Functional Integration

Quantum Field Theory

Lectures of

SIDNEY COLEMAN

Foreword by David Kaiser

Bryan Gin-ge Chen
David Derbes
David Griffiths
Brian Hill

Richard Sohn
Yuan-Sen Ting

Victor Popov 1937-1994



Path integral 1s an integral about a system’s history.
But the concept of path is classical and contradictory to QM.
If we insist, at least we need to say we don’t know which path it chooses.
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This 1s similar to the double-slit experiment.
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The amplitudes of each path, or each history, need be added up.



How to add?
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Consider approximate path from g, to g, between t; to t,.

Record the position at t; + iAt as x;.

x = (qq, X1, X9, ** X, q>) is a history of motion or path of a particle in 1D.

Allowing for all possible path means allowing x; to vary between —oo to oo,

Ejd"xzfl:_l[dxizf(Dx)

This path integral is the sum (of amplitudes) over all possible paths.

All possible paths



iS[x] .

Feynman told us how to calculate the amplitudes of each path: e
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The amplitude equals the sum over all possible paths.

(q21q1) = NJ(Dx) eiSlxl

S[x] is usually a quadratic form:
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the sum of amplitude from g4 to g, will be
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X, can be extended to include more degrees of freedom £.
Xq = (xlﬁ,xzﬁ, ---xnﬂ),a =1---mn Just pile up!

For each xg, we have a chart as:

m n to
N
ﬁ=1 i=1 : <
t1 + At / 7y
1
(x, Ax) = Z (xqAapxp) = z AaXg
a,b=1 a1 X1 Xap 92
m mn 1 1
| [T Taxine 34 = @myme] [ = @uomeecar
B=1i=1 a=1
_ (Dx) ; —ax? _ |t
(Dx) = (Zﬂ)m"/z fdxe ax? _ E

(Dx) is a sum over all possible path with multiple degrees of freedom.
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The quadratic form could have a linear term:
1
Q(x) = - {x, Ax) + (b, x)

Q is maximized at X = —A~1b.

Q(x) = Q(x) +%(x — %, A(x — X)) = —%(b,A_lb) +—; (x —x,A(x — X))

Infinity integration for (dx) is invariant after a shift x - x — x.
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We can extend the above to scalar field theory by: t
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1s a sum over all possible field configuration and evolution.

(P, ]S|Pq1) = j (Do) eiSl#]  The amplitude or S matrix is given by path integral.
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Consider a scalar field with source J(x). The action can be written as a Q[¢].
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Consider a scalar field with source J(x). The action can be written as a Q[¢].
1 1
S = f d*x L = — j d*x [Eqb(aﬂa“qb) +Em2¢2 +]<,b]

All QFT quantities can be calculated by the vacuum-to-vacuum amplitude with source.
(QIS1Q); = ZlJ]

This amplitude is a functional of the function J(x), ie for every J(x) it gives a number.

By canonical quantization, in the interaction picture, [ ;1 = J(X)p(x)
The S matrix can be written as:

exp (ifd‘*x [L,(x)]) =T |exp (ifd‘*x [—i](x)cp(x)])]

(QIS10), = Z[J1 = (Q|T|exp(i [ d*x [/ (x)p()])]|Q)

Its derivatives about J(x) gives all the Green functions of QFT, so generating functional.
1 1 S"Z|J]
" 2101 8 ey) 6] ()| _,

S=T

= (Q[Tp(x1) -+ P (xn)|2)




(Q|S]|Q), can also be calculated by path or history integral.

eS19.J1 would be the amplitudes of various histories , ie. as the weight of summation.

Z[J] =(Qls19), = Nj(qu) eiSle.J]

The advantage of doing things this way is that on the left-hand side we have an object,
Z|.J], with all those commutators that were giving us so much trouble. But on the right-hand
side, the object has no quantum objects, just classical fields which all commute with each
other. They’re just ordinary c-numbers, and I'm integrating over ’em. This will turn out
to be an enormous advantage, and enable us to settle with a single stroke all the problems
associated with derivative interactions, superfluous variables, gauge invariance and so on.



