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The Speed of Sound*

Medium Speed (m/s)
Gases

Air (0°C) 331
Air (20°C) 343
Helium 965
Hydrogen 1284
Liquids

Water (0°C) 1402
Water (20°C) 1482
Seawater® 1522
Solids

Aluminum 6420
Steel 5941
Granite 6000

At 0°Cand 1 atm pressure, except
where noted.
5At20°C and 3.5% salinity.
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P=c- V—y The Speed of Sound®

Medium Speed (m/s)

B = — e /= VY =vyvP =1.4P (A::[r‘;(\)c) 331
B av - ye —ye=4 Air (20°C) 343

Helium 965
Hydrogen 1284

B = 14P P = 101X105Pa Liquids 7
. 3 Water (0°C) 1402
p =121kg/m Water (20°C) 1482
Seawater® 1522

Solids
Aluminum 6420
Steel 5941
v = 14P ~341 8 m/S Granite 6000
p At 0°Cand 1 atm pressure, except

where noted.
5At20°C and 3.5% salinity.
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sefect/change f(x,0 and a(x Y and click play Wave Superposition fix 9 + g(x, = wxl model view
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Suppose that the conductor occupies the half of space

-3.0 +
0.9

ﬁﬂﬂflﬁ

xz > 0. We start by shining the light head-on onto the

surface. This means an incident plane wave, travelling in  E; k

the z-direction,

Einc = FEy y ei(k:z—wt)
E ref

where, as before, w = ck. Inside the conductor, we know

that we must have E = 0. But the component E - ¥ lies
tangential to the surface and so, by continuity, must also Figure 44:

vanish just outside at # = 0~. We achieve this by adding a reflected wave, travelling
in the opposite direction

E.f = —Ep 5’ e!(—he=wt)

So that the combination E = E;,. + E, satisfies E(z = 0) = 0 as it must. This
is illustrated in the figure. (Note, however, that the figure is a little bit misleading:
the two waves are shown displaced but, in reality, both fill all of space and should be

superposed on top of each other).
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8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form

u(x, t) = X(x)I(),

where X is a function of x only and T is a function of ¢ only. If X(x) is chosen
to satisfy the conditions
X(0) = 0, X(L) =

then the function u(x, ¢) will satisfy the same conditions. Then 7(¢) may, perhaps,
be chosen to satisfy the initial conditions.
We now reqflire that u(x, t) satisfy the PDE. We Rave

8%u(x, t) dZX(x) u(x, t) d°T(1)
axz (), oz = XX~

Therefore

The left-hand side of this equation depends on x alone; the right-hand side de-
pends on ¢ alone. If this equality is to hold for all x and ¢, it is evident that either
side must be a constant (same for both sides):

1 d&?X 1 1d°T

hY “



The constant \ is known as a separation constant. The equation for X(x) can
be written as
d°X

T

and will lead to exponential functions if A > 0, to trigonometric functions. if
A < 0, and to a linear function if A = 0:

Ae*VX 4 Be—z VX (A > 0),
X(x) = {A cos (x/—\) + B'sin (xn/—2) (A < 0),
A”’x + B” A\ = 0).

It is not difficult to verify that the boundary conditions X(0) = 0, X(L) = 0 can
be satisfied only if A < 0 and, moreover, only if A’ is set equal to zero and the
values of A satisfy the condition

vV —\ = nn/L (n=1,223,...).

Exercise. Show, in detail, that it is possible to satisfy either X(0) = 0 or X(L) = 0,
but not both, if A > 0. Also, prove the statement made for the case A < 0.

These “allowed” values of the separation constant A,
M= —n?r?/L2 (n=1,2,3,..),

are usually called the eigenvalues, or characteristic values, of the problem under
consideration.* By this we mean the problem of finding functions satisfying the
given DE and the given boundary conditions. In our case there is an infinity of
such functions, called eigenfunctions, and they read

X.(x) = B, sin (nwx/L) n=123...),

where B, is an arbitrary (nonzero) constant which may, in general, be different
for different eigenfunctions.




In our problem of the stretched string the function 7(¢) which is multiplied
by X(x) must satisfy the DE with the same separation constant as X(x). Therefore,
to each eigenfunction X,(x) there corresponds a function 7,,(¢) satisfying

1T, e
AT, de ~ =T
This yields

nwct . hwct
T(r) = C,cos T + D, sin i3

’

where C, and D, are arbitrary constants.

* The word eigenvalue is an adaptation of the German term eigenwert derived from
eigen = proper and wert = value.




