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This is a first order ordinary differential equation of function v, (t).
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Figure 1.2 (Left) Plots of four integral curves, or solution curves (1.5), of the
differential equation (1.4), for four values of C'. (Right) A particular solution
satisfying the initial condition x(0) = x.
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Method 1 (Separable Function)  [LER R DS 38 78 FH AV K i £ |
DAFE 77 AR AL TR o T RE T HETS

dN
— = —I'N H[DIEFrANHJFactorfEah /218 » tEEHAE -

dt

!

NdN = —I'dt REHIFRUNE(LdN BRI INE bdtHVREE R -

W E AR AR 7 (BRI NE B R TN - R P E—(ER A ERTHE BIC

1
—dN = -T | dt !
jN j .

InN =-Tt+ ('
M AE AR FE R
N(t) = Ce™ Tt

EREEC A LR EEE FMICHEE] 7R 248 -
S ERIREIRGRA: - o TR Uk H e i
N(0) =C =N, N(t) = Nye™ Tt



EdpriE  Separable equation > fimethod 1{7{H : P331
——JTEsF

dy
Method 1 a — f(Y; x)

4

dy  P) The right-hand side f(y, x) is separable dN

dx QW) into a function of x and a function of y. g¢ — — I
Q(y)dy = —P(x)dx %dN = —Tdt
1
| ey = - [ P@rax +c [yan=-r[a+c

Solving DE is doing integration, the inverse operation of differentiation.

This gives a relation between y(x) and x and could be solved to get solution y(x).

Again, there 1s an undetermined constant C in the solution!

To determined the constant C , initial condition y, = y(x,) is needed.



Example 1:

dy B dy  P(x)
ax POy =0 - Q0)
1
J;@:jfuydx+d JQ@My=—fP@Mx+C

lny=fp(x)-dx+C'

y = Cel P00 E—THAH
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av, ___k
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IRI=E B BRI M » RIBEZEEIFH T MY E %R
WEERFEEAY TREZ > IRILZ AT DS 21—l |
dv, k mg

AL T7 . —y _ — g — __ 9

iERAINN 0 (HEEINE IEAERY—{E##one of the solutions °
ERE L FRVEBAREEEEG|A -




Method 1
&t & —{# Separable Equation

dvy
F =—g+ bvy

vy(t)

t
1
[
g — by,
0

Uy(O)

(a) Metal ball falling  (b) Free-body diagram
through oil for ball in oil

EERMEZHE 45 —EJ774 * integrating factor.



Method 2 R B P336

FrEUE R EE— XAy —Xor - k—X Gy > U (EERAYx i %q (x) -

R Hx i #q (x) (source term ) - fBEHomogeneous Equation ©
A HlfEInhomogeneous Equation » T HYAZELE 5 q Fr ¥ ERYHomogeneous EqtH[EE.

S Inhomogencous Eq ¢ q(x) = —g : oy k=,
dt m ~

iq(x) » EIETHomogencous Eq » 5t EIEMLATA TR - |
dvy k

Z Yy =0
dt +mvy



LAY A E(H @ Method 2 (Linear Equation, Integrating Factor)

dN
s
!

dN+I‘N—O
dt B

—I'N

MR EL I _Felt, called integrating factor!

G e
| iy IN = 0
© Tt

[E7=TF18 A] LR Bl — (B By i or |

d(eN) _ )
dt
FEpR B T R NI —{E L -
eltN =C N() = Ce™ Tt

Leibniz (1645-1716)




F& 77 IR T-7% Integrating factor » method 2
dy
2 TPy =q(x)

The idea: multiply the left-hand side by an integrating factor a(x):

So that it becomes the derivative of a function ay(x). Leibniz (1645-1716)
dy dy _4d re AV Ttar — d(e"*N)
E+p(x)y ) a(x) dx"'P(X)Of Yy = dx (ay) e T +Te *N = Ir

