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We can displace the infinite space without physical result, called displacement symmetry.
HIRAHE SV ZER] - o[ DOPRS A AR nDAE YRGS R - TS -
This symmetry makes the solutions very simple and general.

It would be great to use a boundary condition that keep this symmetry during the limiting
process. The simplest one 1s Periodic Boundary Condition.

Consider a function f{x) that is periodic, with period 2L, so that

fx) = fix + 2L) L — oo (2A-1)
A B
! | % I > B
—2L 0 2L 41 X A
Figure 5.1

A circle of circumference L presented as the real line x with the identification x ~ x + L. After the
identification, all points on the line are represented by those on [0, L], with point 4 at x = 0
declared 1dentical to point B at x = L. The result 1s the circle shown to the right.

Ye(x) = Yp(x + 2L)
Free particle in a circle [B]E_EAYE BT
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The coefficients can be determined with the help of the orthonormality relation
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THE DARK KNIGHT

You can look at the world with g-eyes and
you can look at the world with p-eyes. But if
you want to open both eyes at the same
time, you will go crazy!
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6.1 STRONGLY PEAKED FUNCTIONS AND THE DIRAC DELTA FUNCTION

In physics, we often encounter the concept of a pulse of “infinitely short” duration.
For instance, a body set in motion (from rest) by a sudden blow attains a momen-
tum equal to the impulse of the blow, namely,

mv = 1 =/t°+f F(1) dt,
to

where F(t) is the force and 7 is the duration of the ackion of the force. The term
“blow” implies that 7 is so small that the change in momentum occurs instan-
taneously. However, since such a change in momentum is a finite number, it
follows that F(7) should have been infinite during the blow and zero otherwi

Force F(f)
F

v » Time ¢
S t J; T—)I Figure 6.1

This kind of description is not proper in terms of common mathematical con-
cepts. For that matter, it may not even be physically rigorous. Indeed, the actual
graph of force is more likely to be a strongly peaked function, as in Fig. 6.1, where
h is very large while 7 is very small such that the area under the curve is equal to a
given value of I. In many cases, a great majority, as a matter of fact, the exact
shape of the strongly peaked function [F(¢) in this case] is not known. However,
insofar as the observable physical effects of such functions are concerned, this
lack of information does not usually matter. What is significant, though, is the
intensity of the impulse, namely, the value of the integral

f‘ T B dt,

gettyimages

Credit: Bart



q(x)

F=[g(x) dx

Idealized

Actual

Figure 6.2

and the time when the impulse occurred, namely 1y (or, perhaps, 1o + 7/2, but
that hardly matters if 7 is sufficiently small).

Strongly peaked functions are common to all branches of physics. For
instance, a concentrated force acting on a beam is actually a strongly peaked distri-
bution of load (Fig. 6.2). In electrical circuits, strongly peaked currents of ex-
tremely short duration often occur in switching processes, like the redistribution
of charges between the two capacitors shown in Fig. 6.3 when the switch S is
closed. Initially, the voltages ¥, = @,/C; and V5 = Q5/C, are assumed to
be different. When the switch is closed, there is a rush of current through it until
the charges @, and @ are redistributed into

Qt = Cl(Ql + Q2) , Q' = C2(Ql + Q2) R
1 C,+ C, 2 C,+ C,

If the resistance of the leads is negligible, then this current pulse is of infinitely
short duration and the current is infinitely large. Needless to say, this cannot be
rigorously true; apart from the inevitable resistance (small, but never zero), there
will also be a self-inductance L of the loop which will tend to moderate the steep
rise of the current to its peak value after the switch is closed. In short, the current
pulse will be a strongly peaked function of time.

