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His Style is: as cute as possible.



A bit of Georgi’s Style
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Most of all, it 1s a lonely desert island style
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Some thoughts about QFT:
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Physics is all about particles (and fields).

N
$ PARTICLE
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In Classical Physics, no two particles are the same.
T HYE » J R T — iR HY -

You can not step into the same river twice. Heraclitus —Hf—1&r
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In Modern Physics, no two negatively charged particles are any different.

fundamental 1n nature

Quantum fields are particles.
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. QUANTUM FIELDS FOREVER: EINSTEIN’S
TOTAL LOVE

The issue of identityin the quantum world

Not only are quantum fields entirely real and undergirding our world, they provide an
intellectual framework for understanding burning questions about the umverse that would
otherwise be unanswerable and deeply bother theorists like me. Why are all the
electrons 1dentical? And 1dentical means truly identical; indeed, the issue of identity in
the quantum world 1s central to quantum physics.2¢ Couldn’t the electrons have been

UQ'DER&-AND'NG - made 1n a factory somewhere, with unavoidable manufacturing defects? Although the
4 S &)@\I%ER§E » tolerance standards are presumably set high beyond any human capability, could we not
s ¥ A - find some tiny differences between two given electrons if we look hard enough?

Quantum field theory provides an elegantly simple answer to this purely intellectual
question. There exists only one electron field, and the zllions of electrons we encounter
in the umverse are but excitations 1n this one single field.

Anthony Zee joined UCSB's Kavli
Institute for Theoretical Physics, and the
Department of Physics, in 1985.
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Quantum field theory is the most versatile theory of the world!

It 1s the basic tool of particle physics,

It the basic tool of many-body physics in condensed matter physics.

It could be used in thermal field theory of statistical mechanics.




Fundamental Particles
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until they don’t feel fundamental at all............
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We now know there is a fundamental structure of the quantum world.

Fermions: spin = 1/2 particles

Letos

Vector Bosons: spin = 1 particles

iggs Boson:
spin=0
fundamental
scalar particle

22



PARTICLES

23



AT TR ST AN =ZEHE A EA
T YA A S ELAE AR AT DLo> i Ry VU B A A B A
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All forces in the world can be
attributed to these four interactions!
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Non-Abelian Gauge Thoery
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In EM you have the freedom to choose gauge.

AF = (¢p,A) AHE4-vector[a] &=L :

You can choose a different gauge by the following gauge transformation:
pop+0,06 A->A+VH or AF - AF 4940

Note that 6(t, x) is function of both time and space. This is a localized transformation.

The observable electromagnetic fields do not change!

E % +0A % Vae+aA+aV9 E
= — R N — — -
¢ ot ¢ ot Jt ot

B - VXA +VxXV0 =B
Field strength tensor F*V is invariant under gauge transformation.

FHV = gHAY — dVAH* — gAY + 0#0V0 — dVAH — dVoHe = FHY

A¥ is not observable. We can pretend gauge tr: 0 —E, —ky -k »ol.
. . Fuv — Ey 0 —B, By
Choosing gauge 1s a freedom. =|E, B, 0 -B,
E, —B, B, 0
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1. Internal phase angle of a field at different points.
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2.Variation of mternal phase angle of a filed at different points.
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4. The original field configuration is restored

3.Vanation of mtemal phase angle of a filed at different pomts 15
compensated by gauge field (represented by wavy arrows).

Local Gauge Invariance

5 RyU (1) local F#¥/f% Gauge symmetry

Gauge Symmetry could be written in relativistic notation.

1 1 1
¢—>¢+;0t0 A>A+-V0 A”—>A“+E0“9
e

A* Fib g HE 2% e5ARedundant!
This gauge symmetry can be also defined in QFT.



Gauge symmetry in QFT
Consider a Dirac field W (x).
L =WYiy"d,¥ — mPY¥
The Lagrangian has a U (1) symmetry when it is multiplied by a constant phase factor.
Yo Y =ty 0,¥' =e%9,¥ 9,V transform exactly like .

Consider gauge transformation where the angle 6 (x) is local. 1E#{b
W'(x) = el@@y(y)
Now d,'¥ does not transform exactly like V.
d,¥' = ei‘gau‘lJ + 0,0 - e fW(x)
Could we find a new “derivativeZ D, that act as if the transformation is global?
The recipe: add one vector field to d,, an

DW= a,¥ — igA, VW

k it to transform so that to cancel OHH:

1
A = A+~ 9,0

D,¥' =09,% —igA, ¥ =e0,¥ +i0,0 V¥ —igAte"V¥ —id,0 eV

D,V = el0(x) D,¥ Covariant derivative D,'¥ transform exactly like V.