: . a d
By chain rule, the conditionis: — — p(x)a = 0 — o't — rplt
dx dt
This is a separable ODE which we already know how to solve!
We don’t care about an additional constant.
a(x) = exp j p(x)dx . : :
Any solution could work as an integrating factor.
- =2 Py =0
This condition is actually the Homogeneous Eq with —p(x). dx

The integrating factor a(x) equals the inverse of the solution of the Homogeneous Eq.



f%¢y=Jp&}dx+U

l —
ny—Jp&}dx+U




Multiply the whole equation by the integrating factor a(x):

d
D )y = q(x)

dx l
dy
a— + apy = aq a(x) = exp jp(x)dx
W o o = CE
The equation is simplified: Cax T T Ty
d(ay) .
dx 4

We can then integrate both sides!

ay=faq(x)dx+C ) V= ¢ + . ja(x)q(x)dx
alx) a(x)

Again, there 1s an undetermined constant C in the solution as expected.



Apply the general solution to the Equation of v), by comparing:

dv, ko dy oo
it “m?>»_ 9 = —+p)y=qQ)
k
a(t) = exp U;ldt} = Q%t a(x) = exp U p(x)dx]
vy, (t) = OO j a(t)g dt fa(x)q(x)dx
= Ce_%t — ge

_k dv k
The first term Ce " is the solution of the homogeneous ODE. d_ty + - vy, =0

The second term 1s one of the solutions of the inhomogeneous ODE.



dvy k

2= —g-—v, |EEARITEESRD,

N HEUKSERVETL Y - INEEFEREHHST NHY B fEs -
WAV TIES - IRILZ ] DS S — (e |
d& 3 k mg

%‘%ﬁﬁ' dt Oz—g—avy vy:—T

BRI > BEVE [EHERT—{E##one of the solutions -
B BRMERARIEERHEG A -

0 —
a=g Q 1 Y

Solutions of Linear inhomogeneous ODE equals one solution of the

inhomogeneous ODE plus the solution of the homogeneous ODE.



dy B
v p(x)y = q(x)

C 1 1
VEa e J a(x)q(x)dx =y +y, ) = B [— J p(x)dx]

dy
The first term ﬁ is the solution of the homogeneous ODE. Tx +p(x)y =0

The integrating factor a(x) equals the inverse of the solution of the Homogeneous Eq.
The second term 1s one of the solutions of the inhomogeneous ODE.

This 1s a general property of all linear ODE’s.



Solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution y; of the homogeneous ODE.

The difference between any two solutions y — y, of a Linear inhomogeneous
ODE equals a solution of the homogeneous ODE.
dy,

d
d—z +p(x)y = qx) — FM p(x)y, = q(x)
.

d(y — y3)
dx

+p(x)y —y2) =0

y — Yy, equals a solution y; of the homogeneous ODE.

Yy =Y1t+Y2



W TR LR E A e SnY ZEH EE BT - T RER e REAa R -
AL - $8or R 2CHY R 1 & H AREE A E A #Undetermined Constants.

¥fInhomogeneous Equation » TR E H &t 2k 5 5] LUIIAYHomogeneous EqHYfE

dy B
—+p()y = q()

C 1
y = 2 (0) + (D) j a(x)q(x)dx

5 ABEERREIRRIE - Mo HRERE A



First order Ordinary Differential Equation

% =f(,x)
oA / \
Separable Linear First order ODE
dy  P(x) dy
dx Q) 2 TPy =q)

there 1s an undetermined constant C

/ \

FE 7R T-72 integrating factor

Homogeneous ODE Non-Homogeneous ODE
dy
- — 0
7, TPy

Solutions of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution of the homogeneous ODE.






Linear second order ODE f##,%

y"'+Px)y '+ Q(x)y = f(x)

Variation of parameters . . .
AE 8 8 SR PR
NS / ez \| R
Linear ODE Linear ODE with constant coefficients
y'+ Py +Q)y = f(x) y'+ a1y’ +agy = f(x)

If we find one solution of the
homogeneous ODE, we can calculate
the general solution.

