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This is ground breaking since pion would be first fundamental particle not existing in nature.

This 1dea of mediation particle as interaction become a paradigm.
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https://www.youtube.com/watch?v=-TQK7FHIOgU
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Three-Triplet Model with Double SU(3) Symmetry*

M. Y. HanN
Department of Physics, Syracuse University, Syracuse, New York

AND

Y. NaMBU

The Enrico Fermi Institute for Nuclear Studies, and the Depariment of Physics,
The University of Chicago, Chicago, Illinois
(Received 12 April 1965)

With a view to avoiding some of the kinematical and dynamical difficulties involved in the single-triplet
quark model, a model for the low-lying baryons and mesons based on three triplets with integral charges is
proposed, somewhat similar to the two-triplet model introduced earlier by one of us (Y. N.). It is shown
that in a U(3) scheme of triplets with integral charges, one is naturally led to three triplets located sym-
metrically about the origin of 75-V diagram under the constraint that the Nishijima—Gell-Mann relation
remains intact. A double SU(3) symmetry scheme is proposed in which the large mass splittings between
different representations are ascribed to one of the SU(3), while the other SU(3) is the usual one for the mass
splittings within a representation of the first SU (3).
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= E#E 72 QCD Quantum Chromodynamics
Strong interaction is a SU(3) gauge theory.

What are the triplets of strong SU(3)? Color triplets of quarks.

ONE
@ (4

SU(3) U are 3X3 special unitary matrices.

Hermitian and Traceless HY3X34E[HAR /(A4 EREILA B a1—-g (B EHLEEEE

@ TP| = ie®*“T*. For SU(3) the generators are often written in a standard

These satisfy |
$A%, with \* and \® diagonal (the Gell-Mann matrices):

basis 7' =

0 1 0 —i 1 1
AM=1[1 o0 .o X=1|i o0 A= —1 o2t = 0 ,
0 0 0 1



SU(2) Gauge symmetry SU(3) Gauge symmetry

. 8
W(x) — exp <—%r : a(x)) Y(x) W(x) - exp —%; Aat (x) |W(x)
a(x) = (a'(x), a?(x), a3 (x)) ai=178(x)
(Wi w2 W) =w, Gy~ (x)

Gluon

) =(b+b0/V2  |5)=—i(rg —gP)/v/2
) = —i(rb— b7)/v/2  16) = (bg + gb)/~/2
3) = (T —bb)/v/2 |7} = —i(bg — gh)/~/2
)= (E+gf)/v2  18) = (r7+ bb—2g8)//6 |

poly fill for
minimum ma

$10.49 rssurmne

GGGGG

fPARTICLEZ! 0 | FHAE Localization




Br-Ia /Ul > Bkl 6 MiEFtE ek SUG)HYOctet ©

Gluons, combinations of color and anticolor, form an octet of color SU(3).

Aerylic felt with
poly fill for
minimum mass

9000000000000

Antigreen Antiblue SLUON
SPARTICLEZ0

)= (rb+b7)/V2  |5) = —i(rg — g7)/~/2
12) = —i(rb — b7)/v/2  |6) = (bg + gb)/~/2
) = (rF—bb)/v2  |7) = —i(bg — gb)/~/2
)= (rg+g7)/v2  |8) = (r7 + bb — 2g8)//6 |
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To quantize non-abelian gauge theory, it is convenient to introduce a scalar fermion.

One ghost field for each gauge boson.

ghost propagator is
idab
h ccoococopmecococoo (1 _— 2—

p P + 1€

The ghost vertex Feynman rule 1s
;b
% — __qfabcop
o 9/""p
C o0 P %o 0
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The transition amplitude for the decay of 4: A - B + C

the amplitude of BC in the long future which evolves from A4 in the long past.

(BC|U (0, —0)|A)

The transition amplitude for the scattering of 4: A+ A > B + B
(BB|U (00, —0)|AA)

The amplitude is the corresponding matrix element of the operator U (oo, —0).
S = U(oo,—0o0) S operator 1s the key object 1n particle physics!
To calculate amplitudes we make an important, and slightly dodgy, assumption:

Initial and final states are eigenstates of the free theory

This means that we take the initial state |i) at ¢ — —oo, and the final state |f) at
t — +o00, to be eigenstates of the free Hamiltonian Hy. At some level, this sounds
plausible: at t —+ —oo, the particles in a scattering process are far separated and don’t
feel the effects of each other. Furthermore, we intuitively expect these states to be
eigenstates of the individual number operators N, which commute with Hy, but not
H;:. As the particles approach each other, they interact briefly, before departing again,
each going on its own merry way. The amplitude to go from |é) to |f) is

Lim  (f|U(te,t_)|i) = (f| S|i) (3.26)

t+—+o0
where the unitary operator S is known as the S-matrix. (S is for scattering). There
are a number of reasons why the assumption of non-interacting initial and final states

1s shaky:



e Obviously we can’t cope with bound states. For example, this formalism can’t
describe the scattering of an electron and proton which collide, bind, and leave
as a Hydrogen atom. It’s possible to circumvent this objection since 1t turns out
that bound states show up as poles in the S-matrix.

e More importantly, a single particle, a long way from its neighbors, 1s never alone
in field theory. This is true even in classical electrodynamics, where the electron
sources the electromagnetic field from which it can never escape. In quantum
electrodynamics (QED), a related fact is that there is a cloud of wirtual photons
surrounding the electron. This line of thought gets us into the issues of renormal-
1zation — more on this next term in the “AQFT” course. Nevertheless, motivated
by this problem, after developing scattering theory using the assumption of non-
interacting asymptotic states, we’'ll mention a better way.