Summarizing our results we may say that the attempt to find the solution of
our PDE with given boundary conditions and initial conditions in the form

u(x, 1) = X(x)T(t)
leads us, so far, to an infinite number of such functions which may be written as

nwct . hwCt\ . nwx
u,(x, 1) = (An cos —— + B, sin T) sin ——>

where A, = B;,C, and B, = B, D, are arbitrary constants. Each of these func-
tions u,(x, t) satisfies the PDE and the boundary conditions. It remains for us to
select from among these functions, adjusting the constants 4, and B,, those func-
tions that will also satisfy the desired initial conditions. Before we do this, however,
note that each function u,(x, t) represents, on its own, some kind of possible mo-
tion of the stretched string (corresponding to some special initial conditions).
These types of motion are known as the characteristic modes (or normal modes)
of vibration of the string. Each one represents a harmonic motion (vibration)
with the characteristic frequency (or ‘“‘eigenfrequency”)

w, = nwc/L n=1,2,3,...).

A bit of reflection will show that it is not possible to satisfy arbitrary initial
conditions

u(x, 0) = u(x), 35 (x,0) = vo(x)

by any single function u,(x,t). Indeed, any particular function w,(x, ) will
satisfy initial conditions of the form
cnr . nwXx

. nwX
uo(x) = A, sin ——> vo(x) = B, I Sin—p




and no others. To overcome this difficulty we can lean back on the powerful
principle of superposition. Our PDE is linear homogeneous, and so are our boundary
conditions. It is trivial to verify that if two functions w,(x, t) and u,,(x, t) satisfy
the PDE and the boundary conditions, then their linear combination

f(x9 t) . Clun(x, t) T Czum(x, t)

will also satisfy the PDE and the boundary conditions. By induction this will also
be true for a linear combination of a finite number of functions u,(x, ). It is not
unreasonable to conjecture that the same properties will hold for an infinite series
formed by the functions u,(x, 1):

= nwct X nmwx
L

y(x, ) = > (An cos ki + B, sin ——
oaast L L
provided the series converges (or if not, provided it can be treated as a distribution,
in conformity with the principles stated in Chapter 6).



To be more precise, the function defined above certainly satisfies the boundary
conditions

(0,0 = y(L,t) =0

(since each term satisfies them). It will also satisfy the PDE, provided it can be
differentiated twice term by term with respect to both x and . From the point of
view of the classical theory of functions, this may impose considerable restrictions
on A, and B,; e.g., the twice differentiated series y(x, ¢) must be uniformly con-
vergent. On the other hand, from the point of view of the theory of distributions
it is sufficient* that 4, and B, are of the order of some power of n:

|4,| < AnY,  |B,| < BnN  (some N),

and this point of view may be adequate for physical applications.

In any case, however, the justification of the method depends on the properties
of A, and B,, and it is usually convenient to assume its validity and justify it later,
after the solution has been developed.

It is needless to emphasize that the function y(x, t) is a Fourier sine series
in x (it is also a Fourier series in ¢, but this fact is of much less importance). Setting
t = 0 and using the first initial condition, we obtain

uog(x) = Y, Ay sin E?

n=1

If the function uy(x) can be expanded into a Fourier sine series, the coefficients
A, can be determined. In physical problems u((x) is invariably continuous, piece-
wise very smooth, and vanishes at x = 0 and x = L. Therefore, it can be repre-
sented as above.

Similarly, calculating (du/dt)(x, t) and using the second initial condition, we
can obtain

ol cnw . nwXx
Vo(x) = B, — sin — -
o) = 2 B sin g




In physical problems vy(x) is sometimes assumed to be discontinuous. However,
it is invariably piecewise continuous and piecewise very smooth, and the coefficients
B, can be determined as well.

Consequently, we have constructed a solution to our problem in the form of
a series

= nwct . nmwct\ . nwx
y(x, 1) = 7?;:1 (A,, cos —— + B, sin —Z—> sin —~

which satisfies the boundary conditions and initial conditions for all physically
reasonable functions uy(x) and vy(x).
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Solving Wave Equation: 5.2 = v 92 and Schrodiner Wave Equation

8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form
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1. Consider the following wave equation:

62 2
R oY,

Here we add a term V (x)¢ to the right-hand side of the wave function we studied in

class. V(x) = a®x? is a known function. This could be done by adding a position

dependent restoring force to the particles on the string.