We can find general solutions using
complex number exponential function e%t,



LLinear second order ODE

Inhomogeneous ODE Homogeneous ODE
y" + Py +Q(x)y = f(x) “ Y+ P(x)y' +Q(x)y =0

Inhomogeneous EquationAfiE B £+ g Fi ¥ EAY Homogeneous EqfH .




Let’s first start with Homogeneous Linear ODE :  y" + P(x)y'+ Q(x)y =0

It is called linear because of this T :

AR EHEIRIER By, (0, y2 COMMEFIER © " + POy +Q@y =0
ARREE— 4RI linear combination €y, (x) + Gy, (x) AR ITRER |

i y1 +PX)y; +Q(x)y, =0 + C; ¥y +P)y; +Q(x)y, =0

(C1y1 + Coy2)" + P(x)(Cry; + Coy2)" + Q(x)(Cryy + Coy,) =0

1
&

A3

E]l

=
NSRS E M (B LRy, (%), 2 Co) B m e T2 > FelMkis 2R 25 (i !
Wy TR IRV R R H O R SRV 2R B Rem e fEaa R A -



A LA
— A SR B, (0), v ORI 1 " + POy’ + Q(x)y = 0
7 ELya (06), ¥, GOR BRI B - 78 By et

FE VAN o] DLETEE © Cry (%) + Coya(x)
C1, Co ] LLEH#ESA R Ry (0), y (0)HE—TRTE -

AL - L EfEgARAEE > v+ Py +Q(x)y =0  FUAME—f## -



There 1s a powerful theorem: Arfken p362

AR EFRE]— (] ey (x) e T2 y'+P)y +Qx)y =0
BT LT R S — (AR R T A #y, (x) - et RS -
(28 #i = — & fy Wronskianf pRELIWV (x) -
W(x) = y1(x)y2(x) — ¥, () y;(x)
B e {RAFEEHY 1st order ODE » DAE(EAIRNEEA RzE LN vl DR EE TR K -

dWw

T N () y5 () + y1 () y5(x) — y, () vy (x) — y5(x)y1 (%)

= y1(0)yz (x) — y2 (¥ (x)
yi X Y2 +PXy; +Q(x)y, =0 -y, x  y'+P)y; +Qx)y; =0

aw , Caw
I + P(x)y1y2 — P(x)y,y; = Fm +P(x)W =0

dW
—+ P(x))W =0
dx

X
W = W (0)exp <_ J P(x") - dx') Jozef Maria Hoene-Wronski
0



f%dy=—jP(x)-dx+C’

an=—JP(x)-dx+C’




There 1s one more formula:

d (yz) VY2~ Y1 W

dx \y; B )’12 _)’12

If Wronskian W (x) and y; is known, % could be obtained!
1

W
&ZC-I-]CLX—Z

Y1 Y1
X
exp(— [ P(x") - dx)
y2 = Cy; + W(0)y, f dx Oyz
1

2

exp(— fox P(x") - dx")
h"')ﬁjdx y
1

H y BT B I S — S R e By, (x) - e LR RE S -



Q15T A By, (o) TR 1 v + POy’ +Q(x)y =0

1y, R S — BB TR By, () - {7 -

FrE VN oI LEEE © Cry (%) + Coyo(x)
C1, Co ] DAHHEEZEFRFY ' (0), y (0)ME—TR7E -

AL - L EfgERRAEE > v+ Py +0)y =0  HUAME—f# -



y"'+ Py + Q(x)y = f(x)

FAIFMH] - inhomogeneous H—{Ef#F] UL © y(x) = v1(x)y1(x) + v2(x)y2(x)

/ ny / ylf _ Y1 Y2 _ ! !
vl:_W UZZW vy = Y1Y2 — Y21
T

deWf v, = jdx%

If we find one solution of the homogeneous ODE, we can

calculate the general solution of the inhomogeneous ODE.

