shall consider, and, fortunately, the only kind that occur at the microscopic level—the force can be expressed as

the derivative of a potential energy function; F =—gV/dx, and Newton’s law reads

m d*x/dt> = —aV/ox-) 'll'hjs, together with appropriate initial conditions (typically the position and

velocity atf — ()), determines x(f ).

52 4R 1E 72 Newtonian MechanicsHYEL AR B & 5 |

m

— [lx.i)

QO >

xir)

Figure 1.1: A “particle” constrained to move in one dimension under the influence of a specified force.



Quantum mechanics approaches this same problem quite differently. In this case what we're looking for

is the particle’sjwave function, W/(x, f ), jand we get it by solving the Schrédinger equation:

W K2 82w =1 /72 Quantum MechanicsfyE A EHZE = | (1.1)
'h—aT = T 2m ox2 + VW It is the wavefunction )i/ pf#5 we use to describe electron.

Here i is the square root of — | , and }; is Planck’s constant—or rather, his origina/ constant (4) divided by 2:

J
b= = 1054573 x 10-34 ] s,
2

(1.2)

The Schrodinger equation plays a role logically analogous to Newton’s second law: Given suitable initial
conditions (typically, ¥(x, 0)), the Schrodinger equation determines W (x, ¢) for all future time, just as, in

classical mechanics, Newton’s law determines x () for all future time.2
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It 1s the beginning of a new age!

The way quantum world works is totally different.
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Schrodinger Wave Equation is a Partial Differential Equation very similar to
classical wave equation.

9%y 1 9%y

0x2 2 0t2

The technique to solve them and their solution are very similar, too.

The technique: Separation of variables and Eigenvalue problem.

Quantisation as an eigenvalue problem;
by K. Schrodinger*
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What is the wavefunction W exactly? Could we observe it?

Since it 1s a complex number function, we can never observe it.
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We conclude the following: The electrons arrive in lumps, like particles, and
the probability of arrival of these lumps is distributed like the distribution of
intensity of a wave. It is in this sense that an electron behaves “sometimes like a

particle and sometimes like a wave.”
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Electron is a particle and a wave.

It 1s impossible to be both particle and wave.
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It 1s impossible to be both particle and wave. Unless.......
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Ordinary Differential Equation & ffl5r 2=

1. Decay Equation, First order Linear Ordinary Differential Equation.

2. SHO, damped SHO and Forced Oscillation equation. Second order Linear ODE.

3. Fourier Series. Vectors.

4. Coupled SHO. Systems of second order ODE’s.

5. Vectors, Matrices, linear Equation and Eigenvector Eigenvalue problem.



Partial Differential Equation.

1. 3D Vector Calculus: Gradient, Divergence, Curl. Gauss’ Stokes Theorem.
2. Maxwell Equation by 3D vector calculus notations. Feynman Lectures V. 2 Ch. 1,2,3.
3. Electromagnetic Wave Equation. Partial Differential Equation.

4. Separation of variables. Fourier Series and Eigenvalue problems, similar with matrix.

Eigenvalue problems 72 {[& 57 B 5 IR |
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5. Quantum mechanics basics: Particle, wave and probability interpretation.

6. Schrodinger Wave Equation.

7. Separation of variables. Fourier Series and Eigenvalue problems, similar with matrix.
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(Quantisation as an eigenvalue problem;
by K. Schrodinger*
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Figure 4.8: Density plots for the first few hydrogen wave functions, labeled by (n, €, m ). Printed by
permission using “Atom in a Box” by Dauger Research. You can make your own plots by going to:

http://dauger.com.
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Ry 2= Partial Differential Equation
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Physics and mathematics grew up together, intertwined, until they grew

apart towards the end of the 19th century.

One of many reasons is the rise of rigor, which even the likes of
Hermite denounced. Landau and Lifschitz: “self delusion”.

Einstein: “more or less dispensable erudition”.

With string theory, they are coming together again.

Physics needs mathematics, no question: before string theory, the last
three major episodes being partial differential equations for
electromagnetism, differential geometry for gravity, and group

But it is striking that for most purposes in physics, other than proving
rigorous results, Mother Nature seems to have taken only the first t‘e\av
weeks of an undergraduate level course in each of these subjects. (I am of
course speaking of the “working class of theoretical l)hysici;[s” “ala
Feynman which I belong to and was trained in at Princeton )
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