S s
Ql,V,L Qz-V2\£ . Q'lJ(é Qé,V¥

FC =Cyp

1

il

Figure 6.3

In order to facilitate a variety of operations in mathematical physics, and
particularly in quantum mechanics, Dirac proposed the introduction of the so-
called delta function 8(x) which will be a representative of an infinitely sharply



Equations (2A-11) and (2A-12) define the Fourier integral transformations. If we insert
the second equation into the first we get

(2A-13)

Suppose now that we interchange, without question, the order of integrations. We then get

oo

flo) = f dy f(y) [ﬁ f dk eik(x—ﬁ] (2A-14)

For this to be true, the quantity 6(x — y) defined by

5(x — y) = # f dk & (2A-15)

and called the Dirac delta function must be a very peculiar kind of function; it must vanish
when x # y, and it must tend to infinity in an appropriate way when x — y = 0, since the
range of integration is infinitesimally small. It is therefore not a function of the usual
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Example 3. Verify the rule
d(ax) = (1/|a)) 8(x),a = 0.
Assume that @ > 0 and write, using ax = &, dx = (1/a) d¢:

[ s@fn dx = [ s fte/a)(1/a) d = (1/a)fC0).

Ifa < 0, use ax = £, dx = (1/a) dt again; now, however, the limits of integration
are interchanged and

[ s@fix) dx = [ s /)1 /a) dk = ~(1/)fC0).

In either case, the result is (1/]a|)f(0), thus establishing the rule.
Remark: From this it follows that §(x) is an even function (seta = —1).
Example 4. Verify the rule
8(x? — a?) = (1/20)[5(x + @) + 8(x — @)]  (a > O).
Observe that 8(x%2 — a?) = §[(x + a)(x — a)}. Since 8(£) = Ounless ¢ = 0,

it follows that 8(x* — a?) = 0 except at the points x = 4a. Therefore, we
can write

[ 862 — @i ax = [T x4+ a)x — ) dx

+ [T+ afx = @MW dx (@ >0,

where 0 < € < 2g and € can be arbitrarily small. Now, in the neighborhood of
= —gq, the factor (x — a) may be replaced by —2a. Then

—a-te —a+te
f (x + a)(x — a)lf(x)dx = S[(—2a)(x + a)lf(x)dx

—a—¢ —a—e

i 1
=f —5— 8(x + a)f(x) dx

—a—e |—2a‘

+e
= j;m % 8(x + a)f(x)dx.

The infinite limits can be used again because §(x + a) = O except at x = —a.

In a similar manner,

a-€ —+o [
fa A+ a)x — a)lf(x) dx = f_m 3g 0 — a)f(x) dx,

and the rule is established.

Remark. This rule breaks down for @ = 0. There is apparently no way of interpreting
the expression 8(x?).
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From Eq. (1.150), §(x) must be an infinitely high, thin spike at x = 0, as in the description
of an impulsive force or the charge density for a point charge. The problem is that no such
function exists, in the usual sense of function. However, the crucial property in Eq. (1.150)
can be developed rigorously as the limit of a sequence of functions, a distribution. For

example, the delta function may be approximated by any of the sequences of functions,
Egs. (1.152) to (1.155) and Figs. 1.21 and 1.22:

sinnx | ixt
On(x) = = e dt. (1.155)
TX 27
—n
for | sin nx
A Comprehensive Guide
ARFKEN, WEBER, . HARRIS ,/\\/ \//-\\ )

The forms for §,(x) given in Eqgs. (1.152) to (1.155) all obviously peak strongly for
large n at x = 0. They must also be scaled in agreement with Eq. (1.151). For the forms
in Egs. (1.152) and (1.154), verification of the scale is the topic of Exercises 1.11.1 and
1.11.2. To check the scales of Eqgs. (1.153) and (1.155), we need values of the integrals
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1. Given that A(k) = N/(K* + a?), calculate y«(x). Plot A(k) and y(x) and show that Ak Ax > 1, inde-
pendent of the choice of o.

EXAMPLE 2-1
Consider a wave packet for which

Al)=N -K=k=K
= () elsewhere

Calculate ¢(x, 0), and use some reasonable definition of the width to show that (2-8) is satisfied.
SOLUTION We have

K
P(x, 0) = ] dk Ne™* = g (€5 — ¢ K) = 2N smex
K

The definition of A(k) easily shows that Ak = 2K. A reasonable definition of Ax might be the dis-

tance between the two points at which y«(x) first vanishes as it gets away from x = (. This happens
when Kx = ®r, so that Ax = 2#/K. It follows that

Ak Ax = 4
which certainly satisfies (2-8).