Joseph-Louis Lagrange 1736-1813



y'+ Py +Q)y = f(x)
The difference y — y, between any two solutions of a Linear inhomogeneous

ODE equals a solution of the homogeneous ODE.

V' '+ Py +Qx)y=f(x) T vy, +P@)y; +Qx)y, = f(x)

2
=92)"+Px)(y—y2) '+ Q(x)(y —y,) =0 homogeneous ODE

y — vy, equals a solution y; of the homogeneous ODE. Hence:
Yy =y1tY

Any solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution y; of the homogeneous ODE.



Mae EHH

d?x
dt?

= —w?x

TF5Z PR BB R 52 PREHY T KW 3 &R AT & Y B R IELE |
NI RE Z i I {ERE  x; = sin wt Xz = COs wt
HEEAT—43#1%4HE&  x = acos wt + b sin wt 2z |

BRI EPR 25 (A% |

W TR R YRR i H Ol e SRV ZE ] - Bk fe e feaa Rt -



X = a cos wt + b sin wt

Vv = —wa Sin wt + wb cos wt
a, b HEEAR SRR E

x(0) =a=x,

v(0) = wb = v, _ Yo

Vo .
X = X COS wt +— sin wt
)

i {18 ek B R0 o e 2 EN T R 2L R W (ERE4a (R - RIL/EME—HTER |

AHBIRT !
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4

A

n

d
ﬂl;{%ﬁ‘ﬁ)ﬁ . ——e% = (a)n . p&X

dx™

Re a

v

FEHa = a + IOHIFEEIRE

e = @t — 00pl0 — oa(co5 0 + jsinH)

e BEtEHHE » ONLEIES

6] = 1

|ea+i9| — pd

|mn| = |m| - |n|

d d .
_ pax — _— (,ax,i0x
dxe dx (e ¢ )

— (aeax)eiex + eax(ieeiex)

= (a + i0)e?*0 = ge®*

FTEL > BEREE BN EL - Fra YT &b EL H CRIEEE !



e =cos@+isin® It =FAKEE DU B BE Sk B BB -

Xm cos(wt + @) = Re[xpe'@t+P)]

YL RS ) > e s SeE S ek S E D |

5, P’ is a particle Im

moving in a circle. 4
. X e l(wt+¢)
X,

s a projection Re
moving in SHM.

(a)
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fa = —bv

x Rigid support
@%ﬂﬁ*%ﬁ%—{lé . §§ Springiness, k
=
d*x dx
m W = —b E — kx Mass m

1 FyDamped Oscillation fHE#RZ -

Vane

Damping, b




ﬁgﬂﬁﬁ@ﬁ%g%?ﬁé% ’ L}L%g%&ﬁjizﬁﬁﬁ . x TRigid support

BB EES T x HEE A —(EEE 2
d’z b dz

—+——+w?z=0
dt?2 mdt

FEEE z 2 EEIRe B EEIm z -

d?(Re z + ilm z) N b d(Rez +ilmz)
dt? m dt

R B TR TR 4R IERY > z8Y B BER B R B0l . [  ie & J 2K o i e HY T FZ 2 |

WREERR L E Rz - PR ERE SEEE - Bl A1S2 R T2 sNH E 80 x -

d?(Re z) N b d(Re z)
dt? m dt

+ w?(Rez +ilmz) = 0+ i0

+ w?(Rez) =0

e AR D P LE R R R By 7512 » RS T ELie s B |



d%z b dz

i T 2, _
172 + — +wz=0
WRFFTRIERSS - FRIELE—(ER B H R L - z = zpe™
‘ FRFTE IRz - gn )
: METHI R B YRR = gen”” T
a’z+—az+ w?z=0
m
b . . .
a’ + — a+ w?=0 This 1s called Characteristic Equation.