S operator can not be solved exactly.

But it can be calculated in a perturbative expansion.



Perturbation expansion of U to solve the equation:

%U(t, to) = —1 Hj- U(t, to) B0 L, = A¢4(x) +9- 1/7(x)1/J(x)¢(x)

Solve it by a perturbation expansion in small parameters like 4, g in H,.
U=UO® +y@® 4 ... U™ o« A" or g™

U® =y =0)=1 No interaction X2 G F I » RIFIRAERSE -
To leading order in 4, g :

d
EU(D = —i HiU® = —iH, H < Adorg

t
UMD (¢t t,) = —i | dt’' Hi(t) This is called Born Approximation.

to

UD (00, —o0) = M) = —; j dt’ Hy(t)

In leading order, S equals time integration of the interaction Hamiltonian Hj.
S operator {F485-1H % A Interaction Hamiltonian Hy ¥iHS fEJAVAE 47 |



The interaction Hamiltonian H; can be written in terms Hamiltonian density.

co

S = _; jdtHl(t) = fdtjd%wfl @) = i fd4xz;1 )

— 00
To leading order, S matrix equals
the spacetime integration of the interaction Lagrangian density.

It 1s Lorentz invariant if the interaction Lagrangian density 1s invariant.



Vertex
In ABC model, every particle corresponds to a field:

A—- ¢pi(x) = A(x) etc

Add the following interaction term in the Lagrangian:

£1(x) = g AGBE)C(X)

The transition amplitude for 4 decay: A(p;) — B(p,) + C(p3) can be computed as :

(BC|U (00, —0)|A) = (BC|S|A)

To leading order:

(00) (00)

S=i f d*x Li(x) =i J d*x g A(x)B(x)C(x)

—00 — 00

(B(B2) C(B3)ISIABL) = (B(B2) C(B5)|[ig ., d*x g AC)B(x)C()]|AFBL))



%e lpx_l_a'telpx) . —Lp/x_l_b'l' prx)

d3p
.[1/20) (2n)3 P

d3 wdd/
j e —ip pIxX 4 A '|' Lp//x)
p/l

w/Za)p,,(Zﬂ)3 o

There are 8 terms, but only the one that match particles in process will survive.

A ~T ~ ~t A N
~ (aﬁ —+ aﬁ) . (bﬁ, —+ bﬁ,) . (Cﬁ,, + Cﬁ,,)

3 ->I
JJZ(UP,(ZT[)B

(B(B,) CB3)|[ig [, d*x g AX)B(x)C(0)]|A®B)
4l
bt o
pl

(BC(B5)\¢},, = (Bl (2m)? /Zw,,,, 5@ - Bs)

a514(5)) =10)2m)? 2w, - 6°(F ~ i) N )
(BG)IBE, = (01@n)* 20y, - 53 ~ 2)

~{(0]0)~1
HAAYTEEREZE | All the rest terms vanish.



d°p ; j TP efrsd5 - 5y)
,/Za)p(Zn)?’ [‘ ® - 7] ,/pr,(Zn)B p b2
d3 ' ->//_
j,/Za)p,,(Zn)?’ pg)]

(B(B,) C(B3)|[ig J-. d*x g /Tm%(x)%(x)] |ABY))

/\-l- A
o - C—>
P1 bpz P3

. : : a This 1s the only surviving term.
The remaining numerical factor is:

. ; —i 3 C i - - - ; _l'\ _ — “}., . 47, ) ) -
ig [ d*x e™P1¥ g'P2X piPa¥ = jg [ d*x e~ "'"P17P2 7P X = [55%(p, — P, — P3)

Momentum Conservation

ig The amplitude 1s represented by this diagram.



For a toy ABC model

Three scalar particle with masses m , mg ,mc

— > D;

External Lines

Lines for each kind of particle with appropriate masses.

C
ik2 —ig

(27T)4 . 64(1(1 + kz + k3)

Vertex

A k, ks\
AN

The configuration of the vertex determine the interaction of the model.



L) = gA)B()C(x) -

C~ (65,, + 6;-;//) B~ (Eﬁ, + Bg,)

Interaction Lagrangian vertex

Every field operator in Ly corresponds to one leg in the vertex.

Every field is a linear combination of ¢ and a®™ ~ (aﬁ + ag)

Every leg of a vertex can either annihilate or create a particle!

This diagram 1s the combination of 8 diagrams!



L1(x) = g A(x)B(x)C(x)

i jd“ng(x)B(x)C(x)

Interaction Lagrangian vertex

The Interaction Lagrangian is integrated over the whole spacetime.
Interaction could happen anywhere anytime.

The amplitudes at various spacetime need to be added up.
ig [d*x e™P:¥ eiP2¥ oaX — jg [ d4x e 1P1P2~Pa)* — {554 (p, — p, — p3)

The integration yields a momentum conservation.

In momentum space, the factor for a vertex is simply a constant.



Ly = Ap* I >\

Interaction Lagrangian Vertex

"3¢—|-

Every field operator in the interaction corresponds to one leg in the vertex.

Every leg of a vertex can either annihilate or create a particle!



