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But like 3D vectors, Vectors can be multiplied by a number, and two vectors can add up.

Linear combinations of vectors are still vectors. Vector space is also called linear space.
a
v=catob  GYEASTEIER  a=(,!) b= (bl)
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If the components of two vectors are proportional, we say they are in the same direction.
a=cb
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0.4 : -
0.2 and [ 0 1] are in the same direction.
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1.4 Matrix Multiplication AB and CR

ﬁ To multiply AB we need row length for A = column length for B. \

2 The number in row %, column j of AB is (row i of A) - (column j of B).

3 By columns: A times column j of B produces column j of AB.

4 Usually AB is different from BA. But always (AB)C = A (BC).
{IfA has r independent columns in C,then A = CR = (m x r) (r x w

We know how to multiply a matrix A times a column vector & or b. This section moves to
matrix-matrix multiplication: a matrix A times a matrix B. The new rule builds on the
old one, when the matrix B has columns by, b2, ..., b,. We just multiply A times each of
those p columns of B to find the p columns of AB.

Column j of AB equals A times column j of B
(D

IfB= [bl ---bp] then AB = [Abl ---Ab,,:|

To see that clearly, start with a 2 by 2 “exchange matrix” for B. So B has two columns b,
and b,. We multiply A times each column to produce a column of AB:

1 2]|0 2 1 2{f1 1 1 2|0 1 21
S 1 R YR A Y S B R PR H R ]
For this matrix B, the result of multiplying AB is to exchange the columns of A.

There is more to see when we multiply the same A by a full 2 by 2 matrix B:

1 2 5 6 1 2 5 1 2 6
[5 4][7 8] mean=[ 3 ]3] ma=[5 1] (3]
Here is the point. We can multiply Ab, (matrix times vector) the row way or the column way.
The row way uses dot products of b, with every row of A:

Row way Abr = |1 2 [56] [rowl.b,] [1-5+2-7]_[19 2
Dot products P73 4] |7)  |row2-by | |3-5+4:7] |43

The column way uses a combination of the columns of A to find Ab;. Same result:
Column way 1 2][s]_.[1 2] _[ 5], [14]_[19

Combine columns Ab“[s 4]_7_‘5 [3]+7[4]‘[15]+[2s]‘[43] &

Both ways use the same 4 multiplications. With numbers like these, I think most people

choose the row way. To multiply A B, take the dot product of each row of A with each
column of B. When A has 2 rows and B has 2 columns, that means 4 dot products.




AB is usually different from BA

01
1 0

2 1 01 1 2 3 4
AB‘[4 3] BA‘Ilol[s 4]=[1 2] ©)
Matrix multiplication is not commutative. In general BA # AB. Multiply A on the

left for row operations on A, and multiply on the right by B for column operations on A.
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For B = [ ] , AB exchanged the columns of A. But B A exchanges the rows of A!

AB times C = A times BC

For matrix multiplication, this associative law is true. We are not willing to give up this
extremely useful law. We can multiply AB first or we can multiply BC first.
The matrices stay in the order A, B, C and their sizes must be right for multiplication :

Aismxn Bisnxp Cispxq. Then ABis mxp and (AB)C is mXxgq.

We can test the law using the exchange matrix B on the rows and the columns of A:
0 01 3 4 01 4 3
eam=[7 ][ 1V ]-13 2] (3 e ][5 7]
01 01 2 1 4 3
san-[ ][ 2] o -2 o3 5]-[5 7]

So row operations on A can come before or after column operations on A.

Notice the meaning of (AB)C = A(BC) when C is just a column vector x. If that
vector = has a single 1 in component j, then the associative law is (AB)x = A(Bz).
This tells us how to multiply matrices ! The left side is column j of AB. The right side
is A times column j of B. So their equality is exactly the rule for matrix multiplication
that we saw in equation (1). It is simply the right rule.

Let me bring together the important facts about ABC and also A times B + C':

Associative (AB)C = A(BC) and Distributive A(B+ C)=AB+ AC| (1)




Inverse matrix

-1 — 1 (522 —512)
detS\—521  S11

Transpose of matrix 4

1= D) w=Crh) A=

T§”ﬁD A12 — A21

Symmetric Matrix

) Not symmetric

4 :
9) Symmetric  §;; = S'l.l;. =5

4 S12 = Si2 = S2 Artken p99, 104-107



System of 2nd order Linear ODE with constant coefficients

2
dX _ _4 . x Matrix A is what determines the evolution of the system.
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Eigenvalue problem of matrix
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Eigenvalue problem of matrix

A-a=a
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For example, take A as a 2X2 matrix.

A=(35 o7)

In general, A times a vector will produce another vector not in the same direction.
0.8y _ (0.8 0.3 0.8\ _ (0.7 (0.8

o) =ln na)laa)=l5s) = (g3

But there are two special vectors that matrix multiplication is just a number product.