Does it make mathematical sense?
N | o) et

It 1s oscillating, not exponentially decreasing as ¢p — oo.

We can continue both sides to Euclidean space by a Wick Rotation.
Let x° becomes imaginary: xg = —ixy, x, real

2 =x5—x*=—xf—x*>=—xf
Momenta will change accordingly so that the contour integral over half circle vanishes.

Do = iP4, D4 real

p® =pi —p® = —pi —x* = —p;
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As it stands, it doesn’t look like the action S.[¢,.J|, with the Lagrangian (28.24) is the sort
of functional integral we can do safely, even without worrying about the infinite dimensions of
function space, and even for a free field theory, .#’ = 0. Instead of a nice positive definite
quadratic form in the exponential, or at least a form with a positive definite real part, we
have an overall factor of + multiplying S.: the exponential oscillates. Put simply, to make
sense of (28.27), we have to continue both sides into Fuclidean space: to obtain four-vectors
with real space components, imaginary time components, and a quadratic form of definite
sign. We discussed this earlier (§15.5) in the context of analytic continuation of Feynman

integrals. I first have to demonstrate that the Green’s functions of a quantum field theory can
be continued into Euclidean space. Then I will show that the functional integral is well-defined

in Euclidean space, (or as well-defined as our other functional integrals have been), and then
I’ll be able to show that the two sides are equal.



When we were doing loop integrations, we studied the propagator in the ¢y plane and
found that it had poles in a typical case as shown in Figure15.7; either (|q|> —a) > 0 or
(|g|?> —a) < 0. In either case, we did not cross any poles if we rotated our contour of integration
onto the imaginary axis:

g — €% 0<a<Z (28.29)

leading to the Wick-rotated values

=1 for loop momenta
o=t b ) (28.30)
po = ipy (for other momenta)

With these rotated time components, the Lorentz square k? of a momentum four-vector k*
turned into a negative Euclidean square k%:

4
K=k -k = -k —K = —kp =) K (28.31)
i=1

(We made this rotation after we had performed all the momentum shifts.) If we do this
simultaneously to all the external momenta in the problem, and at the same time that we
rotate the external momenta in the complex plane we rotate the internal momenta in the
complex plane, to preserve energy-momentum conservation at every vertex, this obviously goes
through. We end up with a Feynman integral that has no zeros in its denominators anywhere.
Everything is the square of a Euclidean vector plus a positive mass squared. The function is
not only well-defined, it is an analytic function of the external momenta. When we rotate our
external energies in the complex plane this defines an analytic continuation in k-space.

On the left-hand side of (28.27), we have an expression in z-space. It’s pretty easy to see
what we have to do in z-space to keep things going right in k-space; we have to rotate x in
the opposite direction:

zo — e 200 = —ixy (28.32)

The phase factor in o cancels the phase factor in kq; otherwise the Fourier transform would
develop an exponential blowup. The minus sign is going to be important in making our
formulas come out right. So, to all orders in perturbation theory, we can define our Green’s
functions for Euclidean spacetime separations, where the formal connections between the
complex variable x¢ and the real variable x4 are given above.



time coordinate t — —iz® produces a Euclidean 4-vector product:

2?2 =1 — x> = —(2°)? - |x|* = —|z6|* (9.44)
It is possible to show, by manipulating the expression for each Feynman di-
agram, that the analytic continuation of the time variables in any Green’s
function of a quantum field theory produces a correlation function invari-
ant under the rotational symmetry of four-dimensional Euclidean space. This
Wick rotation inside the functional integral demonstrates this same conclusion
in a more general way.

To understand what we have achieved by this rotation, consider the ex-
ample of ¢* theory. The action of ¢* theory coupled to sources is

2 7 4l
After the Wick rotation (9.44), this expression takes the form

/d% L+ J8) = /d% [%@@)2 g Ay Jo|.  (049)

i/d4mE(£E —J¢) = i/d%E [%(aE,qu)Q + %m%s? + %c/f’ - qu]. (9.46)

This expression is identical in form to the expression (8.8) for the Gibbs free
energy of a ferromagnet in the Landau theory. The field ¢(zg) plays the role
of the fluctuating spin field s(x), and the source J(x) plays the role of an
external magnetic field. Note that the new ferromagnet lives in four, rather
than three, spatial dimensions.

