
習題十二 

 

1. Consider an infinite potential box, with boundaries at 𝑥 = 0 and 𝑥 = 𝑎:  

𝑉(𝑥) = ∞, 𝑥 > 𝑎, 𝑥 < 0 and 𝑉(𝑥) = 0, 0 < 	𝑥 < 𝑎.  

 
As we have shown in class, in this potential the energy eigenstate can be written as 

𝑢!(𝑥) = ."
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Calculate the expectation value 〈𝑥"〉 and uncertainty ∆𝑥 for the ground state 𝑛 = 1. 

Hint:  
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解答：〈𝑥"〉 = "
# ∫ 𝑑𝑥#

( 	𝑥"sin2 !$%
#
= "

# ∫ 𝑑𝑥#
( 	𝑥" D

+,-./!"#$%
"

E 

Define $%
#
= 𝑢, 𝑥 = #

$
𝑢 

〈𝑥"〉 =
2𝑎"

𝜋) :𝑑𝑢
$

(

	𝑢" F
1 − cos 2𝑛𝑢

2 G =
𝑎"

3 −
𝑎"

𝜋):𝑑𝑢
$

(

	𝑢" cos 2𝑛𝑢 

:𝑑𝑢
$

(

	𝑢" cos 𝛼𝑢 = −
𝑑"

𝑑𝛼"
sin 𝛼𝜋
𝛼 =

𝑑
𝑑𝛼 F

sin 𝛼𝜋
𝛼" −

𝜋 cos 𝛼𝜋
𝛼 G 

=
𝛼"𝜋 cos 𝛼𝜋 − 2𝛼 sin 𝛼𝜋

𝛼0 −
−𝛼𝜋" sin 𝛼𝜋 − 𝜋 cos 𝛼𝜋

𝛼" 12"!
I⎯⎯K

2𝜋
𝛼" =

𝜋
2𝑛" 

 

〈𝑥"〉 =
𝑎"

3 −
𝑎"

2𝑛"𝜋" 

𝑉(𝑥) 

𝑎 
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                        Here we use 〈𝑥〉 = #
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 since the potential is symmetric about 𝑥 = #
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2. Legendre Equation is written as 

(1 − 𝑧")
𝑑"𝑃(𝑧)
𝑑𝑧" − 2𝑧

𝑑𝑃(𝑧)
𝑑𝑧 + 𝑙(𝑙 + 1)𝑃(𝑧) = 0 

The solution of this equation for positive integer 𝑙 are called Legendre Polynomial 

and is of degree 𝑙. Consider the case 𝑙 = 4.	𝑃(𝑧) = 𝑎( + 𝑎"𝑧" + 𝑎0𝑧0.	There	are	no	

odd	order	terms.	Plug	the	expression	into	the	equation,	assume	that	𝑎( = 1,	find	 

the Polynomial	𝑃(𝑧) = 𝑎( + 𝑎"𝑧" + 𝑎0𝑧0.		

	
Sol:  

𝑑"𝑃
𝑑𝑧" = 2𝑎" + 12𝑎0𝑧"	

(1 − 𝑧")
𝑑"𝑃(𝑧)
𝑑𝑧" = 2𝑎" + [12𝑎0 − 2𝑎"]𝑧" − 12𝑎0𝑧0	

−2𝑧
𝑑𝐹
𝑑𝑧 = −4𝑎"𝑧" − 8𝑎0𝑧0	

𝑙(𝑙 + 1)𝑃(𝑧) = 20𝑎( + 20𝑎"𝑧" + 20𝑎0𝑧0	

Equate the coefficients: 𝑎" = 10, 12𝑎0 − 2𝑎" − 4𝑎" + 20𝑎" = 0 

𝑎0 =
35
3  

𝑃(𝑧) = 1 + 10𝑧" +
35
3 𝑧0 