This is called Abelian Gauge Theory since symmetry is a commuting Abelian group U(1).
The recipe 1s enough for us to write down gauge invariant QFT right away.

Simply replace d,, by covariant derivative D
L=TPiytg,¥ - mPY mp L = PiytD, ¥ — mPY
We are sure it’s invariant since D, ¥ transform exactly like ‘¥
- P00 ®™jyip @ = Piyhp,
Plug in the recipe: £ = Wiy#9,¥ — mPY + igPyHAHWY
The vertex 1s the interaction of charged particle and photon.
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Let there be light!
In the name of gauge symmetry! & | {E AR &1 FE |



Gauge field has his own gauge invariant dynamics.

FEV = 9B 4vY — gVA*  1s Invariant under gauge transformation.

LD 7 F,,F*V  1s invariant under gauge transformation.

1 1 1
=7 (8,4, — 0,A,) (0 A4 — 0VAH) = > Ay OHAY —= 8, 4,01 A

The first term looks like a Klein-Gordon L for each AV.

If we use it to write the Hamiltonian:

1, 1
H =-E?+-B?
2% T2

It is to be integrated over [ d*x. After integration by part, it can be written as:

L5 —sa,8,044Y — 24 048,4Y 0 —E -~k —&
2 2 E. 0 -B, B

E
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U(1) global symmetry

Y(x) - e W (x)
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Current conservation
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Globalization

U(1) local symmetry FH#E1¥FE Gauge symmetry

P(x) - e 0P(x)
0(x)

EPARTICLEZ(0

AH ‘ After quantization, we expect a gauge boson.
FiE ~ B

1L Localization
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Yang and Mills

Yang-Mills Field



PHYSICAL REVIEW VOLUME 96, NUMBER 1 OCTOBER 1, 1954

Conservation of|Isotopic Spin and Isotopic Gauge Invariancel*

C. N. Yanc T AnNDp R. L. M1LLs
Brookhaven National Laboratory, Upton, New York

(Received June 28, 1954)

It is pointed out that the usual principle of invariance under isotopic spin rotation is not consistant with
the concept of localized fields. The possibility is explored of having invariance under local isotopic spin
rotations. This leads to formulating a principle of isotopic gauge invariance and the existence of a b field
which has the same relation to the isotopic spin that the electromagnetic field has to the electric charge. The
b field satisfies nonlinear differential equations. The quanta of the b field are particles with spin unity,
isotopic spin unity, and electric charge e or zero.

It is pointed out that the usual principle of invariance under isotopic spin rotation is not consistant with
the concept of localized fields. The possibility is explored of having invariance under local isotopic spin
rotations. This leads to formulating a principle of isotopic gauge invariance and the existence of a b field
which has the same relation to the isotopic spin that the electromagnetic field has to the electric charge. The
b field satisfies nonlinear differential equations. The quanta of the b field are particles with spin unity,
isotopic spin unity, and electric charge e or zero.

Yang was thinking to extend Abelin U(1) gauge theory into non-abelian SU(2) Gauge theory.

If photon, U(1) gauge boson, mediate EM, we may find mediation particles of strong int.
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Any unitary 2X2 matrix U give a transformation.
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Isospin SU (2)HVEHR/E B2 45 Rl 2 25N HEl/2 Y EFR&HY3D e
SU(2)~SO (3) SU (2) is locally isomorphic to SO (3)
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_ (1 .2 -3 — (1 2 3 i
T=(th75,7t°) a=(a'a%a’) U=exp(—§r-a)



[sospin SU(2)4[E]3D JjekEE A commutefy e

# Fymon-abelian Group or non-commutative group ©

(1) The book in its »
original orientation. f{,&w / ’
|

Physics

"l ®

(2) Rotated 90
X degrees about x.

(4) Rotated 90
degrees about y.

P

i

> |f

(3) Rotated about
X, theny.

Physics

(5) Rotated about
y, then x.

Niels Henrik Abel 1802-1829



Rotation in QM! Quantum states can be classified as:
S Singlet

Cit) Doublet 2

T[+
<”3> Triplet 3
= riple

A++
( AY Quartet 4
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Yang and Mills

Could isospin SU(2) be local like U(1) in EM ?