The Wick-rotated generating functional Z[.J] becomes

217 = / g exp[— / Aoy (Ly — J¢)]. (9.47)

The functional Lg[¢] has the form of an energy: It is bounded from below
and becomes large when the field ¢ has large amplitude or large gradients.
The exponential, then, is a reasonable statistical weight for the fluctuations
of ¢. In this new form, Z[J] is precisely the partition function describing the
statistical mechanics of a macroscopic system, described approximately by
treating the fluctuating variable as a continuum field.
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In Euclidean Space, < Jl1=N J (Dg) e J d*xg[Lg+] @]

summation over history becomes summation over all possible configurations.
That 1s partition function in statistical mechanics with Canonical Ensemble .

The generating functional (9.42) is reminiscent of the partition function of
statistical mechanics. It has the same general structure of an integral over all
possible configurations of an exponential statistical weight. The source J(z)
plays the role of an external field. In fact, our method of computing correlation
functions by differentiating with respect to J(x) mimics the trick often used
in statistical mechanics of computing correlation functions by differentiating
with respect to such variables as the pressure or the magnetic field.

Statistical physics Field theory
(on a lattice) (continuum)
Source Ji J(x)
Generating function  Z(J) Z[J(z)]
Green’s functions Ggf)zn = iy -bi ) G™ (21, ..., 20) = (QTd(21)...0(2,)|)
e e (n) 1 amZ(J) (1) (o oy 11 §"Z[J]
Differentiation recipe G, " ; = z7=n) 3Jiy 071, | ;g G™ (21, ..., xn) = " Z[7=0] 5J(@1)-00(@n) | ;_g

Order (di)e # 0 (Q|d(x)|) #0




Feynman Rule from Feynman’s path integral



Z[]] is called generating functional.

We define it as calculated in Euclidean space and continued back to Minkowski Space.
Z|]] = Nf(qu) eiSleJl = NJ(ng) eiSl®.J=0]+/¢

Its derivatives with J(x) can also be calculated in path integral formalism.

11 S"Z[]]
i Z[01 8] (x1) -+ 6] (e,

We already know Z|[]]’s derivatives with J(x) gives the Green functions of QFT. So

G x) = {QIT G GG |0) = [ (D) [Ger) D) ei*167=0

- f (DY) [b(xy) -+ b (1) |&S1#I=0

Observe that commuting ¢ (x;) - ¢ (x,) at R automatically arranged into time order at L.

With Green’s function, we can calculate the S matrix, by LSZ reduction formula.

<p3’ ...pn|5|p1’ pZ) — [l J d4xle—ip1x1 (Dl _I_ mZ) .o [l f d4xneipnxn (Dn _I_ mZ)

X(QTP(x1) -+ P (x,)|Q)



Let’s calculate first in Euclidean Space!

Z[]~ j (D) e~ | 2 7e[30400s04578V015m? 02 4jg] J (D) e~ @ xefao(-as+m*)9+s9]

Using the familiar formula we just derived:

J (D) e ZPANHES) _ (047D (ot 4) 2

Zgl/] = Ndet(~g +m?) Zexp {% RO mz](x)}
Choose N so that:Zg[] = 0] =1
ZglJ] = exp ilj d*xg J(x) . ](x)}
2 —0p + m?
1 The function connecting two sources is just the propagator!

—0Og + m2 ® °
Zg[J] is just sum of any numbers of....

o——o O———@ @ .. ° o



1
—0g + mz

can be continued back to Monkowski space.

O e ~Ar(x,y) It would be Feynman Propagator Az (x, y).

(O +m? +ie)Ar(x,y) = —i6@®(x —y)

Le 1s to ensure there 1s no pole in the analytic continuation.

Im qg @

Euclidean
A
° Monkowski
 — Re qo

K .