WWE W\ WV WY M\\\ﬁ\"M
Z . v
¥ » P PP
It is reasonable to think that there exists solutions that are separable:

d(x,t) = X(x) - T(b).
A. Find the Ordinary Differential Equation satisfied by X (x) and T'(t). Show that

T (t) satisfies the ODE of a simple harmonic oscillator and the solution can be
written as: same as in wave equation

T(t) = a,, cos(wt + ¢) ~fcos(wt) + gsin(wt)

xi
B. Check that e”*2 is a solution for X (x). Write down the corresponding T (t). What

Screenshot
is the value ot w for this solution?



CHAPTER 8

STURM-LIOUVILLE THEORY

Characterization of the general features of eigenproblems arising from second-order dif-
ferential equations is known as Sturm-Liouville theory. It therefore deals with eigenvalue
problems of the form

Ly (x) = 2 (x), (8.7)
where L is a linear second-order differential operator, of the general form
d? d
L(x) = po(x)—— + p1(x)—— + p2(x). (8.8)
dx dx

The key matter at issue here is to identify the conditions under which £ 1s a Hermitian
operator.

Self-Adjoint ODEs

L is known in differential equation theory as self-adjoint if

Py (X) = pi(x). (8.9)

This feature enables £(x) to be written

d d
L(x)= x [po(x)a] + p2(x), (8.10)
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Chapter 3
Fourier Series

ERw AR R

Just before 1800, the French mathematician/physicist/engineer Jean Baptiste Joseph
Fourier made an astonishing discovery, [42]. Through his deep analytical investigations
into the partial differential equations modeling heat propagation in bodies, Fourier was
led to claim that “every” function could be represented as an infinite series of elementary
triconometric functions: sines and cosines. For example, consider the sound produced by

a musical instrument, e.g., piano, violin, trumpet, or drum. Decomposing the signal into
its trigonometric constituents reveals the fundamental frequencies (tones, overtones, etc.)
that combine to produce the instrument’s distinctive timbre. This Fourier decomposition
lies at the heart of modern electronic music; a synthesizer combines pure sine and cosine
tones to reproduce the diverse sounds of instruments, both natural and artificial, according
to Fourier’s general prescription.

Fourier’s claim was so remarkable and counterintuitive that most of the leading math-
ematicians of the time did not believe him. Nevertheless, it was not long before scientists
came to appreciate the power and far-ranging applicability of Fourier’s method, thereby
opening up vast new realms of mathematics, physics, engineering, and beyond. Indeed,
Fourier’s discovery easily ranks in the “top ten” mathematical advances of all time, a list
that would also include Newton’s invention of the calculus, and Gauss and Riemann’s
differential geometry, which, 70 years later, became the foundation of Einstein’s general
relativity. Fourier analysis is an essential component of much of modern applied (and pure)
mathematics. It forms an exceptionally powerful analytic tool for solving a broad range of
linear partial differential equations. Applications in physics, engineering, biology, finance,
etc., are almost too numerous to catalogue: typing the word “Fourier” in the subject index
of a modern science library will dramatically demonstrate just how ubiquitous these meth-
ods are. Fourier analysis lies at the heart of signal processing, including audio, speech,
images, videos, seismic data, radio transmissions, and so on. Many modern technologi-
cal advances, including television, music CDs and DVDs, cell phones, movies, computer
graphics, image processing, and fingerprint analysis and storage, are, in one way or another,
founded on the many ramifications of Fourier theory. In your career as a mathematician,
scientist, or engineer, you will find that Fourier theory, like calculus and linear algebra, is
one of the most basic weapons in your mathematical arsenal. Mastery of the subject is
essential.
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Figure 4. Amplitudes of the relative harmonics of a string plucked with a sawtooth plucking.
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Assume that there is a Fourier series converging to the function f defined by

£ -X, -2<x<0,
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Determine the coefficients in this Fourier series.
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x
Partial sums in the Fourier series, equation (20) for
m = 1 (dotted blue) and for m = 2 (dashed red), for the triangular wave
(gold).
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The Heated Ring

So far, we have not paid any attention to boundary conditions. As noted above, these will
eliminate nonphysical eigensolutions and thereby reduce the collection to a manageable,
albeit still infinite, number. In this subsection, we will discuss a particularly important
case, which, following Fourier’s line of reasoning, leads us directly into the heart of Fourier

series.
Consider the heat equation on the interval —7 < 2 < 7, subject to the periodic

boundary conditions

ou_ P O gmmy = m). (321)

u(t,—m) = u(t, 7, 3 3
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Solving heat Equation: and Schrodiner Wave Equation

8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form

u(x, t) = X()T(2),
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Solving Wave Equation: Ae 2y & Schrodiner Wave Equation

8.2 THE METHOD OF SEPARATION OF VARIABLES
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3D Heat Conduction
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Figure: Experimental setup for the measurement of thermal conductivity
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