SU(2) global symmetry

l

Y(x) — exp (—Er - a) Y(x)

a = (at, a? a)

J = U4%1%4T%)

Current conservation

e
el $’1

E

GLOBALIZATION

Globalization

SU(2) local symmetry #H#Ei¥%1fH Gauge symmetry

[
Y(x) - exp (— ET - a(x)> Y(x)

a(x) = (a*(x), a?(x), a3 (x))

¢

ALY (WL WEWE) =W,

AL ~ B

1/ Localization



Consider an isospin SU(2) doublet listed as a column: V.

It could be proton and neutron as in Yang’s mind: (p)
n

Or better be u and d quark as we now know. u(x), d(x) are bispinors.

ve(5)  e=%r = e (01T

= ﬁ(iy“@u — m)u + J(iy“@u — m)d
It has a global SU(2) symmetry. Piy#9, ¥ - PUUiyH9,¥ = Piy*9, ¥

But it could be anything that transforms like an iso-doublet,
ie. by a 2X2 unitary matrix U as follows:

Y'=U-W¥ =exp (—ér - a(x)) (Zgg)

We want a space-time derivative D, such that D, ¥ transform exactly like ¥:

D,¥' =U-D,¥

so that we can easily build gauge invariant Lagrangian.
Note that in addition to d,,, D, could involve 2X2 matrices.



ISOTOPIC GAUGE TRANSFORMATION

Let ¢ be a two-component wave function describing

a field with isotopic spin 3. Under an isotopic gauge

transformation it transforms by

sy / U(x) = exp <——T a(x)>

where .S is a 2X2 unitary matrix with determinant
unity. In accordance with the discussion in the pre-
vious section, we require, in analogy with the electro-
magnetic case, that all derivatives of ¢ appear in the
following combination :

Qu—ieByr—————

B, are 2X2 matrices such that” for u=1, 2, and 3, B, is
Hermitian and Bj is anti-Hermitian. Invariance re-
quires that

S(0u—1eB/ )W = (du—ieBY. (2)

Combining (1) and (2), we obtain
transformation on B,:

isotopic gauge

i aS
B/ =S8"1B,S+-5"1—. 3)

€ 0x,

The recipe: add 3 vector fields:

T

L
DY =29,¥ — Egr -w,¥
Three 4-vectors W, forms one isospin 3-vector.

2 X2 matrices T acting on column W.

D)W =U-D,¥



By T {# L /2 gauge invariant » ¥ fERE—(EHEEHa; > HIE—{Egenerator
WS | HE—(ENE S R E R ESA, (x)
wEtE—E A T—1 - Bief 189K F-Gauge Boson!

U(1) local #7 &% Gauge symmetry SU(2) local 3HE¥%FE Gauge symmetry

i i
6  Ylx) - e Plx) a1, 02, & P’ = exp <—§T ' a(x)) ¥
1 11213
222
Ax B Ay, A, A3
W1; Wz, W3

Bian = L5 rgfE YW R 67 BEESU (2) HIAL#EAL T~ Gauge Boson ©



1 172 2) =
(W, w2, i) =wy
The three gauge fields transform like one 3-vector under isospin rotation.

I can define its inner product with three Pauli matrices as:

o

W=t W,
1=1
T- W, is a field dependent 2X2 matrix that can act on column ¥:
0 1
_ ws Wl—iwz) u T1=( )
WA= (Wl e e ) Lo

0 —i
G o)
_(1 O
The recipe can be neatly written as: T3 = (0 _1)

l _ .
DMLIJ = a[.l.tp = Egt - W‘ulIJ “ DMLIJ = a‘qu lgA#LIJ

U(1) gauge theory

T2



The recipe:
L
D,¥Y=9d,¥ — Egr -W,¥
Our wish:

D)W =U-D,¥=0U- (6 LP—ig‘t w LIJ)

In reality, (note that W, in D, could change too):
L

D,¥W' =0,(U¥Y) — Egr - W, U¥Y

For wish to become reality, we just need to ask:

Ua, ¥ +a (U)tp——gr W,UW =U - (a y_Lgr. WLIJ)

2 2
6(U)——gr w,U = Uzgr w, ¥
It should work for any W, we can take ¥ away and multiply both sides by U1 :
1 / L -1 1 -1
ET'WMZ—EGH(U)U +U§T'WMU

This is how the gauge field should transform.



