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強作用力真是奇特………..



Pions 𝜋

湯川建議有一個新粒子如光子媒介電磁力一樣，媒介核力。

他進一步預測這個新粒子的質量介於電子與質子之間：~100Mev. 

This is ground breaking since pion would be first fundamental particle not existing in nature.

This idea of mediation particle as interaction become a paradigm. 

Strong is Colorful 強是色彩繽紛的。



質子質子間的核力，分解開後應是介於夸克與夸克間的力。

P P

如果質子是由更基本的夸克所組成……那麼

以π子為媒介粒子的圖像並不是基本的，也不是特別有用。

這個夸克之間很強的作用，將夸克束縛在微小的重子與介子中。
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若是弱交互作用（𝑔 ≪ 1），越複雜的圖的貢獻越小（𝑔! ≪ 𝑔"），

對特定的精確度，只需有限的圖即可。

但強交互作用是強交互作用！ 𝑔 ≫ 1。

Feynman Diagrams的微擾展開，是既發散，又非微擾。

這樣的圖除了示意之外，

其實沒有甚麼計算的誠意。

而且更糟的是：量子場論依賴微擾計算。

質子碰撞的費曼圖
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質子撞擊同時，組成成分Parton還正在與其他Parton一直進行強交互作用。

黨外競爭同時黨內互打不停，想像兩團泥巴撞擊，

https://www.youtube.com/watch?v=-TQK7FHIOgU
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但實驗數據意外顯示：當能量很大時，質子中的夸克與膠子近似是自由的。

在撞擊的瞬間，只有一個成分參與，其他的組成成分完全沒有發生作用。

主將對決！

難道強交互作用的強弱 Coupling Constant 還因人設事，看情況而定？

單將上場！大軍退開。



研究強作用應該針對夸克如何被束縛於強子（重子與介子）之中！
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重子

由三個夸克構成

介子

由一個夸克及一
個反夸克構成

夸克被束縛只有這兩者組合，為什麼？

為什麼兩個夸克與一個反夸克，或四個夸克不能形成束縛態呢？
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兩個夸克間是斥力(沒見過兩個夸克的束縛態)，那為什麼三個夸克就能形成束縛態？ 
圖中口味迥異的強子質量相近。將夸克束縛於強子中的力應該與口味無關。

除非夸克有個未發現的性質(量子數)，否則很難雙夸克態是排斥而三夸克態是束縛。
（此兩狀態中的雙夸克具有不一樣的新量子數）



另一個線索來自自旋3/2的重子奇怪行為！

Ω

Another evidence!
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Ω

s s

s

違反 Exclusion Principle

除非這三個夸克有不同之處！

s s

s

自旋3/2

顏色不同！

組成Ω的夸克所有性質完全相同，

Greenberg	1964



每一種風味的夸克還可以帶有顏色，假設顏色共有三種。

+ =

紅加反紅等於無色，以白代表。

這個新的性質被稱為色彩或顏色:Color。



重子中的三個夸克的顏色使他們的作用力是吸引的！

夸克同時有三種口味，及三種顏色！因此有兩個獨立的𝑆𝑈(3)。



這兩種組合剛好就是最簡單的兩種（由三個色彩所組成的）無色組合

猜想：自然界存在可觀測的夸克束縛態Bound State必須是無色的！

紅加藍加綠等於無色

紅加反紅也等於無色。
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重子中的三個夸克各帶一種不同的顏色。

介子中的反夸克帶著夸克顏色的反色。

如果假設……

http://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&docid=uIwGvo4AVo9nvM&tbnid=qlVm3qdAORRT3M:&ved=0CAcQjRw&url=http://fellowshiproom.org/tag/idea/&ei=aUIeVKniCJfg8AXpuoCIAQ&psig=AFQjCNFGhh8KNqWfiNHl8aAf0iysupKBcA&ust=1411355617872028


帶色的夸克變色時，應該會放出一個同時帶色與反色的粒子。

例如帶紅色的夸克可以放出一個帶反藍色與紅色的粒子，然後變藍色，。

自然的想像：夸克進行色力交互作用時會變色！

顏色決定了把夸克束縛在一起的交互作用！姑稱為色力！

注意夸克進行色力交互作用變色時，會保持口味。

這個帶反藍色與紅色的粒子被另一藍色夸克吸收後，會將它變成紅色。



這個帶色與反色的粒子如光子一樣，是一個自旋為 1 的波色子，稱為膠子 Gluon。

膠子就是把夸克黏在一起的色力的媒介子！

在色力作用中（強交互作用）中，夸克改變自己的顏色，放出一個媒介子膠子。



夸克透過交換膠子進行色力交互作用

如同電子交換光子以進行電磁交互作用，

夸克發射膠子可以很容易轉化成 Feynman 圖。

http://upload.wikimedia.org/wikipedia/en/4/4c/Quark_colourchange0.png
http://upload.wikimedia.org/wikipedia/en/4/4b/Quark_colourchange1.png
http://upload.wikimedia.org/wikipedia/en/7/7f/Quark_colourchange2.png


基本色力交互作用

如同電磁作用可以拆成元件，夸克的色作用也可以拆成元件：

色力交互作用與電若作用如此類似，大膽猜想，膠子就是規範波色子！
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Strong interaction is a 𝑆𝑈(3) gauge theory.

What are the triplets of strong 𝑆𝑈(3)? Color triplets of quarks. 

𝑞

𝑞

𝑞

Hermitian and Traceless 的3×3矩陣𝐴有八個線性獨立的分量 𝛼#$%任意連續變數。

𝑈 = 𝑒$&' = 𝑒$
&
" ∑!"#

$ )!*! 𝑆𝑈(3) 𝑈 are 3×3 special unitary matrices.