The whole series of operator U can be explicitly written in this notation:

t
(—l') jdtldtz o dt, T[H(ty) - Hi(ty) -+ Hi(t,)]

to

UM(t, t,) =

The whole series can be summed into an exponential:

0 T t
U(t, ty) = Z 0 J dtydt, --- dt, T[Hy(t) - H(ty) -~ Hy(t,)]

n=1 to
- t

:ZT( 2 j dtydty - dty [Hi(tr) - Hi(ty) - Hi(t)]
n:)1 ( -)n o t n t

:ZT ! j de (1] | =7 |exp| - j dt [H;(0)]
n= tO t

Freeman Dyson, 1923



The proof is so simple. From Tong’s notes.

U(t,to):l—z'/ dt' Hi(t") + (— /dt/ dt" Hi(t"H;(t")+... (3.23)

to

Proof: The proof of Dyson’s formula is simpler than explaining what all the nota-

tion means! Firstly observe that under the T sign, all operators commute (since their
order is already fixed by the T sign). Thus

i% T exp (—z'/t: dt' HI(t’)> =T [H,(t) exp (-z’ /t: dt’ H,(t’))]
— Hy(t)T exp (—z' /t: dt HI(t’)> (3.24)

since t, being the upper limit of the integral, is the latest time so H;(t) can be pulled
out to the left. O]

Before moving on, I should confess that Dyson’s formula is rather formal. It is
typically very hard to compute time ordered exponentials in practice. The power of
the formula comes from the expansion which is valid when Hj is small and is very easily
computed.



|

1 (o) (0]
S(Z) — U(Z)(OO, —OO) =S _E j d4x1 J d4x2 T[Ll(xl) y LI (xz)]

Amplitude for scattering A+ A4 —> B+ B

(B(p3) B()ISIA(p1) A1)

& N

‘ [ffooo d*x,d*x, T|g C(x) g (f(xz)]] ‘ >
e ~lP1X2 / e P2Xq

- j d*xyd*x; e P17Pa) ¥z o =i PAPa) %1 (0|T[C (1) C (x2)]|0)

N l

Fourier Transformation Propagator between x; and x,

pi-p3 pour into C at x, p,-p4 pour into C at x;



Why is it called propagator?
t, > t,

(0|T[CCeC ] |0) = (0] e |0}~ (0](a + at), - (a+a"), |o)
— S)

A particle 1s created at x, and later annihilated at x;.

It 1s indeed a propagator?

B(ps) B(p,)

/ Xy
X5

C

A(p,) A(p,)



t, > t;

(0|T[CCe)E@][0) = (0]C L))o}~ o|(a + at), - (a+ah), |o)

A particle 1s created at x; and later annihilated at x,.

B(p;) B(p,)

C\Xl

A(p)) A(p,)




oo

(B(B3) BBLISIAGDAB)) = f d*xid*x; e HP17Pa) ¥z o=iP2=Pa) X1 (0|T[C (1) C (x2)]|0)

— 0o

B(p;) B(p,) B(p,) B(p,)

X, %,
A(py) A(p,) A(p)  Alpy)

This construction ensures causality of the process.
It 1s actually the sum of two possible but exclusive processes.

Every Interaction vertex is integrated over the whole spacetime.

Interaction could happen anywhere anytime.

And amplitudes need to be added up.



3"’
= —ip’ ~T = ip'x
lp(x) - -[ élsvﬁ, Se lp 2 + Cl—>,u—>lse p )
J2w, (2n)3 P pP
d3 wdd)
U _ R li ip''x 4 At H Lp”x)
= [ i i

~ ~T A ~t A AT
~ (bﬁ, + aﬁ,) . (aﬁ + bﬁ) . (Cﬁ,, + Cﬁ,,)

Themﬂmmamcles in process will survive.
(B(q2) C)|[ig S, d*x $(x)yHh(x)Au()]|A(GL)

gt t

dq, Qg a; This 1s the only surviving term.
(00
ni 1 1S° : 4 iq2X ,—1q1X ,—IDX (55, -~ Mhqy_, U
The remaining numerical factor is: |ig f dix eld2Xe~l01%p (uqst uqls)eﬁs
—00

Momentum Conservation
ig [ d*x e P1* eiP2¥ g3 = jg [ dix e I PrP2 P = 554 (p, — p, — )
The amplitude is represented by this diagram.

ig (ﬁ Syﬂuchs)gps ;} lgy#



L = POV PAE) gy

qd1 q2

Interaction Lagrangian Vertex  igy"

Every field operator in the interaction corresponds to one leg in the vertex.

Every leg of a vertex can either annihilate or create an antiparticle!

This diagram 1s the combination of 6 diagrams!

The Interaction Lagrangian is integrated over the whole spacetime.

Interaction could happen anywhere anytime.

The amplitudes at various spacetime need to be added up.

The integration yields a momentum conservation.

In momentum space, the factor for a vertex is simply a constant.



EE #Z{LEF Renormalization Group

QUANTUM FIELD
THEORY and the
STANDARD MODEL

Matthew D. Schwartz
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la.1 Local Quantum Field Theory

Local field theory is a useful idealization. The only way we know to describe the quantum me-
chanical interactions of a finite number of types of particles in ordinary space-time is in a local
quantum field theory characterized by a local Lagrangian density, with the interactions described
bv products of fields at the same space-time point.!

