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1. The energy levels of the hydrogen atom can be written as E,, = — % eV.

If some external electrons, with fixed kinetic energy 13.1 eV, hit hydrogen atoms at
ground state n = 1 (assume that one electron hit one atom at a time), with all or part
of external electron energy absorbed by the atoms, the atoms will emit a photon or
photons afterwards. What are the largest and the smallest frequencies of these emitted
photons? h = 6.582 x 1071¢ eV's.
Solution:
The energy of the first three levels are: E; = —13.6 eVE, = —3.4eV, E; = —1.5¢€V,
E, = —0.85¢eV, E5 = —0.54 eV. The external electron can only have enough energy
for the internal electron to reach n = 2,3,4,5. Hence the largest and the smallest
frequencies of these emitted photons transit: 5 — 1, and 5 — 4, respectively. The
photon energies are

Es —E; =13.06eV,Es —E, =0.31eV

The corresponding frequencies:

f Es = by 1306 eV 1.98 x 10%6 Hz, f, = 4.71 x 10 H
51 — = — = 1. X Z, [54 = 4. X Z
h 6.582 X 1016 eV -s. '

n =7 Lyman Paschen Pfund ,—0.28 eV

n= (’\ series series series /,—0.38 ¢V

n=35 h ; —0.54 eV

n=4 Hi —0.85eV

n=3 Brackett —1.51eV

series
n=2 - —3.40eV
Balmer

series

n=1]— —13.60 eV

2. The Heat Equations is the equation for the temperature distribution in a heat
conductivity thin ring. The ring is thin and its temperature depends only on x (0 <
x < 2mR), the location along the circumference of the ring. Denote the temperature

difference from a constant temperature T, at x and time t as u(x, t). R is the radius of



the ring. Using the law of conductivity and the first law of thermodynamics, it can be
shown that u(x, t) satisfies the following partial differential equation:
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o is a fixed real positive constant. It is almost identical to the Schrodinger Wave
. . . ou . . o
Equation except that the coefficient ¢ in front of 6—1; is real now instead of imaginary.

It is reasonable to think that there exist solutions that are separable just like in the
wave equations we discussed in class:
ulx,t) = X(x)-T(t)
Since it is a ring, the temperature satisfies a Periodic Boundary condition at all times:
u(t,0) = u(t,2mR)
This condition is widely used in solid state physics.
A. Find the Ordinary Differential Equation satisfied by T'(t). Assume that u(x, t) will

not grow indefinitely as ¢ — oo, Show that the exponentially decreasing function:

T(t) = e_%t
is a solution for T(t). A is a positive constant to be determined.
B. Find the Ordinary Differential Equation satisfied by X (x). This equation is
identical to the time independent Schrodinger Equation for free space and hence

the solution can be written as:
X(x) = AeV?* 4+ Be=V2x = ( cosVAx + D sinVax

Let’s concentrate on X (x) = D sin VAx and ignore the Cosine part for now. The
periodic boundary condition would be satisfied if
X(x) =X(x+ 2nR)
The condition for V2 to satisfy the periodic condition is
A, = cn?
Calculate the constant c. Write down the u(x, t) for 4,,. Observe that it will

vanish u(x,t) — 0 as t — oo, meaning the temperature distribution on the ring

will eventually become uniform (= Tj).



Afterword 1&£3%: To put cos VAx back into consideration, we need one more
periodic condition: X'(x) = X'(x + 2nR). Apparently, the first derivative is

continuous along the whole ring. Then the condition for VA will be the same.

Sol:
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0 = —AX(x)

X(x) = AeV?* 4+ Be=V2x = ( cosVAx + D sinVax
X(x) = X(x + 2nR)
VA-2rR =2nm, n=123..

2
n
The condition is VA = E ord= (R) .

3. Consider an infinite potential box, with boundaries at x = 0 and x = a:



V(x) =00,x>a,x<0andV(x) =0,0< x <a.

V(x)

0 a

As we have shown in class, in this potential the stationary states 1£ K& state function can

. 2 . nmx . . h2\ n?
be written as u,, = |-sin— with eigenvalues E,, = (— )= n?.
n a a n 2m/ a?

A. Assume the wavefunction of an electron at t = 0 is (, its total probability already

normalized to one):

2  bnx
Y(x,0) = —sin— 0<x<a,
a a
=0 x<0,x>a
For a later time t > 0, write down the wave function W(x, t), in terms of Es and t.

Calculate the Probability of finding the electron between 0 < x < % at time t. (15)

1—cos 26
2

Hint: You might need this formula: sin? =

B. Assume the wavefunction of another electron at t = 0 is: (, its probability already

normalized to one)

1({ (2  nx 1( (2  3nx
Y(x,0)= |=| [-sin— |+ |z| [—sin— 0<x<a,
2 a a 2 a a

=0 x<0,x>a
For a later time t > 0, at x = %, write down the wave function ¥ (%, t), in terms of
E; 5 and t. It can be shown that its probability density at x = % is an oscillating
function of time t:
a
P(Z't) % 14 coswt

Calculate the angular frequency w of this oscillation in terms of #, m, a.

Hint: |[A+ B|? = (A*+ B*)(A+ B) = |A|>?+ |B|* + A*B + B*A
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