J“” cos (mx) m

- T
o X 4a ) 2la)



Consider a wave function of the form Wave function

A

Y(x,0) = AeHlIx] Ac-a

Calculate the wave function in momentum space ¢(p).




¢ () BEEN LE > MEE N EEMEERNHEL > ¢ (p)0E R e BF—BIRAF -

dx U*(x)W(x) = / dx— / d* (ke ** dk / O (K)eK*dk . (4.4.7)
| : vir

We rearrange the integrals to do the x integration first:

f dx W*(x)W (x) = / | dk &*(k) / dk'cb(k’)zi f dx ¢!k —kx, (4.4.8)
-0 -0 -0

oo T

The x integral, with the 1/(2x) prefactor, 1s precisely a delta function,
and 1t makes the £’ integration immediate:

o0 o0 o0
/ dxw*(x)w(x):f dkcb*(k)f dk’ (k") (k' — k)

. (4.4.9)
_ f dk & (k) b (k).
| I(\;lastering
. uantum
Our final result 1s therefore Mechauni_cs

f dx|\l!(x)|2=/ dk |® (k)|>.

Barton Zwiebach
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CHAPTER 20

INTEGRAL TRANSFORMS

20.1 INTRODUCTION

Frequently in mathematical physics we encounter pairs of functions related by an expres-
sion of the form

b
gx) = f FOK (x,1)dt, (20.1)

FUf' (0} = =ik - F{if ()} -

Relatively easy solution

.
-

Solution in
transform space

Problem in
transform space

Integral Inverse
transform I} transform
f(x) Y
Original ________D_'ff[(ililf_s_o_“_n_'(_)i _______ Solution of
problem original problem

FIGURE 20.1  Schematic: use of integral transforms.



7.7 APPLICATIONS OF FOURIER TRANSFORMS.
THE PRINCIPLE OF CAUSALITY

Example 1. Consider a damped harmonic oscillator acted on by an external
force g(¢). The motion of the oscillator is then governed by the differential equation

%(1) + 2ak(t) + wox(t) = f(D),

where f(t) = (1/m)g(t). This problem has been treated in Section 2.5 for the
case where f(¢) is a sinusoidally varying function of frequency w. By means of
Fourier transforms, we can extend this result to an arbitrary function f(z). In
all cases of practical interest, f(¢) will possess a Fourier transform;} then

fo = ANV [ Py do,

where

F(w) = (1/8/27) /:’ f(e™ dr.

The solution x(¢) is also expected, on physical grounds, to possess a Fourier
transform [which we shall denote by 4A(w)] so that

x(t) = (1/v/27) [:’ A(w)e—* dw.



We can easily find A(w) by subjecting the differential equation to a Fourier trans-
formation and using F{x} = —iwF{x}, and F{¥} = —w?F{x}. Note: These
formulas assume that x(4+ow) = X(4o) = 0. In many cases this will be true.
However, if x(2) is treated as a distribution, no such restriction is needed. We have,

by definition*
~-00 d . ~}-00
/ a—tx(t)e“"t dt = — / x(t)——e“"tdt

The transformed differential equation reads

—w?A(w) — 20wid(w) + wid(w) = F(w)
and yields
F(w)

Alw) =
() (w2 — w?) — 20wi

The solution of the problem is then

/ F(w)e—iwt
\/f; —o (g — w?) — 2awi

x(t) = dw.



Theorem. If 5{h(x)} = F(k)G(k), then

h(x) = (f+g) =(g=f) = (1/\f2?) " f(Hgx — B dg,
where F(k) = 5{f(x)} and G(k) = 5{g(x)}.

Indeed (denote the inverse Fourier transform by $—1),

1 +o

\V22r J—w
{ [t - +o0 .
=5/ F(k)e—** dk /_«, g(p)e** dt.