We strongly suspect that this picture is only approximate. It would be astonishing if our naive
picture of the space-time continuum, or quantum mechanics, or anything else that the human mind
can imagine, continued to make sense down to arbitrarily small distances. However, relativistic

quantum mechanics appears to be an excellent approximation at the distance we can probe today.
It is hard to see how deviations from the rules of relativistic quantum mechanics could have failed
to show up in any of the myriad of experiments at high energy accelerators around the world,
unless they are hidden because they are associated with physics at very tiny distances. Thus we
are justified in adopting local quantum field theory as a provisional description of physics at the
distances we can probe for the foreseeable future.

Naive QFT does not make sense.
Intrinsically QFT needs to be modified to be even an approximation of nature.

This modification 1s regularization (make it finite) and renormalization (remove o).




Renormalization group is a group, trivial group: scaling 4g /<.

MAP980404

Renormalization group should have been called renormalization ambiguity.



Starting point 1s calculation of 1PI diagrams. We’ll take QED vertex as example.

It could be proven: if 1PI is finite, we are safe, ie. all green functions are finite.

—tegpl* = @

1PI diagrams usually starts with a coupling g, a perturbation parameter.

s

ZO.[.LI/

2Mme

TH(p) = Fy(p*)y* + puFa(p?).

Part F, of the contribution with magnetic moment Dirac structure g,,, 1s finite.

2

, 1
Fy(p?) = jRQ / Prdlc+y+z—1)
A2 |,

2(1 — z)m%

(1 — 2)2m3% — zyp?

+0(eg).  (19.46)

In particular, F5(0) = 5, which led to a prediction for the anomalous magnetic moment

of the electron: g — 2 = 2F5(0) = =. Since this correction was finite, no counterterm was
needed.



BT BB RN E THYM BT R AR |

B - e, e
— —— S = —q—=

o Hs - g om
S

e

? ;
e
/

U, This first order diagram predict g = 2.

The following diagram gives the leading correction.

1

5 Stheory = 1+(1159652187.9£8.8)x 107"

1 —
> Sexpei =1+(1159652188.4+4.3)x 107"
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1% The Nobel Prize in Physics 1965
b Sin-Itiro Tomonaga, Julian Schwinger, Richard P. Feynman

The Nobel Prize in Physics 1965
Sin-ltiro Tomonaga
Julian Schwinger

Richard P. Feynman

\

~
Sin-Itiro Tomonaga Julian Schwinger Richard P. Feynman

The Nobel Prize in Physics 1965 was awarded jointly to Sin-ltiro Tomonaga, Julian
Schwinger and Richard P. Feynman "for their fundamental work in quantum
electrodynamics, with deep-ploughing consequences for the physics of elementary
particles”.

Schwinger use Coulomb gauge V - A = 0 to calculate. Not sure it is Lorentz invariant.
Feynman starts with a manifestly Lorentz formalism to calculate. But nobody

understand what he was computing. 52



RG in Cutoff Regurization B8 8L EFAEEL LB = (FAAL

: : L Schwartz 19.3
Part F; with current Dirac structure y* is divergent.

:—QZg /,/dxdydz5x+y+z—1)
O (1—2)(1—y)p? — 2(1 — 4z + z2)m%
(B2 ) (m(1 = 2)* — ayp?)? '

: : : : k>
The part k? is logarithmically dlvergentk—6 dk as k — oo.

Introduce a Pauli-Villar momentum Cutoff A regularization:

You set an upper limit on k integration at k% = AZ.

2l A2 p?(1—2)(1—y) +mi(1 — 4z + 22
f(pQ):éq?/dazdydzé(a%y—%z—l)[lnz +p (1 = 2)(1 —y) + mi( cTE )]
0

A A

Set p? = 0, the divergence can be written as: A 15 A 1
2 A j—dk=J—dk~lnA
[~y# 9 ln( ) k6 k
8m2  \m 0 0

This A 1s not cutoff in Wilson’s RG of condense matter theory.
In condense matter theory, A 1s physical, indicating separations of lattice.

In particle physics, there is no lattice.

A 1s a temporary remedy to regulate infinity so that we can at least calculate.
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4 : .
[~ g? d*k i ﬁ) (9ap

i
(2m)* (]/ }b+k—myﬂlf—my (k — q1)?

o d4k(a p+it+m u}é+m B)
9 et prz—mz’ e—mzV )= q,)?

k—aq

) d*k 1
=9 ) @y 1o + 07 = w10 — = ? U

@+ K+ m)yH(k +m)yP gog)

S dk
f(p*) = —Qigz/(27T)4/dxdydz6(x+y+z— 1)

k2 —2(1 —2)(1 —y)p? — 2(1 — 42 + 2%)m%
(k2 — (m3x(1 = 2)% — zyp?)]3 '

X
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Appendix B Regularization

B.1 Integration parameters

To evaluate loop integrals in quantum field theory, it is often helpful to introduce Feynman
or Schwinger parameters.

B.1.1 Feynman parameters

Feynman parameters are based on a number of easily verifiable mathematical identities.
The simplest is

1 1 1
AB d = d d 5 - T -
AB 0 x[A+(B—A);1;]2 /0 rdyd(z+y 1)[a:A+yB]2 (B.1)
Other useful identities are
1 1 nyn—l
ADRn J/U dedyd(z+y—1) PR IS (B.2)
1 / dedydzé(z +y+ 1) 2 (B.3)
—_— = T z0(x z — ‘ '

These are useful because they let us complete the square in the denominator. For example,

dik 1 1 ik 1 1
(2w)4ﬁ(k—p>2=/ (27r>4/ dz[k2+w«k p)? — K22

d4lc
d B.4
/ :v/ (2m)4 [(k — xp) — A2’ B.4)
where A = —p?z(1 — z). Then we can shift k — k + xp leaving an integral that only

depends on k2.
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We need our calculation to be rid of A eventually. A is unphysical and infinite.