For them, 4 times the vector will produce a vector in the same direction.



A times the eigenvector will produce a vector in the same direction.

Solving eigenvalue problem of matrix A-a=la

1 S
A—A-a=0 -1 — ( 22
( ) detS \—521

A — Al is also a matrix. If it has an inverse, the vector a can only be zero:
a=MA-D""-0=0

For A to be an eigenvalue, the condition is A — AI has no inverse
and hence the determinant of A — Al is zero.

det (A—AI) =0

_ (08 0.3
A= (0.2 0.7)
_ 0.8 -1 03 \_,2 3, ,1_ . 1 _
det (A—2AD =det(" 7" 7 )=2-22+5=0-1(1—3)=0
1 : 0.8 0.3
A=A =1or A, = > are eigenvalues of [O.Z 0.7)°
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a-an-a= (05" 0720 ()= oz “03) (e =

0.2a11 = 0.3a21

Eigenvector has one undetermined constant.
0.6

a1 = C1 (O 4)

[E] 2

1
A:AZZE

A = (0'80720'5 o.70¥30.5) ' (ZZ) - (8; 8:3) (Z;) =0

O.3a12 = —O.3a22

a;=c, ()



A times the eigenvector will produce a vector in the same direction.
_ (0.8 0.3\ 0.6\ _ . /0.6
A4-a= (5 o7) (ga) = 1(g)

aa=(g5 03)- (1) =3(1)

For the two special eigenvectors, matrix multiplication is just a number product.

Summary To solve the eigenvalue problem for an n by n matrix, follow these steps :

1. Compute the determinant of A — A\I. With ) subtracted along the diagonal,
this determinant starts with A™ or —A", It is a polynomial in A of degree n.

2. Find the roots of this polynomial, by solving det(A — AI) = 0. The n roots
are the n eigenvalues of A. They make A — A[ singular.

3. For each eigenvalue ), solve (A — AI)x = 0 to find an eigenvector x.




B — (4 » s — % FB4EfE | | Solving eigenvalue problem of matrix

s=(3 1)
S-u=Au
(S—A-u=0

If 1t has an inverse, the vector u can only be zero:
u=(E-AD"1t-0=0

For A to be an eigenvalue, the condition is § — AI has no inverse

and hence the determinant of § — Al is zero.

det (S — AI) = 0

det(S—u)zdet[g;’1 13/1]:12—101:/1(,1—10):0

A=A, =00r 4, =10 are eigenvalues.
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3uUuj; = —Uy;

Eigenvector has one undetermined constant.
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A=1, =10
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There are two beautiful theorems that illustrate the utility of eigenvectors



Theorem: The ecigenvectors a of A are also eigenvectors of A™ with the eigenvalue A™.
A-a=la w— A" -a=1"a

Theorem: All vectors can be written as the linear combination of a; and a,.
X =ca +ca,

Then the action of A and A™ on any vector can be easily written down:
AX = ciAaq + c,Aa, = cjAaq + cAa,

The information in the eigenvectors alone of a specific matrix can represent the matrix!

—{ERE P AUE LA R E e SR (CRAZAE P

x=(09)=(09)+2( %)) —AEETUBRARE RIS

ax=05 03)-(08)=a-(58)+2a-(5))

=100 +25 (%) = 02)



HEEHE

AnX = ClAnal + CzAnaz = C1A711a1 + Czlrzlaz
/08y _ (06 0.1

X = (0.2) B (0.4) te (—0.1)

wox= (05 03 (o) =m0 + 2 ()

100
_ 1100 (0.6 . (l) 0.1\ (0.6
=1 (0.4) w2 2 (—0.1) (0.4)
This matrix is called a Markov matrix, with an eigenvalue = 1, the other < 1.

The repeated action of a Markov matrix will push any vector into the eigenvector with A = 1

.6

.6 _ .6
4 4 T 4
A ] A? T Aa

:[jzg] L[] | [F0e]

, . 8] [.7] [.65 . [.8
Figure 6.1: The first columns of A, A%, A3 are [2] , [3] , [.35] approaching [4]




System of 2nd order Linear ODE with constant coefficients
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With the eigenvectors and eigenvalues, we can solve the ODE system.

A-a=w?a=la

w? =) aEHERAEAE
Fal: X = Re Clalei‘/Zt = clalcos(\/)Tlt + ¢1)
IES—## X = ciaqy cos({JA1t + ¢1) + coa,c05(\/ Azt + )

The four initial conditions X(0), X'(0) will determine four constants ¢y 5, ¢ .



For simplicity, set X'(®) = 0, hence ¢; = ¢, = 0.