Ψ =
𝑞#
𝑞"
𝑞+

量子色動力學 QCD Quantum Chromodynamics



𝑆𝑈(2) Gauge symmetry

Ψ 𝑥 → exp −
𝑖
2
𝝉 F 𝜶 𝑥 Ψ 𝑥

Gluon

在地化 Localization

𝜶 𝑥 = 𝛼# 𝑥 , 𝛼" 𝑥 , 𝛼+ 𝑥

𝑊,#,𝑊,",𝑊," ≡ 𝑾,

Ψ 𝑥 → exp −
𝑖
2
L
&-#

%

𝜆&𝛼& 𝑥 Ψ 𝑥

𝛼&-#⋯% 𝑥

𝐺,&-#⋯% 𝑥

𝑆𝑈(3) Gauge symmetry
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膠子共有八種，帶一個顏色及一個反色，剛好也是色彩	𝑆𝑈(3)的Octet。
Gluons, combinations of color and anticolor, form an octet of color 𝑆𝑈(3).  



色力交互作用的基本元件

夸克放出膠子，改變顏色！但保持原來口味。



𝑮,/ = 𝜕,𝑾/ − 𝜕/𝑾, + 𝑔 𝑾,×𝑾/
1
4
𝑮,/ F 𝑮,/ =

1
4
L
&-#

+

𝐺,/& 𝐺&,/

膠子可以放出膠子，改變顏色！
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To quantize non-abelian gauge theory, it is convenient to introduce a scalar fermion.

One ghost field for each gauge boson.



The transition amplitude for the scattering of A: 𝐴 + 𝐴 → 𝐵 + 𝐵

The transition amplitude for the decay of A: 𝐴 → 𝐵 + 𝐶

𝑆 ≡ 𝑈 ∞,−∞ S operator is the key object in particle physics!

⟨ |𝐵𝐶 𝑈 ∞,−∞ | ⟩𝐴

the amplitude of 𝐵𝐶 in the long future which evolves from	𝐴	in the long past. 

⟨ |𝐵𝐵 𝑈 ∞,−∞ | ⟩𝐴𝐴

The amplitude is the corresponding matrix element of the operator	𝑈 ∞,−∞ .



S operator can not be solved exactly. 

But it can be calculated in a perturbative expansion.



Solve it by a perturbation expansion in small parameters like 𝜆, 𝑔 in HI.

To leading order in	𝜆, 𝑔 :

Perturbation expansion of U to solve the equation:

𝑈(#) ∞,−∞ = 𝑆(#) = −𝑖 V
$2

2

𝑑𝑡′	𝐻3 𝑡′

𝑑
𝑑𝑡
𝑈 𝑡, 𝑡! = −𝑖	𝐻" ; 𝑈 𝑡, 𝑡!

𝑑
𝑑𝑡
𝑈($) = −𝑖	𝐻"𝑈 ! = −𝑖𝐻"

𝑈($) 𝑡, 𝑡! = −𝑖	<
&!

&
𝑑𝑡' 𝐻" 𝑡′

𝑈 = 𝑈(!) + 𝑈($) +⋯

𝑈(!) = 𝑈 𝜆 = 0 = 1

S operator 在領先項等於Interaction Hamiltonian 𝐻3對時間的積分！ 

例如 ℒ345 = 𝜆𝜙! 𝑥 + 𝑔 F ]𝜓 𝑥 𝜓 𝑥 𝜙 𝑥

𝑈(() ∝ 𝜆( 	or	𝑔(

No interaction 無交互作用時，粒子狀態不變。

This is called Born Approximation.

𝐻" ∝ 𝜆	or	𝑔

In leading order, 𝑆 equals time integration of the interaction Hamiltonian 𝐻".  



To leading order, S matrix equals

It is Lorentz invariant if the interaction Lagrangian density is invariant.

𝑆($) = −𝑖 <
)*

*

𝑑𝑡	𝐻" 𝑡 = −𝑖 <
)*

*

𝑑𝑡 <𝑑+𝑥⃗	ℋ" 𝑥⃗, 𝑡 = 𝑖 <
)*

*

𝑑,𝑥	ℒ" 𝑥

the spacetime integration of the interaction Lagrangian density.

The interaction Hamiltonian 𝐻" can be written in terms Hamiltonian density.  



Vertex

Add the following interaction term in the Lagrangian:

The transition amplitude for A decay: 𝐴 𝑝# → 𝐵 𝑝" + 𝐶 𝑝+ can be computed as :

To leading order:

In ABC model, every particle corresponds to a field: 

𝑆 = 𝑖 V
$2

2

𝑑!𝑥	ℒ3 𝑥 = 𝑖 V
$2

2

𝑑!𝑥	𝑔 𝐴 𝑥 𝐵 𝑥 𝐶 𝑥

ℒI 𝑥 = 𝑔	𝐴 𝑥 𝐵 𝑥 𝐶 𝑥

𝐵 𝑝" 𝐶 𝑝+ 𝑆 𝐴 𝑝# = 𝐵 𝑝" 𝐶 𝑝+ 𝑖𝑔 ∫$2
2 𝑑!𝑥	𝑔 𝐴 𝑥 𝐵 𝑥 𝐶 𝑥 𝐴 𝑝#

⟨ |𝐵𝐶 𝑈 ∞,−∞ | ⟩𝐴 = ⟨ |𝐵𝐶 𝑆| ⟩𝐴

𝐴 → 𝜙' 𝑥 ≡ 	𝐴 𝑥 etc



𝐵 𝑝" 𝐶 𝑝+ 𝑖𝑔 ∫$2
2 𝑑!𝑥	𝑔 h𝐴 𝑥 i𝐵 𝑥 h𝐶 𝑥 𝐴 𝑝#

~ 0 0 ~1
其他的項都是零！All the rest terms vanish. 

h𝐴 = V
𝑑+𝑝

2𝜔6 2𝜋 +
k𝑎6⃗𝑒$&68 + k𝑎6⃗

9𝑒&68 i𝐵 = V
𝑑+𝑝′

2𝜔6: 2𝜋 +
i𝑏6⃗:𝑒$&6:8 + i𝑏6⃗:

9 𝑒&6:8

h𝐶 = V
𝑑+𝑝′′

2𝜔6:: 2𝜋 +
𝑐̂6⃗::𝑒$&6::8 + 𝑐̂6⃗::