AR oy TR 2R AE —TE B —TE A b B R A o e~ RETTIER -
o B

2
a, = — % + i \/ w2 — (%) These are called Eigenvalues of the SHO.



ay = —o +iw'
b
EHAFA ©> 5 EERIEEIREE wéjw_bz
4m?
b b

zy = e%t = e72m’ . eF0't = ¢Tam" . [cosw't + isinw't]
Az, 1 B B B BT A 7 A A B -

2 BRI AR . o cosw't e 2t - sinw't
PS5 T AR B 5 T R WA (E B |

SRz MYBRRGT T Sz, R |

BT TR > FEET DU SR A — A -

b b
x =e 2m" . (acosw't + bsinw't) = x,, - e 2m" [cos(w't + )]

ST W AR A EHVE B ¢ a, b o MR M ERERPRFAE a,b
FTis 251 TR ZUR Y — 8% -



b
X =Xy, - e 2zm [cos(w't + ¢)]
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b
HRIEH o =5— oS EIREHEE TR

2m
a, = _b d’z bdz .,
+ 2m Ttz + —r + wz=0
M A SE]—4H A%
b
Zl = e_mt

1y PR S — BB T R By, (x) » HUER TR -

exp(— [ P(x) - dx')
yo~y1 | dx )2
1

b b

Z, = e_mt Z, = te 2mt fRE DARARERS ©
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N

d"x
D, @ g =0

n=0

N

d"z
Do g =0

n=0

BN z = z5e%t

N N
n=0 n=0

o7 TR B A B R R R B oY (BT RE R
RETTREF VA NE a2 3.8
z = cie®™t 4+ cye®2t + ... cye?nt
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Second Order Linear Ordinary Differential Equation
y'+ Py +Q)y = f(x)

MHE— X HHIYRE - R— KRR Koy - DA —{EE R e & -

D

—IH

MT

\

We don’t have general solution for these ODE, but if we restrict P(x), Q(x) to constants:
y'"+a;y ' +ayy=0
we do have a procedure using complex number to write down the solutions.

Second Order Homogeneous Linear ODE with constant coefficients

This systemic method can be extended to Homogeneous Linear ODE with constant

coefficients of any finite order. Z dm™y

an°W:O

n



Method 0
Y81 NEYE % Forced Oscillation rotator

{Ea AR AN 1 B] PABSEK ¢ Fo cos wpt -
HETEZ N T —(EE -

d?x dx

HENEHARE Mo 5 = —bE—kx+F0 cos wpt

FERAIN THY R

y'+ a1y +agy = f(x)

This is an Inhomogeneous 2™ order Linear ODE with constant coefficients.

ST T Bz ER R E AR R AR E
Ry AL R B ER I SRR E - e BBHE

d*x 2 F, .
—— = —w*x +— cosw
dt? m b
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d2X b dx 2 F() N
d_tz + ;’ld_t + wx = E cos wpt 3[5’%&:)7%1@\75*%5E

B S HERE AR R TR ERA TENRDY ¢

d’z b dz Fy . : .
F+_d_+w222_°elwpt e'®pt = cos wpt + i sinwpt
t m at m

AU I TR VB B > RARe(2) e FRAY G

d?Re(z) b dRe(z F, . F,
d—tz() +— dt( ) + w?Re(2) =?2 Re(e'®rt) =?2 cos wpt

x = Re(z)



S 4

2
d Z+£%+a)zzziei‘“l’t

dt2 ' mdt m

AT UK Ry z = z0e® A ER

(az + ﬁa + wz) zpe®t = fo el@nt
m m
Ko R G EARE o =iwp BN IDIEGRREZ |

m

F, 1

m(w2 — w} +l£a)D)

Zo =

OB E— (R Al -



PUSEEHE MR AR zoi Ry JT

Zo = & ! D = Ae'?
m (a)z — w} +ﬁwD)
Ae Fy 1
m bw
e+ G2
bwp
m
tan ¢ = _(a)z — o)

