. . . a2 a2 .
We consider String Wave Equation last term: T a_szl = ﬁ. It can be generalized to the

case with x-dependent 7(x), u(x) and an extra restoring force v(x). The equation is now
written as:
2
2 e 2 - vey = ue 57
also known as generalized string wave equation.
It can be solved in ways quite similar to wave equation by separation of variables.
Assume the separable mode solutions can be written as
y(x,t) = X(x) - T(t).
A. Find the Ordinary Differential Equation satisfied by X(x) and T'(t). Show that
T (t) satisfies the same equation of motion as SHM and solution can be written as
T(t) = a,, cos(wt + ¢)
The constant w (unspecified yet) can be interpreted as the oscillating frequency of
the mode solution while a,,, ¢ can be used to fit the initial conditions. The ODE
satisfied by X (x) is called Sturm-Liouville Eigenfunction Problem. Almost the
spatial part of classical wave equations and QM time independent Schrodinger
Equations are examples of SL problems.
B. Consider the case:
v(x) =axtt(x) =ulx) =1
Write down the Ordinary Differential Equation, or Sturm-Liouville Eigenfunction
Equation, satisfied by X(x) in terms of w, a. Observe that it is the same as time
independent Schrodinger Equations for SHM:
d’u _m?w§ , 2mE

dxz . nz2 T TR

u

m2w3
72

if we replace

in QM SHM with a in generalized string equation, and Z;E
with w?. What are the possible values of oscillating frequencies w in terms of the
parameter a (just a, since it is the only parameter in our generalized string
equation, and no h, m, w,, which exist only in analogy QM equation)? What is the

wavefunction y(x, t) for the smallest possible w.
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T(t) = ay cos(wt + ¢) ~fcos(wt) + gsin(wt)
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To motivate our discussion of the general Sturm-Liouville eigenfunction theory, we first derive a
more general string equation by including an additional restoring force per unit length of the form

—v(x)u(x, f) along the string. This can be realized physically, for example, by attaching springs
continuously along the string, as illustrated in Fig. 40.2. Here v(x) is the force constant per unit length, and
the Hooke’s-law restoring force is proportional to the displacement from equilibrium and opposes it. The
lagrangian density for this system is obtained by generalizing Eq. (38.2) to the form

=T -V (40.6a)

7= }o(x)(%l-:)z (40.6b)
u\ 2

¥V = ir(x)(%) + Ju(x)? (40.6¢)

where, as previously, the mass density 6(x) and the tension t(x) may vary along the string. In Eq. (40.6),
< has been separated into a kinetic-energy density ¥~ and a potential-energy density y~ that includes the
extra restoring force. The Euler-Lagrange equation (38.8) then leads to the equation of motion

0

3 — v(x)u (40.7)

*u du
U(I)EIZ = t(x)g;c

which will now be called the general string equation. We again seek normal-mode solutions

u(x, t) = p(x) cos (wt + @) (40.8)

}OO000

= Fx) = — vo(xulx,1) dv 8
u(x,r) -

v
dx

et

Figure Screenshot ation of additional restoring force —v(x)u(x, 7) along the string. Here v(x) is the force constant per unit length.
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Solution: Sol:

A By (x, ) = X () - TORARGRER -

d d 02
— e 2| - vy = n0 53

FEAEBREL X () - T(0) - p(x)

1 d 0X 1 d?T
X () Belr @ 5] x| = (0 de?

B AR - AR HECER > BRI | AR A R B
W SRR - &8 3R

1 d dX 1 d*T 3
R e F O @] x| = e =
d?T 7= 5
F = AT = —w*T
A<0>
T(t) = a,, cos(wt + ¢)
ZETEIER 7T X (x) i &
1 d dX B 5
1OX (x) [E [T(") E] N ”(x)x] -
That is:

[ e o]~ vx] = —wtutox

This is the so-called Sturm-Liouville Eigenfunction Problem. w? is the eigenvalue.