9 𝑒&6::8

~ k𝑎6⃗ + k𝑎6⃗
9 F i𝑏6⃗: + i𝑏6⃗:

9 F 𝑐̂6⃗:: + 𝑐̂6⃗::
9

I𝑎.⃗

𝑐̂.⃗''
/

M𝑏.⃗'
/

k𝑎6⃗|𝐴 ⟩𝑝# =| ⟩0 2𝜋 + 2𝜔6 F 𝛿+ 𝑝 − 𝑝#

⟨ |𝐵𝐶 𝑝+ 𝑐̂6⃗::
9 = ⟨ |𝐵 2𝜋 + 2𝜔6:: F 𝛿+ 𝑝′′ − 𝑝+

⟨ |𝐵 𝑝" i𝑏6⃗:
9 = ⟨ |0 2𝜋 + 2𝜔6: F 𝛿+ 𝑝′ − 𝑝"

There are 8 terms, but only the one that match particles in process will survive.



<
𝑑+𝑝

2𝜔. 2𝜋 +
𝑒)0.1𝛿+ 𝑝 − 𝑝$ <

𝑑+𝑝′
2𝜔.' 2𝜋 +

𝑒0.'1𝛿+ 𝑝′ − 𝑝2

<
𝑑+𝑝′′

2𝜔.'' 2𝜋 +
𝑒0.''1𝛿+ 𝑝′′ − 𝑝+

𝐵 𝑝" 𝐶 𝑝+ 𝑖𝑔 ∫$2
2 𝑑!𝑥	𝑔 𝐴 𝑥 𝐵 𝑥 𝐶 𝑥 𝐴 𝑝#

The remaining numerical factor is:

Momentum Conservation
𝐵𝐶

𝑖𝑔

𝐴

I𝑎.⃗" 𝑐̂.⃗#
/M𝑏.⃗$

/ This is the only surviving term.

The amplitude is represented by this diagram.



For a toy ABC model

Three scalar particle with masses mA, mB ,mC 

External Lines

Vertex

!"

−𝑖𝑔

1

A B

C

!!

!!

!!

Lines for each kind of particle with appropriate masses.

The configuration of the vertex determine the interaction of the model.

2𝜋 ! F 𝛿! 𝑘# + 𝑘" + 𝑘+



Every field operator in ℒI corresponds to one leg in the vertex.

Every field is a linear combination of a and a+

Interaction Lagrangian vertex

Every leg of a vertex can either annihilate or create a particle!

This diagram is the combination of 8 diagrams!

ℒI 𝑥 = 𝑔	𝐴 𝑥 𝐵 𝑥 𝐶 𝑥

𝐴~ I𝑎.⃗ + I𝑎.⃗
/

𝐵~ M𝑏.⃗' + M𝑏.⃗'
/𝐶~ 𝑐̂.⃗'' + 𝑐̂.⃗''

/

~ I𝑎.⃗ + I𝑎.⃗
/



In momentum space, the factor for a vertex is simply a constant.

The integration yields a momentum conservation.

𝐴

𝐵𝐶

Interaction Lagrangian vertex

The Interaction Lagrangian is integrated over the whole spacetime. 

Interaction could happen anywhere anytime.

The amplitudes at various spacetime need to be added up.

ℒI 𝑥 = 𝑔	𝐴 𝑥 𝐵 𝑥 𝐶 𝑥

𝑖 V
$2

2

𝑑!𝑥	𝑔 𝐴 𝑥 𝐵 𝑥 𝐶 𝑥



Every field operator in the interaction corresponds to one leg in the vertex.

Interaction Lagrangian Vertex

Every leg of a vertex can either annihilate or create a particle!

ℒI = 𝜆𝜙,

𝜙~ I𝑎.⃗ + I𝑎.⃗
/



The whole series of operator U can be explicitly written in this notation:

The whole series can be summed into an exponential:

𝑈(;) 𝑡, 𝑡< =
−𝑖 ;

𝑛!
V
=%

=

𝑑𝑡#𝑑𝑡"⋯𝑑𝑡;	𝑇 𝐻3 𝑡# F 𝐻3 𝑡# ⋯𝐻3 𝑡;

𝑈 𝑡, 𝑡< = L
;-#

2
−𝑖 ;

𝑛!
V
=%

=

𝑑𝑡#𝑑𝑡"⋯𝑑𝑡;	𝑇 𝐻3 𝑡# F 𝐻3 𝑡# ⋯𝐻3 𝑡;

= L
;-#

2

𝑇
−𝑖 ;

𝑛!
V
=%

=

𝑑𝑡#𝑑𝑡"⋯𝑑𝑡; 𝐻3 𝑡# F 𝐻3 𝑡# ⋯𝐻3 𝑡;

= L
;-#

2

𝑇
−𝑖 ;

𝑛!
F V

=%

=

𝑑𝑡 𝐻3 𝑡

;

= 𝑇 exp −𝑖 V
=%

=

𝑑𝑡 𝐻3 𝑡

Freeman Dyson, 1923



The proof is so simple. From Tong’s notes.



= V
$2

2

𝑑!𝑥#𝑑!𝑥# 	𝑒$& 6#$6& >8' F 	𝑒$& 6'$6( >8# 0 𝑇 h𝐶 𝑥# h𝐶 𝑥" 0

𝐵 𝑝+ 𝐵 𝑝! ∫$2
2 𝑑!𝑥#𝑑!𝑥# 𝑇 𝑔 h𝐴 𝑥# i𝐵 𝑥# h𝐶 𝑥# F 𝑔 h𝐴 𝑥" i𝐵 𝑥" h𝐶 𝑥" 𝐴 𝑝# 𝐴 𝑝#

Amplitude for scattering !!"" +→+

Propagator between x1 and x2 Fourier Transformation
p1-p3 pour into C at x2 p2-p4 pour into C at x1

𝑆(") = 𝑈(") ∞,−∞ = −
1
2
V
$2

2

𝑑!𝑥# V
$2

2

𝑑!𝑥"	 𝑇 ℒ3 𝑥# F ℒ3 𝑥"

𝑒$&6'>8#𝑒$&6#>8'

𝑒&6(>8# 𝑒&6&>8'

𝐵 𝑝+ 𝐵 𝑝! 𝑆 𝐴 𝑝# 𝐴 𝑝#



0 𝑇 h𝐶 𝑥# h𝐶 𝑥" 0 = 0 h𝐶 𝑥# h𝐶 𝑥" 0 ~ 0 𝑎 + 𝑎9 8#
F 𝑎 + 𝑎9 8'

0

C
x2

x1

A(p1) A(p2)

B(p3)

C(p1-p3)

B(p4)

A(p1) A(p2)

B(p3) B(p4)

A particle is created at x2 and later annihilated at x1. 