2
[~ E;g?ln —) I hide the gamma matrix y*.

B IfRF“ /‘\ /L\ ! A\
6g = 6,
The recipe is to add counter term 6g = gd; to cancel A in one loop 1PI.

' A2 m2 ,
01 = — 51 5 111 5 + In—- | for on-shell subtraction.
8me\ 2 mp 4 mip

Now 1PI is A independent or finite as A — oo,

Noting leading term is g, we justify this step by saying §g is there in the beginning.

The counter term 6g is combined with perturbation parameter g to form bare g,.
Jo=9+9go61 =249 Zg =146

Bare g, 1s the parameter appearing in the full £. But it’s not perturbation parameter.
This is legitimation by redefinition, technically called renormalization.

L > ig®PyrAty = igpy Ak + igpyH Aty 56

It works! We can prove: if 1PI is finite, we are safe, ie. all green functions are finite.



The trouble 1s if the purpose of counter terms is just to cancel the divergence in 1PI T,
there 1s a freedom in choosing how much to cut or cancel.

You are free to replace m by any u. Any u gives as a competent a §; to serve the job.

2
g A
1 82 u

Choosing different ¢ means cutting more or cutting less from one loop 1PIT.
o =9 T go1 |~
0 1\

Since u 1s not a real parameter of the theory, g, 1s not ¢ dependent.

Hence the perturbation parameter g(x) unexpectedly 1S u dependent.

90 = 90 + g0 3

Without field renormalization, dependencies will cancel between 65 (ﬁ ) and g(u).

We usually define a beta function and calculate it in perturbation expansion:

P P DO .,
ampdW =g =T

There is an inevitable renormalization calculation ambiguity: we can choose any y. 57

We calculate g’s u dependence by counter terms.



Choose different 4 means cutting more or cutting less from one loop 1PI diagram.

After cancellation from counter terms, 1-loop 1PI will contain In u:

R N

[=g@+ /é)\ +8g~g (W) + cg’ln (%) +cg°In (%) ~g(w) + cg’ln (E)

p denotes roughly the typical energy of the process, like electron mass m.

To have a small log so that perturbation is workable, you better choose pu~p.

g (p) then will be the coupling you feel, called running coupling constant.
The coupling constant you feel depends on the energy scale of your experiments.

Calculate u dependence of g(u) is extremely important.
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EEBEEE4EE IFFR/E RG in dimensional regurization p347

The practical calculation is usually done in DRMS instead of using cutoff A.

1+d 5—-¢&
Assume d < 4,& = 4 — d >— 0. The integral is convergent kk6 dk kk6 dk as k — oo.
dk
y (2-2)k* —2(1 —2)1 —y)p? — 2(1 — 42 + z*)m%
(k2 — A + ig)” ’

This 1s a kind of regularization, called Dimensional Regularization (DR).

The Nobel Prize in Physics
1999

d*k
f(p?) = —2ig~2v/(2ﬂ)4/da:dydz6(:v+y+z — 1)

k2 —2(1 —x2)(1 —y)p? — 2(1 — 4z + 2°)m%
: 12— (m%,(1—2)% —ayp?) P |

é‘*‘.{‘— :
Gerardus 't Hooft Martinus J.G.
Prize share: 1/2 Veltman
Prize share: 1/2

The Nobel Prize in Physics 1999 was awarded jointly to Gerardus 't
Hooft and Martinus J.G. Veltman “for elucidating the quantum
structure of electroweak interactions in physics”



B.3.4 k# integrals

We will often have integrals with factors of momenta, such as £* k", in the numerator:

d'k kMK
HY(A) —
FHY(A) / OUEENG (B.50)

These can be simplified using a trick. Since the integral is a tensor under Lorentz transfor-
mations but only depends on the scalar A, it must be proportional to the only tensor around,
g"”. Then, just by dimensional analysis, we must get the same thing as in an integral with
k* kv replaced by ck?g*" for some number c. Contracting with g*”, we see that ¢ = i or
more generally ¢ = 1. Therefore,

d%k kHEY 1 d%k k2 v
= —gHt¥ . 5
/ emi® e — Ay d? / @2m)? (k2 — A)" ®31)

If there is just one factor of k* in the numerator, for example in

d*k  k-p
F(p*) = / on) (i~ )t (B.52)

then the integrand is antisymmetric under k& — —k. Since we are integrating over all k&,
the integral must vanish. So we will only need to keep terms with even powers of k in the
numerator.

60



1+d

k6

5—-¢
Assume d < 4,¢ = 4 — d >- 0. The integral is convergent T dk kk6 dk as k — oo,

g [ d%
o gt d/(27T>d/dxdydz(5(x+y+z—1)

(2-Dk* —2(1 —2)(1 —y)p? — 2(1 — 42 + 2*)m%
(k2 — A +ie)® ’

X

But in d < 4, you need to add a scale u*~¢ = ¢ to compensate and  is arbitrary!