B. In the case: v(x) = ax?,t(x) = u(x) = 1, the SL equation becomes:



d?X
— —ax?X| = —w?X(x)

dx?
Compare it to QM SHM:
d’u m’w§ 2mE
dxz hz 4T Tz
2,2
They are identical if we replace z h;” % with a and Z;E with w?.
m?wj
e ¢
2mE )
=w
72

. 1 1\ n
We know the possible values of E are E,, = hw, (n + E) =h (n + 5) ;\/E. The

possible values of w are: w, = 27:25,1 = (2n + Da.

x2
The smallest possible w is n = 0, w = v/a. The corresponding X(x) = e %z =

2 2
VaZ

_Mmwgx x“ .
2 . The wavefunction is

e h2:e_

y(x,t) =X(x)-T() = e_‘/axz_zam cos(vat + ¢)

2. Consider the wavefunction of an electron at a certain moment;:

() = 2_3nx0< <
1/)x—asma, x <a,

Y(x)=0,x>a,x<0
This is the stationary state wavefunction of an electron located within an infinite
potential box, with boundaries at x = 0 and x = a:
(The potential is V(x) = c0,x > a,x < 0and V(x) = 0,0 < x < a. We will discuss

this wavefunction in details in class later.)

V(x)

0 a

A. Prove that it is normalized: foalllj(x)lz ~dx = 1.(15)



B. Calculate the Probability of finding the electron between 0 < x < %.(15)

. _ ‘ _ osp
Hint: You might need this formula: sin?6 = 1 C‘;SZ

i -
A.
a 2 a 2 a 61X
2 . 3mx 2 (( . 3mx 2 ([1—cos—~
f —sin— X =—f<sm—) dx :—f dx =
a a a a 2
0 0 0
. 6mx\ |¢
2 x a Sim—-— _2a 0=
a\2 6mr 2 a2 B
0
B.
a a
12 2 . 6mx\ |12
P_f 2  3nx 4 _2 x aSI—/— _1 1
- 2" g *Za\2 e 2 “12 6n
0

3. Consider an infinite potential box, with boundaries at x = 0 and x = a:

V(x) =00,x>a,x<0andV(x) =0,0 < x <a.

V(x)

X
0 a

As we have shown in class, in this potential the energy eigenstate can be written as

: o K2\ n2 . o
\/% sin % with eigenvalues E,, = (%) Z—an (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) is:

41 |2 @ mx 1( (2  2nx
Y(x,0)= |=| [-sin— |+ |=| [—sin— 0<x<a,
5\.a a 5\.a a

=0 x<0,x>a
A. For a later time t, write down the wave function ¥ (x, t). There is no need to

simplify the answer. (15)

B. Atx = %, calculate the probability density P (g, t) as a function of time t.



Hint: |[A+ B|? = (A*+ B*)(A+ B) = |A|?+ |B|* + A*B + B*A

T

s

A. t = OFFBLIRAS T LU B R 040 BT » B3 RS (L - ir
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6
_2 {|e_l%t +|e_l-E_;t b ot i +eig_zte_ig_1t}
5a
2 _i(Ez—E1)+ i(EZ_El)t
=—{1+1+e h " 4e n }
S5a
2 (EZ_ 1 .. (EZ_EI)
= 5{2 + cosTt - lsmTt
(E; — Ey) (E; — Ey)
+ \Ez —E£q) . . Ep —Eq)
cos - t +isin - t
2 (E; — Ey)
= 5{2 + 2 COSTt
h?\
_Z 2+2cos<2_m)—a_23t = 2[5 2cos TR
5a h " 5a cos 2ma? t

Consider an infinite box of unknown width. In transitions between neighboring values of », photons
of various energies are emitted. It is found that the largest wavelength of the various photons seen is
450 X 10~° m. Use this information to determine a, the width of the infinite box.



Sol:

The longest wavelength corresponds to the lowest frequency. Since AE 1s
proportional to (n + 1)* — n* = 2n + 1, the lowest value corresponds to n = 1 (a state
with 7 = 0 does not exist). We therefore have
pl =3
A 2ma
If we assume that we are dealing with electrons of mass m = 0.9 x 10~° kg, then

2 _3h7d _ 37(105x 107 J5)(4.5x 107 m)
~4me 40.9x10%g)(3x10%m/s)
sothata=64x 10" m.

=4.1x10 " m’



