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1. Solve the equation of 𝑥(𝑡) with initial condition: 

𝑥! − 3𝑥 = 𝑒"# ,					𝑥(1) = 3 

Hint: Use integrating factor. 

Sol: The integrating factor would be 𝛼(𝑡) = exp[−∫3𝑑𝑡] = 𝑒"$# . 

Multiply the whole equation by the integrating factor 𝛼(𝑥): 

𝑒"$#𝑥! − 3𝑒"$#𝑥 =
𝑑
𝑑𝑡
(𝑒"$#𝑥) = 𝑒"%# 

Integrate and add a constant 𝐶: 

𝑒"$#𝑥 = 3𝑑𝑡 ∙ 𝑒"%# + 𝐶 = −
1
4 𝑒

"%# + 𝐶 

𝑥 = −
1
4 𝑒

"# + 𝐶𝑒$# 

The constant 𝐶 can be obtained by the initial condition  

	𝑥(1) = − &
%
𝑒"& + 𝐶𝑒$ = 3. 𝐶 = 3𝑒"$ + &

%
𝑒"% 

𝑥 = −
1
4 𝑒

"# + 3𝑒$#"$ +
1
4 𝑒

$#"% 

 

2. Consider the 2nd order ODE: 

2𝑥'𝑦!! + 3𝑥𝑦! − 15𝑦 = 0 

We know one of the solutions is 𝑥"$.	 

Use the method of Wronskian to solve the equation. 

Sol: Write the ODE into the standard form:𝑦!! + $
'(
𝑦! − &)

'(!
𝑦 = 0. 𝑦& = 𝑥"$ 

𝑦'~𝑦&3𝑑𝑥
exp?−∫ 𝑃(𝑥′) ∙ 𝑑𝑥′(

* B
𝑦&'

	

expC−3𝑃(𝑥′) ∙ 𝑑𝑥′
(

*

D = expC−3
3
2𝑥′ ∙ 𝑑𝑥′

(

*

D = exp E−
3
2 ln 𝑥H = 𝑥"

$
'.	

𝑦'~𝑥"$3𝑑𝑥
𝑥"

$
'

𝑥"+ ∝ 𝑥
"$𝑥

&&
' ~𝑥)/'	

𝑦 = 𝐶&𝑦&(𝑥) + 𝐶'𝑦'(𝑥) = 𝐶&𝑥"$ + 𝐶'𝑥)/'	



 

 

3. First consider the homogeneous ODE:  

𝑑'𝑥
𝑑𝑡' + 4

𝑑𝑥
𝑑𝑡 + 3𝑥 = 0 

A. Find the general solutions 𝑥- of this ODE. 

B. Consider the inhomogeneous ODE: 

𝑑'𝑥
𝑑𝑡' + 4

𝑑𝑥
𝑑𝑡 + 3𝑥 = 2 cos 𝑡 

Find first one solution and then the general solutions 𝑥./- of the inhomogeneous 

ODE. (10) 

Hint: 2 cos 𝑡	is the real part of 2𝑒"0#. 

Sol: 

A. For the complex homogeneous ODE: 	
𝑑'𝑧
𝑑𝑡' + 4

𝑑𝑧
𝑑𝑡 + 3𝑧 = 0 

Guess	the	solution	𝑧*𝑒1# .	Plug	in:	The unknown 𝛼 satisfies the algebraic 

equation: 

𝛼' + 4𝛼 + 3 = 0 

The solutions are 	
𝛼 = −1,−3	

The general solutions of the ODE are linear combinations of the corresponding 

solutions: 

𝑥 = 𝑐&𝑒"# + 𝑐'𝑒"$# 

B. Since 2 cos 𝑡	is the real part of 2𝑒"0#, the corresponding complex inhomogeneous 

ODE can be written as: 	
𝑑'𝑧
𝑑𝑡' + 4

𝑑𝑧
𝑑𝑡 + 3𝑧 = 2𝑒"0# 

Again	try	𝑎*𝑒1#:	

(𝛼' + 4𝛼 + 3)𝑎*𝑒1# = 2𝑒"0# 

𝛼 = −𝑖, 𝑎* =
1

1 − 2𝑖 

𝑧 =
1

1 − 2𝑖 𝑒
"0# 



𝑥 = Re	𝑧 = Re
1

1 − 2𝑖 𝑒
"0# = Re

(1 + 2𝑖)
5

(cos 𝑡 − 𝑖 sin 𝑡) =
1
5 cos 𝑡 +

2
5 sin 𝑡 

C. General solutions 𝑥./- of the inhomogeneous ODE 

𝑥./- =
1
5 cos 𝑡 +

2
5 sin 𝑡 + 𝑐&𝑒

"# + 𝑐'𝑒"$# 

 