This introduces an arbitrary scale as earlier. We’d call it renormalization scale.

The only part to-be-divergent as € — 0 is k2. We’ll show it generates a pole in &.

] (2 4) d%k k> B i | u? N
H i) ) Cne (k2 —A+ie)® 16n2 A '

The pole in ¢ diverges as € - 0,d — 4. A= (1 - z)*m?® — xyp*

In Minimal Subtraction (MS) scheme, the counter term will cut just the pole.

g* 2
1672 ¢

51:



Now calculation: integrand depends only on k%.  Angle factor can be integrated.

g( 4) dek k2 B e Q(ld) f k2t gk
¢ Cmi (k2 —A+ie)3 * (27r)d (k2 —A+ i) k
j k2+d dk L k2+d dk B lA__ j 2+d dy
(k? — A+ ie)3 k Euclidean (k2 +A)3 k 1+y2)3y |= yVA

This integral equals some Gamma function I'. But we need to first maneuver.

2
y 2 X 2 1
) — )1 —
1+y2Y T1—x 1Y

X = 1—x

2Iny =Inx —In(1 — x) Arfken p617

dy 1 1 dx 1‘3((1. b) _ F((l)r(b) _ /1 ([J'(l _ I)a.—l(l.b—l
2 y dx( 1—x)_x(1—x) Hla+0) Jo

= iA_ZJ 4 Y iA_Ef(—) ‘(1 -x)3
(1+y2)3 y 1—x 2x(1 — x)

A_g ; L A_;: r (1 +£21) r(2 _321) This is divergent.
= iT x2(1—x) 2dx =1
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B.2 Wick rotations

After introducing Feynman parameters and completing the square, one is often left with an
integral over a loop momentum k* in Minkowski space. Once the i factors are put in for
Feynman propagators, 1-loop integrals often appear as

d*k 1
. B.11
/ (2m)* (k2 — A +ig)n ( )
Assuming A > 0 (you can check that Wick rotation still works for A < 0 in Problem B.1),
this integral has poles at ko = V k2 + A—ic and ko = —V/ k2 + A-+ic, as shown in Figure
B.1. Since the poles are in the top-left and bottom-right quadrants of the ko complex plane,
the integral over the figure-eight contour shown vanishes. Thus, the integrals over the real

axis and the imaginary axis are equal and opposite. Therefore, we can substitute kg — kg
so that k* — —kg — k* = —k%, where k%, = k% + k? is the Euclidean momentum. This

Im(ko)

'y Ik_O
v

“VEk2 £ A+ ie
[ ]

— — Re(ko)

VE2 +A — i




ford < 4

n/2 > —p? " —p2 m, _ > —p? n
e = e Pdp| = [ e d'p=Q(n) ; e p
—00
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Put Q(d) in:
d%k Q(d) f k2+d
(k? —

(2m)4 (k2 — A + ig)3 (Zn)d A+ l€)3
a@ a3 (1+9)r(2-9) I
~ 2l 2 r@3) 0ld) =—73
; ; r(z)
- r(1+%)r(2-2
_ (4;) — Alé ( 223( g() 2) [(z+1) = 2I'(2)
2 d\ d_d
4L L9 r(1+3)=3"G)
4 (4m)d/? A5 2
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TP K P =
U d 4(4n)d/2A§ 2 (4—28).4—8: 2 (]_—Eg)

4 + ¢ 4 1+ 1 4
. . Zé‘
Write all interms of e =4 —d - 0
~(1—¢)
. 4 — 2e\ 4 —¢ [ 1 g
—H ( ) 2—¢/2 er(_)
E
L (| e (V)" _ e ims
(1) N ) W) _ 5
% A2 A2
(1—¢) 1 e Eppp (2 ) M(e) = - 0

SO S
~ " 1ermzle T A '

In Miyamaal Subtraction (MS) scheme, the counter term will cut just the pole.
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Usually we just consult tables.

The integrals over Euclidean kg are straightforward:

’ a+1 _ atl
/dl‘E(A A% :Aagl_bl—‘( 2 )F(b 2 ) (B.34)

2 4+ AP 2T (b)

Equations (B.22), (B.28) and (B.34) can be combined into a general formula:

dk ke o1 1 Tla+$)r(b—a— 4
// d 5= i) /2 Nb—a_2 (ot 3) L y 2). (B.35)
(2’/7') (kQ — A) (47-‘-) Ab—a—3 F(b)F(E)
/ Ak 1 B 1 1 . 4—d (B.36)
(2m) (k2 — A +ie)2  (4m)4/2 A2-% 5 ) .
d%k K2 d i 1 _[(2-d
) 3
/ (2m)e (k2 — A +ig)? 2 (47)d/2 Al—%r( 5 ) (B.37)

A7k K2 d i 1 1—d
,/ ! T , (B.38)
(2m)d (k2 — A +ie)3 4 (4m)4/2 A2—-3% 2




Photon vacuum polariztion

5. =

Electron self energy negative!

N

negative!
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QED Lagrangian in terms of bare parameters and fields.
L= —%F!B,FO‘“’ + POy, 0 + igPyPOyHAryY°
It 1s equal to L in terms of perturbation parameters and field plus counter terms.
L= —%FMF‘“’ + Yiy*op + igpyrAty — %53FMF‘“’ + S,iyH o + igs Py ARY
= —% (1 + 83)Fn F* + (1 + 8,)9iy o,y + ig(1 + 8¢y ARy
= —%Z3FMFW + Z,iyHo,p + igZi Yyt ARy
Do O G S
The bare parameters and bare fields are thus related to perturbation parameters and fields.