Why is it called propagator? 

It is indeed a propagator?

𝑡$ > 𝑡2



0 𝑇 h𝐶 𝑥# h𝐶 𝑥" 0 = 0 h𝐶 𝑥" h𝐶 𝑥# 0 ~ 0 𝑎 + 𝑎9 8'
F 𝑎 + 𝑎9 8#

0

C

x2

x1 C
x2

x1

A(p1) A(p2)

B(p3)

C(p1-p3)

B(p4)

A(p1) A(p1)A(p2) A(p2)

B(p3) B(p3) B(p4)B(p4)

A particle is created at x1 and later annihilated at x2. 

𝑡2 > 𝑡$



C

x2

x1 C
x2

x1

A(p1) A(p1)A(p2) A(p2)

B(p3) B(p3) B(p4)B(p4)

Every Interaction vertex is integrated over the whole spacetime. 
Interaction could happen anywhere anytime.

This construction ensures causality of the process. 

𝐵 𝑝+ 𝐵 𝑝! 𝑆 𝐴 𝑝# 𝐴 𝑝# = V
$2

2

𝑑!𝑥#𝑑!𝑥# 	𝑒$& 6#$6& >8' F 	𝑒$& 6'$6( >8# 0 𝑇 h𝐶 𝑥# h𝐶 𝑥" 0

It is actually the sum of two possible but exclusive processes.

And amplitudes need to be added up.



𝐵 𝑞⃗" 	𝐶 𝑝 𝑖𝑔 ∫$2
2 𝑑!𝑥	 ]𝜓(𝑥)𝛾,𝜓(𝑥)𝐴,(𝑥) 𝐴 𝑞⃗#

The remaining numerical factor is:
Momentum Conservation

I𝑎3" I𝑎.⃗
/I𝑎3$

/ This is the only surviving term.

The amplitude is represented by this diagram.

𝜓(𝑥) = V
𝑑+𝑝

2𝜔6 2𝜋 +
k𝑎6⃗?𝑢6⃗?𝑒$&68 + i𝑏6⃗

9𝑣6⃗?𝑒&68

𝐴,(𝑥) = V
𝑑+𝑝′′

2𝜔6 2𝜋 +
𝑐̂6⃗))?𝜀6⃗))?

, 𝑒$&6))8 + 𝑐̂6⃗))
9 𝜀6⃗))?

,∗ 𝑒&6))8

]𝜓(𝑥) = V
𝑑+𝑝′

2𝜔6 2𝜋 +
i𝑏6⃗)?𝑣̅6⃗:,?𝑒$&6

)8 + k𝑎6⃗)
9 ]𝑢6⃗)?𝑒&6

)8

𝑖𝑔 V
$2

2

𝑑!𝑥	 𝑒&B'8𝑒$&B#8𝑒$&68 ]𝑢B'?𝛾
,𝑢B#? 𝜀6⃗?

,

𝑖𝑔 ]𝑢B'?𝛾
,𝑢B#? 𝜀6⃗?

,

~ i𝑏6⃗: + k𝑎6⃗:
9 F k𝑎6⃗ + i𝑏6⃗

9 F 𝑐̂6⃗:: + 𝑐̂6⃗::
9

There are 8 terms, but only the one that match particles in process will survive.

#CD
𝑖𝑔𝛾,



Every field operator in the interaction corresponds to one leg in the vertex.

Interaction Lagrangian Vertex

Every leg of a vertex can either annihilate or create an antiparticle!

ℒI = X𝜓(𝑥)𝛾4𝜓(𝑥)𝐴4(𝑥)

In momentum space, the factor for a vertex is simply a constant.

The integration yields a momentum conservation.

The Interaction Lagrangian is integrated over the whole spacetime. 

Interaction could happen anywhere anytime.
The amplitudes at various spacetime need to be added up.

𝑖𝑔𝛾,

This diagram is the combination of 6 diagrams!
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重整化群 Renormalization Group



彌漫於萬物深處，沉靜無波的希格斯場

印象、日出，莫內 Le Havre勒哈芙
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Frick Collection NYC



Naïve QFT does not make sense.

Intrinsically QFT needs to be modified to be even an approximation of nature.

This modification is regularization (make it finite) and renormalization (remove ∞).



Renormalization group is a group, trivial group: scaling 縮放.

Renormalization group should have been called renormalization ambiguity.
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Starting point is calculation of 1PI diagrams. We’ll take QED vertex as example.

1PI diagrams usually starts with a coupling 𝑔, a perturbation parameter.

It could be proven: if 1PI is finite, we are safe, ie. all green functions are finite.

Part 𝐹" of the contribution with magnetic moment Dirac structure 𝜎,/ is finite. 



量子電動力學對電子的磁偶極的計算驚人地極度準確！

( ) !"
#$%&'( !)*+*,+!!-,.-"!*/!

"
! −×±+=!

( ) !"
#$%#&' !()*++*!!,-.,"!//!

"
! −×±+=!
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𝜇? = −
𝑒
𝑚
𝑠 = −𝑔

𝑒
2𝑚

𝑠

This first order diagram predict 𝑔 = 2.

The following diagram gives the leading correction.
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Schwinger use Coulomb gauge ∇ F 𝑨 = 0 to calculate. Not sure it is Lorentz invariant.
Feynman starts with a manifestly Lorentz formalism to calculate. But nobody 
understand what he was computing.
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The part 𝑘" is logarithmically divergent E
*

E+
𝑑𝑘 as 𝑘 → ∞. 

