Midterm Oct 2025

1. Solve the equation of x(t) with initial condition:
x'—3x=e7t x(1)=3

Hint: Use integrating factor.

Sol: The integrating factor would be a(t) = exp[— [ 3dt] = e™3L.

Multiply the whole equation by the integrating factor a(x):

d
e~3ty! — 3p—3ty — E(e—wx) — o4t

Integrate and add a constant C:
1
e 3ty = fdt e 4+ (C = —Ze““ +C

1
= _—Zet4Cedt
X 4e + Ce

The constant C can be obtained by the initial condition

x(1)=—2el+Ce?=3.C=3e3+2e*
4 4

1 1
X = —Ze‘t + 3e3t73 + Ze““‘

2. Consider the 2" order ODE:
2x%y" 4+ 3xy' — 15y =0
We know one of the solutions is x 3.
Use the method of Wronskian to solve the equation.

Sol: Write the ODE into the standard form:y’" + %y’ - %y =0.y, =x3

exp(— foxP(x’) - dx')
V2~Y1 dx yz
1

X

X

3 3 3

exp —fP(x’)-dx’ = exp —fzx,-dx’ = exp (—Elnx) =x 2.
0 0
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y,~x "3 f dx — o x3x'2 ~x>/?
x

y = C1y1(x) + Cy,(x) = C1x73 + C,x5/2



3. First consider the homogeneous ODE:
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A. Find the general solutions x;, of this ODE.

B. Consider the inhomogeneous ODE:

d*x  dx
F+4E+3x = 2cost
Find first one solution and then the general solutions x;,;, of the inhomogeneous
ODE. (10)
Hint: 2 cos t is the real part of 2e ™.
Sol:
A. For the complex homogeneous ODE:
d?z dz
) + 4E +3z=0

Guess the solution z,et. Plug in: The unknown « satisfies the algebraic
equation:
a’+4a+3=0
The solutions are
a=-1-3
The general solutions of the ODE are linear combinations of the corresponding

solutions:

x=cet+ce 3t

B. Since 2 cost is the real part of 2e ™%, the corresponding complex inhomogeneous

ODE can be written as:

2 4y 5y gei
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Again try a,e®t:
(a? + 4a + 3)aye* = 2e7t

1
1-2i

a=-iay =




1+42i 1 2
( )(cost—isint) = —cost + —sint

= R = R —it = _—
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C. General solutions x;j,}, of the inhomogeneous ODE
1

Xinh = g COSt + gsint +cie”t + et

4. Consider a coupled oscillation of two particles as shown below:

k, i k, ‘ ks
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with equations of motion:

d?x, ki+k, k, d’x, k, k, + k4
= — X1 +—x, =—x — X
dt? m, + my ’ a2~ m, m, 2

which can be written in the notations of matrices:

dZ
aex= A
Assume that the matrix A equals:
_ 2(5 4
A = wj (4 5)

The general solutions can be written as:
_ (%1 _ ai; as,
X = (xz) = (am) cos(wt + ¢,) +c¢, (azz) cos(wyt + ¢)

. ajq iz
A. Find the numbers w;, (a21) and w,, (azz).
B. If the initial condition is x;(0) = a,,, x,(0) = 0, x;(0) = x5(0) = 0, find the

solution. Hint: ¢p; = ¢, = 0.

Sol:

A. Guess the solutions are X = ae'“t, A+ a = w?a. This is eigenvalue problem of A.

The characteristic equation:
_ _ 5-1 4 1_ 42 _
det (A—AD =det|” " 7 | =2 -101+9=0
A=w?=1 =wi=1lor 1, =ws =9
0)1 = 1, (UZ = 3

Forw; =1, (A—-A)-a, = Ct i) ' (Zi) =0,a;=¢, (—11)



Forw, =3,(A—Al)-a; = (_44 _44) ' (Zz) =0a=q G)

X = (2) =0 (_11) cos(t + ¢1) + ¢y (i) cos(3t + ¢,)
B. x,(0) =c1+¢; = am,x(0) =¢c; —¢; = 0

(2) = Cl?m(_ll) cost +a7m(1) cos 3t

5. Diagonalization of a matrix: We have calculated in class that the eigenvectors of the

(9 3 1 3 . . _
matrix A = (3 1) are ¢, (_ 3) and c, ( 1), corresponding to eigenvalues 4; = 0 and
. . : . 1 3
A, = 10. The diagonalizing matrix can be written as: U = (_ 3 1).
g 1 1 (Uyp U 12)
A. Calculate U”" using U™" = Tetw <—U21 Uy, )

B. Calculate A- U and U - (ll)l /{) ) and show they are equal.
2

A 0
-1, . = = 1
C. CheckU*-4A-U=41 <O /12).

Sol:

aut=5( 7)

Boav=(3 (G D=0 3o
U'G)l /102):(—13 3)(8 100):(8 ig)

1
C. U—l-A-U=$(§ _13)(8 f8)=(8 100):</})1 /{)2)