By Fourier Transformation:
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Now we can add interaction £L;(¢):
ZlJ]I=N j (Dp)e ! d*x[5p(a+m? +ie)g+L1(@)+/g]

We can separate the interaction Lagrangian:

— N f(qu)eXp lljd4x LI((p) e—ifd4x[%¢(ﬂ+m2+i8)¢—]¢]

¢ can be obtained by functional derivatives of | and derivatives is taken out of integral.

ljd4x LI

ijd‘*xzzl ]eXp[ Jd“x ](X)D+m2+w]( )

Z|J]] = N exp

f(D(,b) —i [ a* xb (o+m?2+ie)p— ]qb]

= N exp




Ly (_ig_]) + L (_ié‘ﬁ]) Ly (—i%) ------ + L (—i%) ...... L (—iﬁ)

ijd4xll1 ]eXp[ jd“x](x)DerzHg]( )]

Every derivative in L; take out a source. /

Z[J]] = N exp

The field operators in Green’s function could be written as derivatives of /, too.

Every derivative take out one source, too. I

ZolJ]

J=0

T 0
(QTP(x1) - p(x)]|Q) = "6](x1) e )exp [ijd4x Ly (_iF])

All source dots in Zy must either end up as in-out particles or as a leg in interaction vertex.

Otherwise, 1t will vanish as we take | = 0.



1
$2) = U@ (c0,—00) = 5 j d*x J d*x, T[Li(xq) - Ly (x2)]

Amplitude for scattering A+ A4 —> B+ B

(B(p3) B()ISIA(p1) A1)

ip4-x1 . Y
( N

(B@») B@D| [/, d*rad*x T[gAG)BGE () - gAG)BU)C()] | [AGDAG))
e ~lp1X2 / e ~iD2 X1
B B = j d*x,;d*x, e~ tP1—Dp3) X2, o—i(P2—D4s )

C —

(p1 —p3)? —m? + ic




Every field either couple with another field to form a propagator or
annihilate (create) external particles!

Otherwise, the amplitude will vanish when a operators hit vacuum!



This 1s the easiest way to derive the technique of Feynman diagrams.

It works even if interaction contains derivatives, a thorny case for canonical quantization.

5" . 0
(QUTPCxn) ~ px)IQ) = = 5](x1) e )exp[l j d4x1:1(—l§])

Take as an example:  L;(¢) = 1¢3 o O6— @ - — o

Expand the exponential to second order, ie. With two vertices.

) 53 J 53 °
§/°(x) 6/°(y)

Green Function with four external lines:

54
8J (x1) -+ 6] (x4)

Contribution will come from five propagators with 10 J:

L=

The source dots either end up in an interaction vertex or as in or out partlcles.
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You make a gauge transformation :

V->V+0,.6 A—A+V6 or AR — AR + 070

The observable electromagnetic fields E, B = F*¥ do not change!

You represent the same physical state by two different set of physical quantities A*.

Some information in A# is redundant.

This 1s different from symmetry.

Symmetry states two different physical states have identical properties, such as energy.



We usually choose a Gauge condition to fix the gauge.
Lorentz gauge:

9, A% = 0 9, A* = f(x)

Landau gauge:

V-A=0

Axial gauge:
A3 =0
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A¥(x)

q1 qz

Difterent field evolution may represent the same history.
if we do arbitrary gauge transformation along the way.

(DA#), as summation over histories, is overcounting.



If the x’s of these vertical lines represent physical states at successive times,
and y represents the arbitrary gauge transformations you can make.

Note that different y do not mean different states. One vertical line 1s one state.

Y

y wn
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e =
: é
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E : N v=r0
7 @

5 = G(x,y) =0
— (&)
) =%0]

o 5

2 % z

o . physically distinct histories

physically distinct histories Figure 81.2: Fixing the values of the y’s

[(DA") is like summing over x and y: [ dxdy, which is redundant.

Choosing one y for every x 1e. A line across x — y plane would be enough.

We can impose a constraint or condition when we integrate: y = f(x)

| axdy 66— o) = [ ax|[ dy 80 = )= [ ax

=1
y — f(x) = 0 1s better written as a condition for x,y: G(x,y) =0

fdx = de fdyg—§5(G(x,}’)) ::dedyg_i 5(G(x,y)

G

Note the
ady

that compensate the difference of gauge condition ¢ and variable y.