Introduce a Pauli-Villar momentum Cutoff Λ regularization:

Part 𝐹# with current Dirac structure 𝛾, is divergent. 

You set an upper limit on 𝑘 integration at 𝑘" = Λ".

Γ~𝛾,
𝑔"

8𝜋"
ln

Λ
𝑚

Set 𝑝" = 0, the divergence can be written as: 

𝑔!

𝑔!

This Λ is not cutoff in Wilson’s RG of condense matter theory. 
In condense matter theory, Λ is physical, indicating separations of lattice. 

In particle physics, there is no lattice. 

Λ is a temporary remedy to regulate infinity so that we can at least calculate.

RG in Cutoff Regurization 重整化群在截止動量正規化

V
<

F
𝑘G

𝑘H
𝑑𝑘 = V

<

F
1
𝑘
𝑑𝑘 ~ ln Λ

Schwartz 19.3 
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𝑔!

Γ~𝑔"V
𝑑!𝑘
2𝜋 ! 𝛾*

𝑖
𝑝 + 𝑘 − 𝑚

𝛾,
𝑖

𝑘 − 𝑚
𝛾I

−𝑖𝑔*I
𝑘 − 𝑞# "

= 𝑔"V
𝑑!𝑘
2𝜋 ! 𝛾*

𝑝 + 𝑘 + 𝑚
𝑝 + 𝑘 " −𝑚" 𝛾

, 𝑘 + 𝑚
𝑘" −𝑚" 𝛾

I 𝑔*I
𝑘 − 𝑞# "

= 𝑔"V
𝑑!𝑘
2𝜋 !

1
𝑝 + 𝑘 " −𝑚" 𝑘" −𝑚" 𝑘 − 𝑞# " F 𝛾

* 𝑝 + 𝑘 + 𝑚 𝛾, 𝑘 + 𝑚 𝛾I𝑔*I
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The recipe is to add counter term 𝛿𝑔 ≡ 𝑔𝛿# to cancel Λ in one loop 1PI.

Noting leading term is 𝑔, we justify this step by saying 𝛿𝑔 is there in the beginning.

This is legitimation by redefinition, technically called renormalization. 

𝑔< = 𝑔 + 𝑔𝛿# = 𝑍J𝑔
The counter term 𝛿𝑔 is combined with perturbation parameter 𝑔 to form bare 𝑔<.

Γ~
𝑔"

8𝜋"
ln

Λ
𝑚

𝛿𝑔 ≡ 𝛿!

for on-shell subtraction.

ℒ ⊃ 𝑖𝑔< ]𝜓𝛾,𝐴,𝜓 = 𝑖𝑔 ]𝜓𝛾,𝐴,𝜓 + 𝑖𝑔𝛿# ]𝜓𝛾,𝐴,𝜓

𝑔"

We need our calculation to be rid of Λ eventually. Λ is unphysical and infinite.

𝑔

Bare 𝑔< is the parameter appearing in the full ℒ. But it’s not perturbation parameter. 

It works! We can prove: if 1PI is finite, we are safe, ie. all green functions are finite.

Now 1PI is Λ independent or finite as Λ → ∞. 

I hide the gamma matrix 𝛾,.

𝑍J = 1 + 𝛿#
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𝑔< = 𝑔 + 𝑔𝛿#
Λ
𝜇

Since 𝜇 is not a real parameter of the theory, 𝑔< is not 𝜇 dependent. 
Hence the perturbation parameter 𝑔(𝜇) unexpectedly is 𝜇 dependent. 

Without field renormalization, dependencies will cancel between 𝛿#
F
,

and 𝑔 𝜇 .  

We usually define a beta function and calculate it in perturbation expansion:

𝛽 =
𝑑

𝑑 ln 𝜇
𝑔 𝜇 = 𝜇

𝑑𝑔
𝑑𝜇

= −𝜇
𝑑(𝑔𝛿#)
𝑑𝜇

𝛿# = −
𝑔"

8𝜋"
ln

Λ
𝜇

The trouble is if the purpose of counter terms is just to cancel the divergence in 1PI Γ,
there is a freedom in choosing how much to cut or cancel.
You are free to replace 𝑚 by any 𝜇. Any 𝜇 gives as a competent a 𝛿# to serve the job. 

Choosing different 𝜇 means cutting more or cutting less from one loop 1PI Γ. 

𝑔< Λ = 𝑔 𝜇 + 𝑔𝛿#
Λ
𝜇

There is an inevitable renormalization calculation ambiguity: we can choose any 𝜇.

We calculate 𝑔’s 𝜇 dependence by counter terms. 
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Choose different 𝜇 means cutting more or cutting less from one loop 1PI diagram. 

After cancellation from counter terms, 1-loop 1PI will contain ln 𝜇:  

Γ = 𝑔 𝜇 +	 +𝛿𝑔~𝑔 𝜇 + 𝑐𝑔+ln
𝑝
Λ

+ 𝑐𝑔+ln
Λ
𝜇
~𝑔 𝜇 + 𝑐𝑔+ln

𝑝
𝜇

To have a small log so that perturbation is workable, you better choose 𝜇~𝑝. 
𝑔 𝑝  then will be the coupling you feel, called running coupling constant.    

The coupling constant you feel depends on the energy scale of your experiments.

Calculate 𝜇 dependence of 𝑔(𝜇) is extremely important. 

𝑝 denotes roughly the typical energy of the process, like electron mass 𝑚.
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Assume 𝑑 < 4, 𝜀 = 4 − 𝑑 >→ 0. The integral is convergent E
#,-

E+
𝑑𝑘 E*./

E+
𝑑𝑘 as 𝑘 → ∞.

This is a kind of regularization, called Dimensional Regularization (DR).

The practical calculation is usually done in DRMS instead of using cutoff Λ.

𝑔!

