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1. We consider String Wave Equation last term: 𝜏 !
!"
!#!

= 𝜇 !!"
!$!

. It can be generalized to the 

case with x-dependent 𝜏(𝑥), 𝜇(𝑥) and an extra restoring force 𝑣(𝑥). The equation is now 

written as: 

𝜕
𝜕𝑥 *𝜏

(𝑥)
𝜕𝑦
𝜕𝑥, − 𝑣(𝑥)𝑦 = 𝜇(𝑥)

𝜕%𝑦
𝜕𝑡%  

also known as generalized string wave equation. 

It can be solved in ways quite similar to wave equation by separation of variables. 

Assume the separable mode solutions can be written as  

𝑦(𝑥, 𝑡) = 𝑋(𝑥) ∙ 𝑇(𝑡).	
A. Find the Ordinary Differential Equation satisfied by 𝑋(𝑥) and 𝑇(𝑡). Show that 

𝑇(𝑡) satisfies the same equation of motion as SHM and solution can be written as  

𝑇(𝑡) = 𝑎& cos(𝜔𝑡 + 𝜙) 

The constant 𝜔 (unspecified yet) can be interpreted as the oscillating frequency of 

the mode solution while 𝑎&, 𝜙 can be used to fit the initial conditions. The ODE 

satisfied by 𝑋(𝑥) is called Sturm-Liouville Eigenfunction Problem. Almost the 

spatial part of classical wave equations and QM time independent Schrodinger 

Equations are examples of SL problems. 

B. Consider the case: 

𝑣(𝑥) = 𝑎𝑥%, 𝜏(𝑥) = 𝜇(𝑥) = 1 

Write down the Ordinary Differential Equation, or Sturm-Liouville Eigenfunction 

Equation, satisfied by 𝑋(𝑥) in terms of 𝜔, 𝑎. Observe that it is the same as time 

independent Schrodinger Equations for SHM: 

𝑑%𝑢
𝑑𝑥% =

𝑚%𝜔'%

ℏ% 𝑥%𝑢 −
2𝑚𝐸
ℏ% 𝑢 

if we replace &
!("!

ℏ!
 in QM SHM with 𝑎 in generalized string equation, and %&*

ℏ!
 

with 𝜔%. What are the possible values of oscillating frequencies 𝜔 in terms of the 

parameter 𝑎 (just 𝑎, since it is the only parameter in our generalized string 

equation, and no ℏ,𝑚,𝜔', which exist only in analogy QM equation)? What is the 

wavefunction 𝑦(𝑥, 𝑡) for the smallest possible 𝜔. 

 



     

 



 
 

 

 

2. Consider the wavefunction of an electron at a certain moment: 

𝜓(𝑥) = C2
𝑎 sin

3𝜋𝑥
𝑎 , 0 < 	𝑥 < 𝑎, 

𝜓(𝑥) = 0, 𝑥 > 𝑎, 𝑥 < 0 

This is the stationary state wavefunction of an electron located within an infinite 

potential box, with boundaries at 𝑥 = 0 and 𝑥 = 𝑎:  

(The potential is 𝑉(𝑥) = ∞, 𝑥 > 𝑎, 𝑥 < 0 and 𝑉(𝑥) = 0, 0 < 	𝑥 < 𝑎. We will discuss 

this wavefunction in details in class later.)  

 

A. Prove that it is normalized: ∫ |𝜓(𝑥)|% ∙ 𝑑𝑥 +
' = 1.(15) 

B. Calculate the Probability of finding the electron between 0 < 	𝑥 < +
,%
.(15) 

Hint: You might need this formula: sin%𝜃 = ,-./0 %1
%

. 

3. Consider an infinite potential box, with boundaries at 𝑥 = 0 and 𝑥 = 𝑎:  

𝑉(𝑥) = ∞, 𝑥 > 𝑎, 𝑥 < 0 and 𝑉(𝑥) = 0, 0 < 	𝑥 < 𝑎.  

𝑉(𝑥) 

𝑎 



 
As we have shown in class, in this potential the energy eigenstate can be written as 

P%
+
sin 23#

+
 with eigenvalues 𝐸2 = Q ℏ

!

%&
R 3

!

+!
𝑛%	(you	can	use the notation 𝐸2	to simplify 

your answers) . Assume the wavefunction of a particle at 𝑡 = 0	(probability already 

normalized to one) is: 

Ψ(𝑥, 0) = C4
5[

C2
𝑎 sin

𝜋𝑥
𝑎 \ +

C1
5[

C2
𝑎 sin

2𝜋𝑥
𝑎 \ 					0 < 𝑥 < 𝑎,		 

		= 0					𝑥 < 0, 𝑥 > 𝑎 

A. For a later time 𝑡, write down the wave function 𝜓(𝑥, 𝑡). There is no need to 

simplify the answer. (15) 

B. At 𝑥 = +
4
, calculate the probability density 𝑃 Q+

4
, 𝑡R as a function of time 𝑡.  
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