Z
0= [Zy, AL =.ZzA, g°=g——
l/) 21/) u 34%u 9 gZZ\/Z

1
Eng:g<1+51—52—_253)
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Ifd<4,e=4—-d>->0

£ 1 1 g® 1
gO:Zg‘uzg Zg:1+51_52_§53:1_553:1-'_127_[2;

Jo 18 4 independent.

d _ d(%z )_ _;Z €+ ,Ltng_I_ dg ~ 0
?
B 3 u dzg, p
h= 97 Zg du
To leading orderin g, Z, = 1: (1) = dg —_g<
dz
To next-to-leading order: B(3) = — i—g:—g (M@ (29) 11
Zg du du 1272 ¢

Z4 only depends on u through coupling constant g. We plug in L) = — g—z :
3
g

12772 p solely depends on the poles in counter terms.
T

B =
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_ 9
p= dlnug(”) 1272
dlnu 3T 47
1
a = 3m 0 AQED =10 86 eV
I (ars)
. AqED

Lesson: QED will eventually die: Landau Pole. But that is a long way off.

A better lesson: Different scales, different tools.

/1



P° = \/2—2‘/)' Ap = \/73‘4#' g° =97,
(QITY () - P ) 1Q) = Z; ™ (QUTYO (1) -+ 1O (x,) Q)

n
(QITYO (x1) - P2 (x,) Q) = Z;‘/z(ﬂITl/J(xl) P )Q) = Z2 G (p, 9, 1)
This 1s a relation between bare field Greens function and renormalized Green function.

23.4.3 Renormalization group equation for Green’s
functions

Again, the left-hand side with bare fields 1s u independent.

d n[,leZ

d z i 0
—Gp =0=22G,(p, g, =zz(— = —) .9,
i 5GP, g 1) =27, “au+zzzdu+ﬁag Gn(p, g, 1)

(a+” ¥ a)G( ) =0
Houtar ﬁag (0,9, 1) =

Anomalon dimension

This equation is known variously as the Callan—-Symanzik equation, the Gell-Mann-
Low equation, the 't Hooft—Weinberg equation and the Georgi-Politzer equation. (The 72



(23.74)
Defining
p dZs u dZo

Y ol et d S 23.75
73 Zs dp 2 Z dp ( )

this reduces to

0 n m 0 0

(#6_;1, r 5’)’3 aix 5’}’2 =F ﬂ@ aF ’YmmRm) Lo =10 (23.76)

This equation is known variously as the Callan-Symanzik equation, the Gell-Mann-
Low equation, the ’t Hooft—-Weinberg equation and the Georgi-Politzer equation. (The
differences refer to different schemes, such as MS or the on-shell physical renormalization
scheme.)
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Wilson’s renormalization group

In condense matter theory, there is usually a physical A.

A 1s usually related to the separation of lattice.

Ken Wilson 1963-2013

In configurations, assume we can separate the fast ¢ and slowing changing ¢ by |p|.

Condense matter doesn’t have an infinity problem.

A
Z[A] =N j(D(pS)e_fdde Lel¢s] f(DC/)f) o~ [ a%xe Li[¢r.s]
A/b A/b
¢y could also be said to be the more detailed, with finer pixels. P
IGNORED
Let’s say we can integrate over ¢ f first without over ¢;. T
A FAST Of
j(D(pf) e_fdde LE[Qbf'(ps] _ e_fdde SLe[Ps] %__ .......................................
SLOW &
Ayie 0 Lo

Most likely, the effects of ¢ can be written as a correction to Lg[¢s].

f (D )e™ | 4xe (Leldsl+Lelds))
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—_— —

Fig. 34.3 Removing the largest Fourier
components results in a loss of detail.

iy
(2

Fig. 34.4 The renormalization group
process in momentum space. (a) The
field ¢(z) before the process. (b) The
result of integrating out the largest mo-
mentum states (step I) is to remove the
high spatial frequency components. (c)
The field after rescaling (steps II and
ITI). Note that the region in the dashed
box is identical to the entire trace in

(b).

O J——
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We can rescale so that A/b — A. It is equivalentto p —» p’ = bp.

Fields need be rescaled too.

Step II: We relabel the momenta. We do this by expressing our
theory in terms of scaled momenta p’ = pb. Since b > 1 this has the
A A effect of stretching the momentum space out over the range we had
/ originally, as shown in Fig. 34.6. This is seen by examining the limit of
the integral, which is p’/b= A/b or p’ = A.

Step III: Finally we scale the fields. We select the term that we
imagine will be most important in determining the scaling behaviour
and require it to be invariant with the scaling of step II. We use this
to rescale the field ¢(p) = ¢(p’/b) = b4~%¢/(p’), where d is chosen to
leave the important term invariant.”

Sal

out once, we repeat it an
to carry out the procedure

j (D(pl)e— f dde ,Ci;:[(l)’] ting it. That is, we do the
A

of the coupling constants
mous flow of the coupling
ation group method again

—0
p p =bp

Fig. 34.6 Rescaling the momentum. .
and again.