Faddeev and Popov

gauge transformations
4

Ll

X

physically distinct histories

N | ~ yp = fo(xs)

Figure 31.2: Fizing the values of the y’s

This is the proper way to sum over history with redundant variables!

[t can be easily extended to the case where there are more than one x and y:

There would be m conditions G*=1"™ between x;—;...,, and Vj=1.-m:

aG*"
jd"x=jd" jdmy det(
dy;

) 5 (6%(xu;)) £

1

J d"xd™y det( )6(G(x y))

.. : aG . : :
The derivative now needs to be Jacobian det (a_y ) of multivariable integration.



/—_"\\ //V.A:O

[~ | yp = fo(x;) 1 U 9*A, = 0

gauge transformations
4

gauge transformations

> T >
physically distinct histories physically distinct histories

Figure 31.2: Fizing the values of the y’s Figure 31.3: Fixing the gauge

fd"xdmy j(DA“)
G(x,y) =0 G(A*(x)) =0 Gauge conditions

(x;,0) + (0,y) AR (x) + 0Ha(x)
Viztom C——)  (x)

f d™xd™y det( )5(G(x y)) j (DAH) det (gzg;) 5(G(AH(x)))eS14%]

Functional derivative



: g = Gauge conditions

é ,__\\\\\// V-A=0 G (A (x)) O g

% N LT T4, =0 AR (x) + 0*a(x)

N . . L. 56 (x) .

physically distinct histories DA u d t ( ) 5 G(A 1 iS[AH]
J( ) de a0 (G(AH(x)))e

Figure 31.3: Fixing the gauge

This 1s an ansatz ie. an educated guess.
We can prove it is gauge invariance, which is just a displacement in a: a + «'.

An infinite integration f_oo da is always invariant under a + a'.

We can also prove it is identical to canonical quantization in axial gauge.



/__N\\ //V'AZO

N LT, =0

gauge transformations

G (x)
da(x)

physically distinct histories j (DA‘U') det (

Figure 81.3: Fixing the gauge

) 5(G (A" (x)))e 1AM

. . 6G) .
Even better, for most gauge conditions in QED, det (E{ ) 1S a constant.

Take Lorentz gauge as an example:

G[A*] = 0,A* =0
The condition is transformed into:

G[A*(x) + 0*a] = 9,A* + 0,0
Note that the difference 1s independent of any physical fields.

oG o0«
oty _ il 4 (5 —
det( 50[) det( M) det(aé™ (x — y))

This 1s a constant to be absorbed into normalization of Z. We ignore det in QED.

You can no longer do that in non-abelian gauge theory.



You can no longer ignore det in non-abelian gauge theory.
1
‘\—\{ﬂ oW, =—-0,a+ axWw,

g
or in components:
k1 k jk o iva )
oW,/ =—0,a" + e a'W;
g

Take Lorentz gauge: (k — guyk — S5G¥ .
Z gaug G d WH 0 f(DW#k)det (W) 5(0“%")6‘5

The condition is transformed into:

1 e o ¢ 1 e a ¢
(el [W#" +§6Mak + e”ka‘WH]] = OH W/ +§ 0,0 a + aﬂ(e”"all/l/l{)

1 g .
= W + Ea#[a#ak — g@u(sﬂkl/lfﬂjcx‘)]

Note that the difference depends on gauge field and can’t be ignored.

5GkK SO . L
— k kyrrJ
det<5ai> = det( = )~det[a#a“5<4)(x — y)6K — g6 (x — y)el* W]

Det term involves gauge bosons.



Another way to twist Lorentz gauge. Consider conditions with a variable function f.

GIAM] = 8,4F — f(x) = 0

Gauge transformation will change f(x). So it is a surrogate of a(x).

Gauge invariance suggest the following will not depend on f(x).

f (DA*) 5(8,A* — f)eS!4"] We ignore the det.

\

We can tame infinity of integrating a by giving it an exponentially damping weight.