重整化群在維度正規化 RG in dimensional regurization

𝑔!

p347
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𝜇K 2 −
4
𝑑
V

𝑑L𝑘
2𝜋 L

𝑘"

𝑘" − ∆ + 𝑖𝜀 + = −
𝑖

16𝜋"
2
𝜀
+ ln

𝜇"

∆
+ ⋯ .
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The only part to-be-divergent as 𝜀 → 0 is 𝑘". We’ll show it generates a pole in 𝜀. 

In Minimal Subtraction (MS) scheme, the counter term will cut just the pole.

The pole in 𝜀 diverges as 𝜀 → 0, 𝑑 → 4.

𝛿# = −
𝑔"

16𝜋"
2
𝜀

Assume 𝑑 < 4, 𝜀 = 4 − 𝑑 >→ 0. The integral is convergent E
#,-

E+
𝑑𝑘 E*./

E+
𝑑𝑘 as 𝑘 → ∞.

But in 𝑑 < 4, you need to add a scale 𝜇!$L = 𝜇K to compensate and 𝜇 is arbitrary!  

This introduces an arbitrary scale as earlier. We’d call it renormalization scale.

𝑔!

∆= 1 − 𝑧 "𝑚" − 𝑥𝑦𝑝"
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𝜇K 2 −
4
𝑑
V

𝑑L𝑘
2𝜋 L

𝑘"

𝑘" − ∆ + 𝑖𝜀 + = 𝜇K 2 −
4
𝑑

Ω 𝑑
2𝜋 LV

𝑘"ML

𝑘" − ∆ + 𝑖𝜀 +
𝑑𝑘
𝑘

V
𝑘"ML

𝑘" − ∆ + 𝑖𝜀 +
𝑑𝑘
𝑘 NOPQRSTU4

→ 𝑖V
𝑘"ML

𝑘" + ∆ +
𝑑𝑘
𝑘
= 𝑖 ∆$

K
"V

𝑦"ML

1 + 𝑦" +
𝑑𝑦
𝑦 𝑘 ≡ 𝑦 ∆

This integral equals some Gamma function Γ. But we need to first maneuver.

𝑥 =
𝑦"

1 + 𝑦"
, 𝑦" =

𝑥
1 − 𝑥

, 1 + 𝑦" =
1

1 − 𝑥

2 ln 𝑦 = ln 𝑥 − ln 1 − 𝑥

2
𝑑𝑦
𝑦
= 𝑑𝑥

1
𝑥
+

1
1 − 𝑥

=
𝑑𝑥

𝑥 1 − 𝑥

= 𝑖∆$
K
"V

𝑦"ML

1 + 𝑦" +
𝑑𝑦
𝑦
= 𝑖∆$

K
"V

𝑥
1 − 𝑥

#ML" 1 − 𝑥 + 𝑑𝑥
2𝑥 1 − 𝑥

= 𝑖
∆$

K
"

2
V𝑥

L
" 1 − 𝑥 #$L"𝑑𝑥 = 𝑖

∆$
K
"

2
Γ 1 + 𝑑2 Γ 2 − 𝑑2

Γ 3

This is divergent.

Arfken p617

Now calculation: integrand depends only on 𝑘". Angle factor can be integrated.
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Ω 𝑑 =
2𝜋L/"

Γ 𝑑
2

for 𝑑 < 4
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V
𝑑L𝑘
2𝜋 L

𝑘"

𝑘" − ∆ + 𝑖𝜀 + =
Ω 𝑑
2𝜋 LV

𝑘"ML

𝑘" − ∆ + 𝑖𝜀 +
𝑑𝑘
𝑘

=
Ω 𝑑
2𝜋 L

∆$
K
"

2
Γ 1 + 𝑑2 Γ 2 − 𝑑2

Γ 3 Ω 𝑑 =
2𝜋L/"

Γ 𝑑
2

=
𝑖

4𝜋 L/"
1

∆
K
"

Γ 1 + 𝑑2 Γ 2 − 𝑑2
2Γ 𝑑

2
Γ 𝑧 + 1 = 𝑧Γ 𝑧

=
𝑑
4

𝑖
4𝜋 L/"

1

∆
K
"
Γ 2 −

𝑑
2

Put Ω 𝑑  in:

Γ 1 +
𝑑
2

=
𝑑
2
Γ
𝑑
2



66

𝜇K 2 −
4
𝑑

F
𝑑
4

𝑖
4𝜋 L/"

1

∆
K
"
Γ 2 −

𝑑
2

= 𝜇K
4 − 2𝜀
4 + 𝜀

F
4 − 𝜀
4

𝑖
4𝜋 "$K/"

1

∆
K
"
Γ
𝜀
2

~ 1 − 𝜀 F
𝑖

16𝜋"
4𝜋𝜇

K

∆
K
"

Γ
𝜀
2

~ 1 − 𝜀 F
𝑖

16𝜋"
1 +

𝜀
2
ln
4𝜋𝜇"

∆
F
2
𝜀
− 𝛾W

4𝜋𝜇
K

∆
K
"

= 𝑒
K
" Q4

!X,'
∆

𝛿# = −
𝑔"

16𝜋"
2
𝜀

= −
𝑖

16𝜋"
2
𝜀
+ ln

𝜇"

∆
+ ⋯ .

Γ 𝜀 =
1
𝜀
− 𝛾W + 𝒪 𝜀

Write all in terms of 𝜀 = 4 − 𝑑 → 0 

negative!

In Minimal Subtraction (MS) scheme, the counter term will cut just the pole.