"The subject is notorious for its arcane By removing the fastest varying fields we are looking at the physics
terminology, a_“d d¢_is known as the ot Jower momentum, or equivalently at longer length scale. We can
anomalous dimension. therefore ask how the physics changes as we send the length scale of

interest £ to infinity. One way to do this is to set b = ef and search for

8Sending ¢ to infinity corresponds to  flow equations of the form
looking at the infrared behaviour of the

couplings (since large length is the same dg;
as small energy). We could send £ — 0, Y] = Bi(91,92; -, 9N)- (34.13)
if we want the ultraviolet behaviour.

This is another form of the Gell-Mann-Low equation.®

So now we work in Lz with possible new terms and changed coupling constants.

But momenta p’ = bp corresponds to a smaller p in the original theory.



A
j(Dqﬁ e~ a%xg Lp[ords] — o— [ d®xp 6Lg(s]

A/b
By integrating out fast changing field configuration,

their effects will be incorporated into parameter changes or new interactions.

Wilson’s RG i1s actually Effetive Field Theory EFT of particle physics.

2

l l

I p? =M

If we integrate out W, we must add a 4-vertex to account for its effects.

FE(KBERENT - Fermi HYH R & —{E{RA XV Ew Effective Field Theory -
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Different scales, different tools.

It would be stupid to dig ground using semiconductor manufacturing tools.

Wilson’s RG and Effetive Field Theory are telling us:

at different energy (details), efficient way to do science may be different effective theory.

/8
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2n by the graphs

s a
W a

wa
= igT;:y" 1.
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1672
1/ ¢°
= - —9
2=\ 672 ) 20T
Positivel— gg
1 gQ &Oﬁgzzg&ﬂz@
5 = — _ T
’ 5(167r2>[ 3”fF

° oggs®

f will change sign.

_ £ d(5 5 15)

3

3
_ g 11 4 g
'8__16772(3 CA_3nfTF) =) =12

. BD oosi;
Negative!  C4 = 3,Tp = QED positive

N | =
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The Nobel Prize in Physics 2004
David . Gross, H. David Politzer, Frank Wilczek

Share this: BB E 24

The Nobel Prize in Physics
2004

David J. Gross H. David Politzer Frank Wilczek
Prize share: 1/3 Prize share: 1/3 Prize share: 1/3

The Nobel Prize in Physics 2004 was awarded jointly to David J. Gross,

H. David Politzer and Frank Wilczek “for the discovery of asymptotic
freedom in the theory of the strong interaction”.

Sidney Coleman

Gerardus 't Hooft
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The Nobel Prize in Physics
1999

Gerardus 't Hooft Martinus J.G.
Prize share: 1/2 Veltman
Prize share: 1/2

The Nobel Prize in Physics 1999 was awarded jointly to Gerardus 't
Hooft and Martinus J.G. Veltman “for elucidating the quantum
structure of electroweak interactions in physics”
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“Hard” Scattering

outgoing parton

underlying event underlying event

outgoing parton

v

o(AB — F X) = Z/(‘I.z'ld.z'z Pojalay, QQ)Pb/B(.z'Q. Q?) 6(ab — F),

ab / T

G137 RsgH s Parton (2 Parton{F 5 E2{%4

(HA R T ) HYSoftiafE -

EdPartons & fH 1% B2V Hard 12 5¢ 2 77

SoftiifE » f5l41Fragmentation » H] DI EAM S FERE Erdlfe- 0
HardiBR2R|e] DIEFE | Factorization Theorem
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QCD at high energy is Perturbative | Perturbative QCD !

Soft Process

0000000
g -
y t —_—— —
mm
DIE N =& EFE PartonfHard Processt& AR
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Fig. 2.1 Screening of a charge q by a dielectric medium.

A — 85 > B IE TSR EFEIE 508k > fH FVacuum Polarization o
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Intermolecular r
separation

Fig. 2.2 Effective charge as a function of distance.
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Asymptotic freedom as a spin effect @
N. K. Nielsen

'.) Check for updates |

Am. J. Phys. 49, 1171-1178 (1981)
https://doi.org/10.1119/1.12565

Asymptotic freedom as a spin effect

N. K. Nielsen®

Fysisk Institut, Odense University, Odense, Denmark
(Received 25 August 1980; accepted 26 November 1980)

It is shown how both the qualitative and the quantitative features of the asymptotic
freedom of quantum chromodynamics can be understood in a rather intuitive way.

The starting point is the spin of the gluon, which because of the gluon self-coupling
makes the vacuum behave like a paramagnetic substance. Combining this result with

Lorentz invariance, we conclude that the vacuum exhibits dielectric antiscreening and
hence asymptotic freedom. The calculational techniques are with some minor

modifications those of the Landau theory on the diamagnetic properties of a free-
electron gas.

u>1 ue =1 e<1
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V= dte(r) r

g(r) is smaller than 1 and €(r) — 1 increases as r — 0 for QCD.

It means vacuum polarization, which becomes less as r — 0, increase color.

This 1s due to the attractive force between gluon of identical color.

Interaction, ie. V(r) and coupling constant, decreases as v — 0

Screening vs Anti-screening. A cartoon representation of the screening effect in QED (b < 0) for
which the effective electric charge increases closer to the bare charge and the anti-screening effect
for asymptotically free theories (b > 0) such as QCD in which the net colour (red in this case)

decreases closer to the bare particle.

1
A The potential between two stationary charges is calculable.
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http://upload.wikimedia.org/wikipedia/en/d/db/Quarkconfinement.PNG
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