[ [@am) 5,41 = 1) -oxw [ atxs?-

Change the order of integration:

| @an

j(Df) §(9,4% — f) - expz—i’fj d*x f2

Integrate over the delta function:

j (DAH) expzigj dx (9,41)" - eS14"]

e

IS[AH]

IS[AH]

Y auA# - f(
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physically distinct histories
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j(DAM) . eszd x(aﬂA ) . elfd4XL[AI’L] 5 ///,’-
= | L1~ / |
= A T
Lg -"/ / =
Yes, we are resuming the redundant variables. £ 1L /] d
: 9 L
Yes, the new gauge fixing term breaks gauge symmetry. g 1
> T

But it yields same Green functions as gauge symmetric theory. physically distinct histories
That means redundant variables are carefully handled so that it doesn’t cause troubles.
See also Schwartz P268

The new exponential changes the kinetic energy of A* and hence the propagator.
1
L>-2F, F“"+—(0A ) = aA aﬂAV——aA 6“A"+—(6 Am)*
After integration by part: FIV = gl AV — gV A~

1 1 1
L —~A,0,0"AY —-A,0%0,AY A, 0%0, A"
D — > d,0 > 0y +2€

1 1
= —EAM ’g”vl:l — (1 —?6“0"] Av



1
;

We can find photon propagator from the above kinetic energy:

1
54, [gWD -(1- )a#aVI A,

It is the inverse of the operator in [ ], ie. Green function of this Differential Eq:

[g“"l:l — (1 — %) 0“6”] Dy,(x —y) = 556(4)(x —v)

Its Fourier transformation is easier to solve.
uvi,?2 1 LV D - ol
_ghvi2 — (1 —E>k kY| B () = i

We can use Transversal and Longitudinal projections. Note that PT-£pT:t = pTL,

P#Lv project out 4-vectors L to k,,, while P,ﬂ, picks these transverse components.

k, k k, k
_ ultv uhtv
Biv = 9w = =7 Biy = =13

uv i,2 1 ui,v 2pT kz L
[—g k _(1_E)kk]:k Pw+?Pm,

Its inverse is just inverting the Transversal and Longitudinal part.

_ i ke, k i& Kk
D,uv(k) = (guv — V) + £

k2 + ie k2 k2 +ic k2



i ka\ i Kk,
(g“V" k2 >_Fk2-+ie K

The parameter ¢ could be anything we choose for our convenience.

Physical results should be independent of £.

Two popular choices:
¢ = 1, Feynman Gauge:

LG uv
k? + ie

Euv (k) =

¢ = 0, Landau Gauge:

_ i k,k,
Punll) =5 e \ 9w =4z




ST g YR )N = i
How about fermions? Could I use the same master equation of functional integration?

L =y(iytd, —m)y

Z[J) =N J (DY) (D) et ] A x[B(ir#0,—mYp+Tp+5)]

Of course we cannot. But the same almost applies with modification.

The key problem is that for fermion Y could not be ordinary number.

As an operator, 1 anti-commute. But do we have numbers that anti-commute?

The same i1s yes, called Grassmann numbers.

Hermann Grassmann
1809-1877

But it is shocking we know how to calculate Z[J] without using Grassmann numbers.



From earlier pages, now do a complex version:

1
Q(x) = - {x7, Ax) + (b", x) + {x", b)
Q is maximized at x = —A~1b.

1 1 1
Q(0) = Q@) +5((x = )", Ax = D) =5 (b", A7 b) + ((x = B)", A(x = B)

The functional integration:

j(dxdx*) e~ QM) = f(dxdx*) e_%(b*'A_1b)_;<(x—f)*,A(x—f))

_e_ib AT 1b j(dxdx )e 2((x xX)*,A(x—x))

Then we said the infinite integration 1s invariant as x shift by a number.

j(dxdx*) e_%<x*"4x) = j(dxdx*) e—%((x—f)*.A(x—f))

Note that this Gaussian integration is independent of X or b.