4 − 2𝜀
4 + 𝜀

F
4 − 𝜀
4

=
1 − 12 𝜀

1 + 14 𝜀
F 1 −

1
4
𝜀

~ 1 − 𝜀
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Usually we just consult tables.
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𝛿+ =
𝑔"

16𝜋"
−
8
3𝜀

𝛿" = 𝛿# =
𝑔"

16𝜋"
−
2
𝜀

Photon vacuum polariztion

Electron self energy negative!

negative!
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ℒ = −
1
4
𝐹,/< 𝐹<,/ + ]𝜓<𝑖𝛾,𝜕,𝜓< + 𝑖𝑔< ]𝜓<𝛾,𝐴,𝜓<

ℒ = −
1
4
𝐹,/𝐹,/ + ]𝜓𝑖𝛾,𝜕,𝜓 + 𝑖𝑔 ]𝜓𝛾,𝐴,𝜓 −

1
4
𝛿+𝐹,/𝐹,/ + 𝛿" ]𝜓𝑖𝛾,𝜕,𝜓 + 𝑖𝑔𝛿# ]𝜓𝛾,𝐴,𝜓

= −
1
4
1 + 𝛿+ 𝐹,/𝐹,/ + 1 + 𝛿" ]𝜓𝑖𝛾,𝜕,𝜓 + 𝑖𝑔(1 + 𝛿#) ]𝜓𝛾,𝐴,𝜓

= −
1
4
𝑍+𝐹,/𝐹,/ + 𝑍" ]𝜓𝑖𝛾,𝜕,𝜓 + 𝑖𝑔𝑍# ]𝜓𝛾,𝐴,𝜓

𝜓< = 𝑍"𝜓, 𝐴,< = 𝑍+𝐴,, 𝑔< = 𝑔
𝑍#

𝑍" 𝑍+
≡ 𝑔𝑍J = 𝑔 1 + 𝛿# − 𝛿" −

1
2
𝛿+

The bare parameters and bare fields are thus related to perturbation parameters and fields. 

QED Lagrangian in terms of bare parameters and fields.

It is equal to ℒ in terms of perturbation parameters and field plus counter terms.
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If 𝑑 < 4, 𝜀 = 4 − 𝑑 >→ 0

𝑔< = 𝑍J𝜇
K
"𝑔

𝜇
𝑑
𝑑𝜇

𝑔< = 𝜇
𝑑
𝑑𝜇

𝜇
K
"𝑍J𝑔 = 𝜇

K
"𝑍J 𝑔

𝜀
2
+ 𝑔

𝜇
𝑍J

𝑑𝑍J
𝑑𝜇

+ 𝜇
𝑑𝑔
𝑑𝜇

= 0

𝑔< is 𝜇 independent.

𝛽 = −𝑔
𝜀
2
− 𝑔

𝜇
𝑍J
𝑑𝑍J
𝑑𝜇

To leading order in 𝑔, 𝑍J = 1:

𝑍J = 1 + 𝛿# − 𝛿" −
1
2
𝛿+ = 1 −

1
2
𝛿+ = 1 +

𝑔"

12𝜋"
1
𝜀

𝛽(#) = 𝜇
𝑑𝑔
𝑑𝜇

= −𝑔
𝜀
2

To next-to-leading order: 𝛽(+) = −𝑔
𝜇
𝑍J

𝑑𝑍J
𝑑𝜇

= −𝑔 𝜇
𝑑𝑔
𝑑𝜇

2𝑔
1

12𝜋"
1
𝜀

𝛽 =
𝑔+

12𝜋"

𝑍J only depends on 𝜇 through coupling constant 𝑔. We plug in 𝛽(#) = −𝑔 K
"
.

𝛽 solely depends on the poles in counter terms. 

𝛽
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A better lesson: Different scales, different tools.

𝛽 =
𝑑

𝑑 ln 𝜇
𝑔 𝜇 =

𝑔+

12𝜋"

𝛼 =
𝑔"

4𝜋

𝑑
𝑑 ln 𝜇

𝛼 =
𝛼"

3𝜋

𝛼 = 3𝜋
1

ln 𝜇
ΛZN[

ΛZN[ = 10"%H	eV

Lesson: QED will eventually die: Landau Pole. But that is a long way off. 

𝛼 ≡
𝑔"

4𝜋
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Ω 𝑇𝜓 𝑥# ⋯𝜓 𝑥; Ω = 𝑍"
$;/" Ω 𝑇𝜓< 𝑥# ⋯𝜓< 𝑥; Ω

𝜓< = 𝑍"𝜓, 𝐴,< = 𝑍+𝐴,, 𝑔< = 𝑔𝑍J

Ω 𝑇𝜓< 𝑥# ⋯𝜓< 𝑥; Ω = 𝑍"
;/" Ω 𝑇𝜓 𝑥# ⋯𝜓 𝑥; Ω = 𝑍"

;
"𝐺;(𝑝, 𝑔, 𝜇)

This is a relation between bare field Greens function and renormalized Green function. 

Again, the left-hand side with bare fields is 𝜇 independent. 

𝜇
𝑑
𝑑𝜇

𝐺;< = 0 = 𝑍"
;
"𝐺; 𝑝, 𝑔, 𝜇 = 𝑍"

;
" 𝜇

𝜕
𝜕𝜇

+
𝑛
2
𝜇
𝑍"
𝑑𝑍"
𝑑𝜇

+ 𝛽
𝜕
𝜕𝑔

𝐺; 𝑝, 𝑔, 𝜇

𝜇
𝜕
𝜕𝜇

+
𝑛
2
𝛾" + 𝛽

𝜕
𝜕𝑔

𝐺; 𝑝, 𝑔, 𝜇 = 0

Anomalous dimension
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In condense matter theory, there is usually a physical Λ.

Wilson’s renormalization group

Λ is usually related to the separation of lattice. 
Condense matter doesn’t have an infinity problem.

𝑍 Λ = 𝑁 V
F/\

𝐷𝜙? 𝑒$ ∫ L
-80 	 ℒ0 `1 V

F/\

F

𝐷𝜙a 	𝑒$ ∫ L
-80 	 ℒ2 `3 ,`1

In configurations, assume we can separate the fast 𝜙a and slowing changing 𝜙? by 𝑝 .

𝜙a could also be said to be the more detailed, with finer pixels.  

Let’s say we can integrate over 𝜙a first without over 𝜙?.  

V
F/\

F

𝐷𝜙a 	𝑒$ ∫ L
-80 	 ℒ0 `3 ,`1 = 𝑒$ ∫ L

-80 	 bℒ0 `1

Most likely, the effects of 𝜙a can be written as a correction to ℒW 𝜙? . 