We can easily find the gauge transformation of W, for infinitesimal transformation:

[ [
U(x) = exp(—zt-a)al—ir-a

1 w! = ia(U)U‘1+U1 w, U1
20 W= g o >0 W

u(1-tra)-(1-tra) +(1-tra)iew,(14ir-a)
g# ZTCZ Zra ZTC{ZT u Zra
1 i

[
~§r-W#—Er-6Ha(x) — [Er-a,

L

> T- W#] up to order .

The second equals the derivative acting on a(x), as in Abelian QED.

The change of W, for infinitesimal gauge transformation:

, _ 1 1
r-(WH—W#):r-c?Wu=§r-aﬂa+z[1-a,t-wu]



oA o T E I BRI W] (e 5 o T A A -

3

3
T-a,t-W,| = i tiaiw! = 2¢; . T%aW/ = 2T - (axW
u u j u u
ij=1 ij=1

The commutator turns out to be the cross product of @ and W ,.

1 L | = £.. 7K
T-6W, = 51’ -+ 1 (axw,) [7',7] = et

1
5Wu = 5 L@+ axW,

In components:

1 o 1
k _— k k J —
M S et S (S

Done.



The derivation and proof is quite striking, but the real jewel is the recipe.
The recipe is enough for us to write down gauge invariant QFT right away.

Simply replace d,, in the free Lagrangian by covariant derivative D),

This even works for scalar.
L=Tiyt9,¥ - mPY mp L = PiytD, ¥ — mPP

We are sure it’s invariant since D, ¥ transform exactly like ‘¥
- YU-Uiy*D, ¥ = Piy*D,¥

Plug in the recipe: £ = Piy*D,¥ — mPY + % Pyl -W,¥

The vertex 1s determined by the matching Pauli matrix (generators) of gauge boson.

|

|

|

g_ I

Ly =5 Pyhe- W, E— :



Take W, for an example:

_g_ 171
L =S Pyrr Wiy

=3@ (o) (g) W

= %(ﬁy“d W+ dytu - %1)

Absorbing a gauge boson W1 change quark u into quark d, and d into u!

Gauge interaction changes a particle’s identity.

The form and coupling constant of the interaction is totally fixed by gauge symmetry.



Emitting a gauge boson is an identity changing interaction.

1
Chanﬁe Youe identity Yo chanﬁe Your habits. VV[J,

ou \.0 ov 1.0 d u
| Y
‘T awm lazy’ "T am active”

- omav itani -

If photon, the U(1) gauge boson, mediate EM,

maybe 1s0-SU (2) non-abelian gauge boson can mediate strong interaction.
That is the original purpose of Yang’s paper.

But 1t first works for weak interaction.

'




Isotopic SU(2) i~ EHYE—{[&Localized & ¥/HH -
Global Isotopic SU(2) {XES &—1{I& & 7 HY £ H -

(R R » (528 u-d TS - FrARYSEEstg T |
ER R AR L T AR - BESU Q)M EA R R -

u-d HHSU2) —  — HTESEEAREHASU Q)RS

EESU ()T Fyweak SU(2) » FER aF W, W2, W2ERZ51E AV -
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Later 1t also works for strong interaction, as Yang expected, but not in the same way.

blue/anti-blue
cancel: overall red

FEEJIERAT (BREMER) 7 SHEHCHBAE > M — R 2T
BT RS A E eV RIS T | BB T ER e —(EEA B — (i S BE



We can write down the invariant kinetic energy of the vector field.

We need the field strength F,,, here!

3
G;icv = auVVvk - avVVuk +9 z EijkWuiVVv]
ij=1

Gy =0, W, —3,W, +g(W,xw,)

3

1 1 .

ZG’“’ - GHY = i E GG is gauge invariant!
i=1

The proof is tedious. You can plug in:

1
5Wu = Eaua + axWw,

define now
dB, 0B,

Fo= +ie(B,B,— B,B,). (4)

0x, Ox,
One easily shows from (3) that
F./=S7F,S (5)

under an isotopic gauge transformation.f Other simple
functions of B than (4) do not lead to such a simple
transformation property.

To write down the field equations for the b field we
clearly only want to use isotopic gauge invariant
quantities. In analogy with the electromagnetic case we
therefore write down the following Lagrangian density :8

1
—f_{fl_‘y°fﬂ,y.