7 = Zoe—ia)Dt — Ae—i(th+¢)
HEHERNRE e E B
Re z = Re Ae H@pt*9) = A cos(wpt + @) = x,

= ERAE R REE - WA T B B R DU S e fRe: -



HHIER R GREZ  EEMTRE— A% - v DFER BT
BRI RO R WA - 528 e — BRI R KT R 5

d’x b dx F, d2x b dx
= L L — t — + ——+ w?x =
dt? mdt WX mcost » dt2+mdt+wx 0

b,

Xg = Xy - € 2m [cos(w't + ¢)]
X = X, + Xg
x, = Acos(wpt + @)

b

Xs =X - e 2m" [cos(w't + )] A WA AR R B 0] PART & RE2a R R

i e o T Re 2 o T HL R PR e fE4a R -

FRIZT AR EH » B E IR -

FESLIRmE AN o THREEAA g NIRRT — Bl > FER
R RRE - iR E Nk R RSB ES R -

X =Xy + Xg = Xp

x = Acos(wpt + @)






EAGHYE SN TR 2

2

% e HI R SRV E S T2

‘ TEES U
A E TR

Ordinary Differential Equation

System of ODE

Matrix and Linear Algebra

Eigenvalue problem of Matrix

Partial Differential Equation



& ¥HR% coupled oscillation

ky | k, | ks
m; SAMWMWWWN - m;
: |
|
|

n =
dle
i e ko(xp —x1) — kaxy = — (kg + k3)xq + kax;
d2x2
i —ky(xy — x1) — k3xy = kaxq — (kg + k3)x;
dle _ k1 + k2 N kz
dt? my *1 my *2
d2x, ky  kp+ks
dtz B m, 1 my 2

WERLT-EY3Z T > SRR E LT PR I (B SR PR & - TR A
SRME 2y A EN AR 20 R] DADURE PR AT (o) B 6 S 2R A
B AR PR BT DU B PR A E HRE -
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ky ! ky } ky
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X1 ' Xy
|
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SRR 2\ EHAY A T2 A DADURE P R 17 ) SR Se R 2R A it |
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Qws — wd)a; — wia, =0 ‘ wia; — wia, =0
6a, =0
—woaq + wpa, =

—wia; + Qwi — wd)a, =0

a; = a; = C; = Aje'
The solution 1s:

Now taking the real part would give us the solution.

X1 = X, = Re Alei(“)o”‘l’l) = A; cos(wopt + ¢1) ‘w/_o\mfo_\m_
— —
The two move together!
X1 = X3 = —woA; sin(wot + ¢q) | t— -—
Symmetrical mode
(In phase)
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Wy = \/§(U0

Qwi — 3w3)a; — wia, =0 ‘ —wéa; — wéa, =0

—wia, + Qwi — 3wd)a, =0 2 2

—woa; — wjay =0
a1 = —a2 = Cz = Azel(pz
The solution is:

Now taking the real part would give us the solution.

X1 = Re A,el(30ot+¢2) = 4, cos(vBwyt + ¢;)

lig = et = Ay (Bl i) 0000 o\, 00999 |
Xy = —X3 = \/§woA2 sin(\/§w0t + qbl) ~
The two move opposite! | —

Antisymmetrical mode
(out of phase)
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This is the eigenvalue problem of Matrix A.
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There 1s another way to look at this solution. Method 2
x, = Ay cos(wot + @) + A, cos(V3wet + ¢5)
x, = Ay cos(wot + ¢1) — A, cos(V3wot + @)
Xy = X1 +x, = 244 cos(wyt + ¢1) Generalized Coordinates [& 5 A6 &
X_ = X1 — X, = 245 cos(V3wot + ¢,)  EFRPELRAILISESTRE B BT |

X4, X_ are pure simple harmonic oscillators with respective angular frequencies.
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dt?
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_ 2

e —2wix; + wix, — —Z = wix, — 2w, 17 = —3w§x_

x4, x_ are called Normal Coordinates. f& = A &L

X+ d? wi 0
X = —A-x=—— A=
() T ae” ( 0 3wg>
For normal coordinates, A 1s now diagonal. Off-diagonal elements means coupling.