V
F/\

𝐷𝜙? 𝑒$ ∫ L
-80 	 (ℒ0 `1 Mbℒ0 `1 )

Ken Wilson 1963-2013
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We can rescale so that Λ/𝑏 → Λ. It is equivalent to 𝑝 → 𝑝: = 𝑏𝑝.   
Fields need be rescaled too.

V
F

𝐷𝜙′ 𝑒$ ∫ L
-80 	 ℒ0

) `)

So now we work in ℒW:  with possible new terms and changed coupling constants.
But momenta 𝑝: = 𝑏𝑝 corresponds to a smaller 𝑝 in the original theory.



V
F/\

F

𝐷𝜙a 	𝑒$ ∫ L
-80 	 ℒ0 `3 ,`1 = 𝑒$ ∫ L

-80 	 bℒ0 `1
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Wilson’s RG is actually Effetive Field Theory EFT of particle physics.

By integrating out fast changing field configuration, 

their effects will be incorporated into parameter changes or new interactions.   

在低能量時，Fermi 的理論是一個很有效的理論 Effective Field Theory。

If we integrate out 𝑊, we must add a 4-vertex to account for its effects.

𝑑

𝑢 𝑒

𝜈

𝑊$
≈

𝑒

𝜈𝑒

𝑖
𝑝" −𝑀d

"−
𝑖
𝑀d
"

𝑝" ≪ 𝑀d
"

𝑑

𝑢
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Different scales, different tools.

It would be stupid to dig ground using semiconductor manufacturing tools.

Wilson’s RG and Effetive Field Theory are telling us:

at different energy (details), efficient way to do science may be different effective theory.
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但強作用力真是奇特………..
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𝛽 = −𝑔
𝜀
2
− 𝑔𝜇

𝑑
𝑑𝜇

𝛿# − 𝛿" −
1
2
𝛿+

Positive!

Negative!

𝛽 = −
𝑔+

16𝜋"
11
3
𝐶' −

4
3
𝑛a𝑇e 𝛽 =

𝑔+

12𝜋"

QED positive𝐶' = 3, 𝑇e =
1
2

Take 𝜉 = 1

𝛽 will change sign.
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𝑑
𝑑 ln 𝜇

𝛼 =
𝛼"

2𝜋
𝛽<

𝛼 =
2𝜋
𝛽<

1

ln 𝜇
ΛZf[

𝛽< = 11 −
2
3
𝑛a



83

Asymptotic Freedom 漸進自由

距離越近，能量越大，強作用的耦合常數越小！

強交互作用強度與距離的關係竟然與電磁作用相反。
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Sidney Coleman
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當能量很大時，質子中的夸克與膠子近似是自由的。

在撞擊發生的瞬間，其他的組成成分完全沒有發生作用。

主將對決！
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質子分析為組成成分Parton（及Parton在撞擊後組成其他強子）的Soft過程，

與Partons互相撞擊的Hard過程完全分離！

Soft過程，例如Fragmentation，可以從其他反應數據歸納得出。

Hard過程則可以計算！ Factorization Theorem



88

以費因曼圖計算Parton的Hard Process是完全合法的！

QCD at high energy is Perturbative！ Perturbative QCD！

Hard Process

Soft Process

Soft Process
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若考慮量子效應，真空事實上很像一個電介質！

電子正子對可以一直產生又消逝。

若在一電荷旁，電子正子對中的電子與正子會分離，稱為Vacuum Polarization。

如此電荷的大小會感覺與距離有關（越近越強）！
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𝜇 > 1 𝜇𝜀 = 1 𝜀 < 1
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Screening vs Anti-screening. A cartoon representation of the screening effect in QED (𝑏 < 0) for 
which the effective electric charge increases closer to the bare charge and the anti-screening effect 
for asymptotically free theories (𝑏 > 0) such as QCD in which the net colour (red in this case) 
decreases closer to the bare particle.

𝑉 =
1

4𝜋𝜀 𝑟
𝑞#𝑞"
𝑟

The potential between two stationary charges is calculable.

𝜀 𝑟  is smaller than 1 and 𝜀 𝑟 → 1 increases as 𝑟 → 0 for QCD.
It means vacuum polarization, which becomes less as 𝑟 → 0, increase color. 

Interaction, ie. 𝑉(𝑟) and coupling constant, decreases as 𝑟 → 0  

This is due to the attractive force between gluon of identical color.



http://upload.wikimedia.org/wikipedia/en/d/db/Quarkconfinement.PNG


但色力非常特別！

膠子彼此有交互作用，色力場線也似乎會彼此吸引。



遠距卻是線性關係！

強交互作用的近似位能，近距離是平方反比，

強交互作用正比於位能的微分，不隨距離而減小！

𝑈 ≈ 𝑎𝑟	 𝑟 → ∞

遠距離時場線形成管狀·



強交互作用不隨距離而減小！電磁作用隨距離增加而減小



色力位能會一直增加，直到足夠產生一個夸克加一個反夸克！

如果持續輸入能量，嘗試將一介子中的夸克與反夸克拉開。

如此產生的兩個夸克又與原來的夸克配對，各自形成無色的強子。

因此，夸克永遠無法被單獨分離！

file:///localhost/upload.wikimedia.org/wikipedia/commons/6/64/Gluon_tube-color_confinement_animation.gif


Quark Confinement夸克囚禁

自然界不存在可觀測的有色粒子！

一個孤立的帶色夸克的色力作用位能極大，

能量可以產生許多夸克或膠子直到其顏色被中和為止。

無色的組合能量較低！
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強交互作用強到無法見天日！

自然界無法觀察測量到帶顏色的物質！



!"!

!"!

基本交互作用交點

基本粒子的基本交互作用

放出媒介粒子後，不只改變基本粒子的動量，也可能改變粒子的身分！

基本交互作用可以由很簡單的元件組成：基本粒子放出一個媒介粒子。

基本交互作用的性質由媒介粒子決定。

!"!

!"!

!"!

!!