Note that the integration is now independent of X or b.

j(dxdx*) e=00) = g2l A7'0) j(dxdx )e " )

Apply this formula to our Naive fermion generating functional:

n@ J
Z[]] = Nj(Dl/))(Dl/j) ol J a*x[p(iyH o, —m)p+Tp+ip)] Z[]=0] =1 u

oi JatxJ(ivta,—m) | J (DY) (D) et ¢ x[Biv o, -mw] _ oif d*x[f(ivha,—m) | ]

We are done and it 1s correct! But the key we need shift symmetry in Grassman number.

All diagrammatic program of QFT of fermions (QED) follows as before from here.



Grassman number and its integration with shift invariance:

0,¢ anticommute  {0,} =60+ &0 =0
0, ¢ anticommute with themselves: {6,0} =060 +660 =0

Any larger than one power of 8, & vanish 80 = 0,0™1 =0
Any function of 8 can expanded like: f(@) =a+ bo e2? =1+ ab

0 integration must satisfy shift invariance:
fd@@zfd@(a+9)=afd8+]d90 — jd9=0

We can then choose to normalize 6 so that:
f de g =1

Integration of a function:

jd@f(@)zfd@(a+b9):ajd9 +bfd09=b

Grassman number integration is identical to taking derivative.



6 has a complex conjugate 6.

0,0 anticommute  {6,6} =0 00 = 0,01 =
| doag =0
fd@dé@z fd@d__zo



Now we can calculate the Gaussian Integration:

9 — (91791,811)

J(dQ)(dH) e__ (6,46) j(d@)(d@)e zzu 101416

_ _ 1, _
The only term that will survive is the one with all n 6; and all n 0;.

_I1 -
= f (d0)(dB) [E z TEAly 5 oo Ain_lin] (6)(0)

permutations {i, }

This is a sum over all elements {i, j} where we choose each row and column once.

Exactly how you compute A’s determinant.

f (d6)(d@) e~2040) — det A

In contrast:

f (dx)e” 200Ax) _ (detA) 2 ;
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Now I got a fancy and efficient way to write determinant of an operator.
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You may still remember we need it in non-abelian gauge theory quantization.

k

5G .
J(D%")det <W> S(o*wk)ets

5G* | -
e (W) ~det[,048W (x — y)6* — g8W (x — y)e/W/]

We simply identify A with

A= 6M6”5(4)(x — )6k — g6@ (x — y)eﬁkWHj

Introduce 3 ghost fermion 1/, one for every Wuj :

5Gk ) ' .
det(&xi) ~ J(Dn)(Dﬂ) ol [ d*x[mAn] n = (nt,n2n3) b

7An = nion/ — gnkei*a,(W/n') = 70,D¢n = Hon + go,qW , xn

N
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A
2 You can no longer do that in non-abelian gauge theory.
s W, =—0,a + axW
g \\\_//,-—\\ oA, =0 u g u u
) .
= or 1n components:
0

physically distinct histories 1 . . :
SWf =—=0,a" + eV a'w]
g

Figure 31.3: Fixing the gauge

Take Lorent LGk = gk = o -
ake Lorentz gauge: ¢ O*W, =0 f(D%k)det<5ai>5(a#%k)elS

The condition is transformed into:

1 e o ¢ 1 e a ¢
(el [Wuk +§6Mak + g”kcz‘WM]] = OH W/ +§ 0,0 a + au(glfkall/lll{)

1 g .
= W + Ea#[a#ak — g@u(eﬂkwﬂjcx‘)]

Note that the difference depends on gauge field and can’t be ignored.

5GkK SO . L
— k kyrrJ
det<5ai> = det( = )~det[aﬂa“5(4)(x — y)6K — g6 (x — y)el* W]

Det term involves gauge bosons.



1An = nion/ — gnkei*a,(W/n) = 70,Dn = fjon + gd,qW X7

Adding ghost fields 1s the final Fadeev-Popov prescription:

j (bw,)(Dn) (D7) 5(aﬂwu)ei [ a*x[70,D*n]+is[w ]

Note that we one ghost n/ for every Wuj and n’ couple only to Wuj :

Ghost propagate like a scalar without spin :

iéab

p? + i€

But they are fermions (it certainly breaks CPT theorem, it’s ghost anyway.)

§ l-p,uggabc