X4, X_ are uncoupled, independent SHM.
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X1 = —Xy = Ay cos(wot + ¢pq) X1 = Xy = A1 cos(wot + ¢1)

xy =0,x_ =24, cos(\/§w0t + qbz) xy = Aj cos(wot + ¢1),x_ =0

L 0000 0NN, 00000 4 0009 00000~ XN -
Antisymmetrical mode Symmetrical mode
(out of phase) (In phase)
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System of 2nd order Linear ODE with constant coefficients

d’X
== = A-X Matrix A 1s what determines the evolution of the system.
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A-a= wa
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Chapter 6
Eigenvalues and Eigenvectors

6.1 Introduction to Eigenvalues: Ax = Az

6.2  Diagonalizing a Matrix

6.3  Symmetric Positive Definite Matrices

64  Complex Numbers and Vectors and Matrices

6.5  Solving Linear Differential Equations
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But like 3D vectors, Vectors can be multiplied by a number, and two vectors can add up.

Linear combinations of vectors are still vectors. Vector space is also called linear space.
v=cat+cb  GUEHEEEGEEEN  a= (al) p = (bl)

0] 2. %41 [0 o

If the components of two vectors are proportional, we say they are in the same direction.
a=ch

[0.8

0.4 : -
0.2 and [ 0 1] are in the same direction.
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A times the eigenvector will produce a vector in the same direction.

Solving eigenvalue problem of matrix A-a=A1a

1 S
A—A-a=0 g1 — ( 22
( ) det S \—521

A — Al is also a matrix. If it has an inverse, the vector a can only be zero:
a=MA-D""-0=0

For A to be an eigenvalue, the condition is A — AI has no inverse
and hence the determinant of A — Al is zero.

det(4—AI) =0
_ (08 0.3
4= (0.2 0.7)
_ 0.8—-41 03 Y_,2 3,,1_ . 1) _
det(A—AD =det("0 0" 07 )=2—JA+,=(A-D(1-;)=0
1 : 0.8 0.3
A=A =1or A, = > are eigenvalues of [O.Z 0.7)°
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@--a= (", " 077 0) ()= (o o) (ay) =0

0.2a11 = 0.3a21

Eigenvector has one undetermined constant.
0.6

a1 = C1 (O 4)

B8 -

1
/1:/1225

Gl =2t = (0'80720'5 0.70430.5) ' (ZZ) = (8:2 8:3) (Z;) =0

0.3a12 = —0.3a22

a, = ¢, (_11)



A times the eigenvector will produce a vector in the same direction.
_ (0.8 0.3\ 0.6\ _ . /0.6
A-a= (5 o7) (ga) = 1(g)

aa=(55 03)-(1)=3(1)

For the two special eigenvectors, matrix multiplication is just a number product.

Summary To solve the eigenvalue problem for an n by n matrix, follow these steps :

1. Compute the determinant of A — AI. With ) subtracted along the diagonal,
this determinant starts with A™ or —A", It is a polynomial in A of degree n.

2. Find the roots of this polynomial, by solving det(A — AI) = 0. The n roots
are the n eigenvalues of A. They make A — A/ singular.

3. For each eigenvalue ), solve (A — AI)x = 0 to find an eigenvector x.




Theorem: The cigenvectors a of A are also eigenvectors of A™ with the eigenvalue A™.