F-YF(k)Gk)} = F(k)G(k)e™*** dk

If the interchﬁnging of the order of integrations is permissible, then

-1 1 e A '—ik(x—f)
FUFEGH}, = 5= | g®)dE|  FlQe™ =0 dk

1 e )
Ve ) g(&)f(x — ¥) dg,

as stated.



5.2 THE LAPLACE INTEGRAL

If a function f(?) is defined in the region 0 < ¢ < oo, where ¢t and f(?) are real,
then the function F(s), defined by the Laplace integral

F(s) = [: e *"f(t) dt (s = complex),

is known as the Laplace transform of f(f). Symbolically,

F(s) = £{f()},

emphasizing the point of view that F(s) is a result of a certain operation (as de-
fined above) performed on a function f(¢).



Examples
. f) =1, F(s) = [ "t~ dt = 1/s (Res > 0).
0
Observe that if s is complex and s = ¢ + iw, then
F(s) = f " et gy
0
=fw te ' coswt dt — ifw te—"" sin wi dt.
0 0

Both integrals converge if ¢ > 0 and diverge if ¢ < 0. For ¢ > 0, the actual
evaluation is conveniently done in the complex form (using integration by parts).

2. fin =1, F@) =f0°° e=*dt = 1/s (Res > 0),
Using integration by parts and induction,

3. f(t) = * (n = integer),  F(s5) =f: e dt = n/s"*' (Res > 0).
Using the definition of gamma function,

4. f) =1 (@>—1), Fs ="t peos o

seti )
5. f() = €%, F(s) = Si—a (Re s > a),
6. f(t) = sinkt, F(s) = 82—+"k—2 (Res > 0),
7. fi1) = coskt, F(s) = ﬁﬁ (Re s > 0).

From these examples, it is evident that the Laplace integral converges, as a
rule, for a restricted region of s (in the complex s-plane). It is a general feature of
the Laplace integral that this region can be characterized by Re s > a, where a is
some real constant. In other words, the Laplace integral converges to the right
of some vertical line in the s-plane (Fig. 5.1).



and integrate the Laplace integral by parts:

f e dt = — (1 /s)e—“f(:)|°° + 1/s f " e () dt
0 0 0
or

s e~ f(1)dt = f(0) + [Cer@ar
0 0
Assuming that £{f7(¢)} exists, this may be written as
L{f'(1)} = se{f()} — f(O
and is known as the derivative property.

It is not difficult now to derive a formula for the Laplace transform of the
second derivative and, for that matter, of the derivative of any order. Replace
S(t) by f'(1) and f(¢) by f”(¢) in the derivative property and obtain

L{f"@) = se{f'()} —f(0)
L{(@) = s*e{f(t)} — sf(©@) — f'(0).

This formula is valid, of course, provided f’(¢) is continuous (and f, f’, and f*/
have a Laplace transform).
The general formula for the nth derivative, established by induction, reads

or

LU} = L) ~ kg 1),

where £!(¢) is the mth derivative of f(z) and £ (0) is its value at 1 = 0.



5.4 THE INVERSION PROBLEM

The example of the preceding section involving a DE provides a blueprint for the
use of the Laplace transform in solving similar problems: The relation satisfied
by the unknown function f(¢) is subjected to the Laplace transform. The result
is a relation satisfied by F(s) = £{f(¢)}. From this relation F(s) can (in principle)
be determined. The third step is to find the unknown function f(¢) from its Laplace
transform F(s). This last problem involves performing the so-called inverse
Laplace transformation.

Step 1: Transform.

[
(Direct solution difficult) Step 2@ Solve for F(s).
|

Step 3: Invert.

Figure 5.4
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Consider a random variable Q. This variable takes values in the set {0,
, O,} and does so randomly with respective, nonzero probabilities {p;,

., p»} adding to one. The expectation value (Q), or the expected value of
0, 1s defined to be

(Q) = z Q;P; (5.1.1)
i=1

The expected value can be thought of heuristically as a /ong-run mean: as
more and more values of the random variable are collected, the mean of
that set approaches the expected value.
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