4. Consider a coupled oscillation of two particles as shown below: 

 
with equations of motion: 

𝑑'𝑥&
𝑑𝑡' = −

𝑘& + 𝑘'
𝑚&

𝑥& +
𝑘'
𝑚&

𝑥',
𝑑'𝑥'
𝑑𝑡' =

𝑘'
𝑚'

𝑥& −
𝑘' + 𝑘$
𝑚'

𝑥' 

which can be written in the notations of  matrices: 

𝑑'

𝑑𝑡' 𝒙 = −𝑨 ∙ 𝒙 

Assume that the matrix 𝑨 equals: 

		𝑨 ≡ 𝜔*' d
5 4
4 5e 

The general solutions can be written as: 

𝒙 = d
𝑥&
𝑥'e = 𝑐& d

𝑎&&
𝑎'&e cos

(𝜔&𝑡 + 𝜙&)	 + 𝑐' d
𝑎&'
𝑎''e cos

(𝜔'𝑡 + 𝜙') 

A. Find the numbers 𝜔&, d
𝑎&&
𝑎'&e and 𝜔', d

𝑎&'
𝑎''e. 

B. If the initial condition is 𝑥&(0) = 𝑎2,	𝑥'(0) = 0, 𝑥&!(0) = 𝑥'! (0) = 0, find the 

solution. Hint: 𝜙& = 𝜙' = 0. 

Sol:  

A. Guess the solutions are	𝑿 = 𝒂𝑒03#, 𝑨 ∙ 𝒂 = 𝜔'𝒂. This is eigenvalue problem of 𝑨. 

The characteristic equation:  

det (𝑨 − 𝜆𝑰) = det k5 − 𝜆 4
4 5 − 𝜆l = 𝜆' − 10𝜆 + 9 = 0 

𝜆 = 𝜔' = 𝜆& = 𝜔&' = 1	or		𝜆' = 𝜔'' = 9 

𝜔& = 1, 	𝜔' = 3 

For 𝜔& = 1, (𝑨 − 𝜆𝑰) ∙ 𝒂𝟏 = d4 4
4 4e ∙ d

𝑎&&
𝑎'&e = 0, 𝒂𝟏 = 𝑐& d

1
−1e 



For 𝜔' = 3, (𝑨 − 𝜆𝑰) ∙ 𝒂𝟐 = d−4 4
4 −4e ∙ d

𝑎&'
𝑎''e = 0, 𝒂𝟐 = 𝑐& d

1
1e 

𝒙 = d
𝑥&
𝑥'e = 𝑐& d

1
−1e cos

(𝑡 + 𝜙&)	 + 𝑐' d
1
1e cos

(3𝑡 + 𝜙') 

B. 𝑥&(0) = 𝑐& + 𝑐' = 𝑎2, 𝑥'(0) = 𝑐& − 𝑐' = 0 

d
𝑥&
𝑥'e =

𝑎2
2 d 1−1e cos	𝑡	 +

𝑎2
2 d11e cos 3𝑡 

 

5. Diagonalization of a matrix: We have calculated in class that the eigenvectors of the 

matrix 𝑨 = d9 3
3 1e are 𝑐& d

1
−3e and 𝑐' d

3
1e, corresponding to eigenvalues 𝜆& = 0 and 

𝜆' = 10.	The diagonalizing matrix can be written as: 𝑼 = d 1 3
−3 1e. 

A. Calculate 𝑼"& using 	𝑼"𝟏 = &
678𝑼

E 𝑼𝟐𝟐 −𝑼𝟏𝟐
−𝑼𝟐𝟏 𝑼𝟏𝟏

H. 

B. Calculate 𝑨 ∙ 𝑼 and  𝑼 ∙ E𝜆& 0
0 𝜆'

H and show they are equal. 

C. Check 𝑼"& ∙ 𝑨 ∙ 𝑼 = 𝜦 = E𝜆& 0
0 𝜆'

H. 

Sol:  

A. 𝑼"𝟏 = &
&*
d1 −3
3 1 e 

B. 𝑨 ∙ 𝑼 = d9 3
3 1e d

1 3
−3 1e = d0 30

0 10e, 

	𝑼 ∙ E𝜆& 0
0 𝜆'

H = d 1 3
−3 1e d

0 0
0 10e = d0 30

0 10e 

C. 𝑼"& ∙ 𝑨 ∙ 𝑼 = &
&*
d1 −3
3 1 e d

0 30
0 10e = d0 0

0 10e = E𝜆& 0
0 𝜆'

H 