A-a=Aa ‘ A" -a = 1"a

Theorem: All vectors can be written as the linear combination of a; and a,.
X =ca +ca,

Then the action of A and A™ on any vector can be easily written down:
AX = A(c,a + cya,) = cjAaqy + c,Aa, = ciAaq + cA5a,

The information in the eigenvectors alone of a specific matrix can represent the matrix!
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x=(02)=(09)+2(0),) —AEETUBRARE RIS

ax=05 03)-(08)=a-(58)+2a-(5))

S (09) 422 (%)= ()



HEENE

A"X = ciA"a, + c,A"a, = c;ATa, + ;A a,
0.8\ _ (0.6 0.1

x= (0.2) B (0.4) te (—0.1)

aoox = (08 09 (03) = - (o) + 24 (51)

100
_ 1100 (0.6 . (l) 0.1\ (0.6
=1 (0.4) w2 2 (—0.1) (0.4)
This matrix 1s called a Markov matrix, with an eigenvalue = 1, the other < 1.

The repeated action of a Markov matrix will push any vector into the eigenvector with A = 1

.6

.6 _ .6
4 4 T 4
A T A? T As

:[j:‘;‘] [ [E L[]

, . 8] [.7] [.65 . [.8
Figure 6.1: The first columns of A, A%, A3 are [2] , [3] , [.35] approaching [4]




System of 2nd order Linear ODE with constant coefficients

2
_ le_); — A-X Matrix A 1s what determines the evolution of the system.
N k _
prandaicg a=—(% 1)
m\—=1 2
WERELE X = ae't
2 o it
% — wlae®t = A - getot

A-a= wa
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With the eigenvectors and eigenvalues, we can solve the ODE system.

A-a=w?a=1a

w? =2; a EHERARITE
#4l X =Re Clalei‘/’l_lt = clalcos(\//'Tlt + ¢1)
IESS—## X = ciaq, cos(yJA1t + ¢1) + cra,c08( /At + ¢,)

The four initial conditions X(0), X'(0) will determine four constants ¢y 5, ¢ .



Diagonalizing a matrix ¥f 51k
A-a1=/11a1 A°a2=ﬂ,2a2

a,, a, are column vectors and we can use them to form a matrix.

U=(a; ay)= ((Z;) (ZZ)) _ (a11 a12)

a0 = () () (62) = (a2 a ()

_ (Ma11 /12(112) _ (Q11 Q12 (/11 O) _
_(/11“21 A0z, _(a21 azz) 0 A, =U-A
AU = UN FEFRURZFEHUT ¢

Ay O
Ul-A-U=A= ( 01 1 ) 1s diagonal with eigenvalues as diagonal elements.
2

U~ AU Z— (% rmsERE > BT EEAEE |
A=UAU"1=U (Al 0 ) p-1 Any Matrix can be decomposed into 3 factors,

0 1
I : \b involving just eigenvalues and eigenvectors.
Info. of eigenvalues In

8:2 8:§]:l8:2 —11] l(l) 0(.)5] loh —3.6]
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. of eigenvectors



A=UAU?

This formula 1s useful for the following calculation!

A0
A = UAU Y- UAU Y- ... UAU Y = UAFU L = U<O1 )U‘l
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0 et
eA — U(elll 2 )U—l
0 e”

Jo-



FIFA B A EIRAVAERE - RGO TR oK

d?X
T _A-X ‘ A=UAU1

dt?
d*X _ g AUT'X » _ (/11 0)
-5 =UAUTT-X MERU™ ————=A-UT'X A={g ,

=

(A VDR Gaay el e

d*y A 0 d? A
d_tz:’”’:(o1 AZ)Y W@l):(ol /102)@;)

#£F2Generalized Coordinates FEZJEIE Y., Vs Y = (h) = U~ 1X

B R EEREENEE LIRSS A - NIt S - hEE R I -
BN EZEIEEY,, yo 18 A Normal Coordinates » Y& 17 {F fEzE i#H &) |

Vi = clcos(\//l_lt + ¢1) Vo = czcos(\/)l_zt + qbz)
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