Since the inclusion of a field with isotopic spin % is
illustrative, and does not complicate matters very much,
we shall use the following total Lagrangian density :

L= ""i'f;u"fw—‘z"Yu(an—ie"'bp)‘l/—””l_"l’- (11)



After quantization, one field corresponds to one massless boson, called gauge boson.

Gauged SU(2)

@ 5030

w!r w2 w3)




There 1s a simpler but more formal proof:

D,¥'=U-D,¥

D, ¥ transform exactly like V.

D,D,¥'=U-D,D,¥

D,D,"¥ also transform exactly like V.
|D,,D)|¥' =U-|D,D,|¥ =U|D,D,|JUY’

Considered individually the commutator transform like:
[Dy, Dy] = Dy, Dy| = U[D,, D, |U

Take the trace and the unitary matrix will cancel!

tr [D,,D,| - rU|D,, D, U™ = tr|D,, D, |U"*U = tr [D,, D, ]

tr [D,,D,] is invariant.



Now write out the expression explicitly:

0,0 =[(9 =507 W) (3, 507w, )

I can write it as four commutators with the first apparently vanishing:
[ v]+[0,——gr-Wv] [ Zgr wﬂ,a] [ - gt-W,, Zgr w,

The second and third equals the derivative acting on W, (x) just as in QED.
o, t-w,|=7-0,W, lt-w,o0,|=-1-0.W,

The fourth term 1s a surprise, unique to Non-Abelian Gauge theory.
3

£ Wt W, = Y [o! I IWiw) = ) 2eiatwing = 2t (W, xw,)
ij=1 ij=1

-G

[
l\)l —

[ Dy

The first two terms are the normal field strength, just as in QED.

v G, =0,W,—0o,W, +g(W,xw,)

The third term indicate gauge bosons have self interaction. They couple to themselves.



Gauge boson 1s self interacting!

tr {|D,, D, |[D*, D]} is gauge invariant!

tr{(z- G, )T 6")} =tr(z )
tr(t T) is non-zero only for the same 7, such as tr(zl7l) = 2

This forces the two G, into inner product: G, - G*".

1
MV . Z Gimv
4

Gy =0,W,—o,W, +g(W,xw,)



1
4 uv : z Gﬁv G GIW = aﬂwv — aku + g(Wﬂva)

"y p,LLpu
b QQQQQQQQ, Hia @'_gl -9 p*_ sab
p p? +ic

W a

vib = g g" (k=) + ¢ (0 — @) + 97" (q — k)"

L a v:b

— _292 % [fabefcde (gupgl/o . guagyp)
_I_face fbde (gw/gpa . guogup)
_|_fadefbce (g;u/gpa o g,upgl/a) }
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ERHVEREEAMESS - HEIGERER, |

Gauge Bosons are massless because of gauge symmetry.

Gauge Bosons mass term is not gauge invariant.
my, W, W

1 o
SWE =—0d,a" + e”"a‘WMJ
g
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We next come to the question of the mass of the
b quantum, to which we do not have a satisfactory
answer. One may argue that without a nucleon field the

EE o Pauliff —FRTIE & 5E R AEH{ENon-Abelian Symmetryfy T{F >
EFER RR N i E ERRIRE - JRFEE -

LA - IGREEAE 3R A1(02/23/1954) 1 Princetonds | /845 > PauligifE S T -
PauliyZ HHEZR,




Despite the unresolved mass problem, Yang and Mills decided to publish. “We
did not know how to make the theory fit experiment. It 1s our judgment that the

beauty of the idea alone merited attention.” Yang 1983

IR - FEEEA -



Screenshot

—(EHFREANRERILFEERGEREEE -
[t 1s more important to have beauty in one’s equation than to have them fit experiment.

Dirac

The grand unification theory is so beautiful that it 1s impossible to be untrue.

Georgi to Feynman
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We next come to the question of the mass of the
b quantum, to which we do not have a satisfactory
answer. One may argue that without a nucleon field the
Lagrangian would contain no quantity of the dimension
of a mass, and that therefore the mass of the b quantum
in such a case is zero. This argument is however subject
to the criticism that, like all field theories, the b field is
beset with divergences, and dimensional arguments are
not satisfactory.
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~.L_The Four Fundamental I

nteractions

All forces in the world can be
attributed to these four interactions!

96



e, q

e, q

NEARALH AE S R R w s

u
Vi
—_————

—_— > /

Y
I-
e, q
——— _‘:70_.
rb

e, q