Initial condition X (0) is a vector and can always be written as a linear combination of

a; and ap FIAHRAE A E > A IR Ka Ea (TGS
X(O) = 144 + c,a,

YU TE T constants ¢1 5 » 3% [ AHFEIHAL
X(t) =ciaq cos\//l_lt +c,a, cos\//l_zt

SEME > DR aBla, BRERS > & 8 D AR Eaheis s LR -
AIEFLAGIEX (0) o @y > BEEAHREE DL/, B FSER (R Al i s ) -

~@1COS,/ A1t

HEIAIEX (0) o« a, » SEEAA RS DA, B SR E SR AR SN o ~a,cos,/Ayt

WERAELGIF TERC o #0 A > WS =] DAy Al E 4 s s (b & FE D
X(t) =caq cos\//l_lt + czazcos\//l_zt

i W ARy TE A ZURY R A A U LAY |



irfE B¢ T A8 TR R AA
Bt 0 {ILFE FNEE T BITENEH — 2RI R ERRRE
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ni n e
Y(x,0) = Z A, (%) U, = C sin (7 x) =Ny AV S Tl

£ = OB IRAE AT LR By BRI LB
i T AR AR PRI » BRI Eu, BRe ™0 o MR AR TR TR -
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= Ep
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Diagonalizing a matrix ¥f 51k
A-a1=/11a1 A°a2=/12a2

a,, a, are column vectors and we can use them to form a matrix.

U=(a; a;) = ((Z;) (ZZ)) _ (a11 a12)

a0 = (G () (62) = (a) a ()

_ (Ma11 /12(112) _ (Q11 Q12 (/11 O) _
_(/11“21 Axaz; _(a21 azz) 0 A, =U-A
AU = UN FEFRURIZFEHUT ¢

Av 0N . . L :
Ul-A-U=A= ( 01 1 ) 1s diagonal with eigenvalues as diagonal elements.
2

U~ AU Z— (% rmaERE > BT EmEAEE |
A=UAU"1=U (Al 0 ) p-1 Any Matrix can be decomposed into 3 factors,

0 A,
\ involving just eigenvalues and eigenvectors.
In

Info. of eigenvaIues . of eigenvectors

8:2 8?]: 8}6} —11“(1) o(.)sl loi} —3.6]
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A=UAU1

This formula 1s useful for the following calculation!

A0
A = UAU1-UAU Y. ... . UANU L = UA*U = U(Ol )U‘l

25
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A — — — LN
e =I1+A+ 1 + 3] +
A q UA'UY UA?U? A% A3
e =1+ UAU " + o1 + 3 +-=U I+A+7+?+“'

=UerU™! =

U(e/ll 0 ) U—l
0 2
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d*X
iy I G — A=UAU1
dt?
d’X \ _ d*U—1x (/11 0)
_ -1 E3ry-1 _ — A1 A=
_F_UAU X FERU — A-UX 0 2,

##EfEGeneralized Coordinates FEZEIE y,, ¥, Y = (ﬁ) = U~ 1X

{(UA VDR Gaay el e

e o (P A () B G T4

dt? 0 A, dt2 \yz 0 A,/ \)V2
d*y, d*y,
dt2 VERZ! dt2 1,y

B R EEEEN EE LRSS - NIt S - hEE AR I -
Bl EEE Yy, , v, 18 FNormal Coordinates » Y& 17 {F & &) |

Vi = clcos(\//l_lt + ¢1) Vo = czcos(\/)l_zt + qbz)
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A-a=w’a
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RAFTHEIAVAE -

( )_Cl( )Coswlt"'cz( )Coswzt
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V1 g1 L1 1\ (%1
= isurx s (G SIG)
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1
Y1=E(x1+xz)=x+ y2=5(x1—x2)=x_



J?EUJ:%%@W**%/ﬁﬁﬁﬂﬁ&'y{l HIEA &=
Howtodoa t—{lﬁﬁ ii[ll_,lﬁ;%% ﬁJJ %ﬂ“ {EIIERVRT E I HRENSHZR |

onc—handcd I’O”.

AEIFEFERRARE - —HoRER > SRR EAVIE > BEERES -

VIasHIRT A S st LU R A B E MR B IR AT |
— BV A IR EIE A Norm DU S EHAESR » BE % VIRe i — (R -



— (BB & A B BTN ?
B — (SRR A BE AR B R 0 A FRARERY AR SR IER -

All n eigenvalues A of a symmetric matrix S are real.

The n eigenvectors u can be chosen to be orthogonal.

0.8 0.3
] : .
& [0.2 0.7
a; = ¢ 82 a; = c; [_11] a,-a; 0



All n eigenvalues A of a symmetric matrix S are real.

Proof:
Su=A7Au
Take a inner product of the both sides with the complex conjugate of eigenvector u”.

wTsSu = 2u'Tu

wTu = uju, + uju, is real.
TR w T SUE EEEH - BUthAIComplex conjugate
2 i 2 2 2
(wTs )*— ¢ . | = EEon® = * O — * 6. = u*TS
ij=1 ij=1 ij=1 ij=1

Qi
HERu " SuZEE > Rt —EZEHH -



The n eigenvectors u can be chosen to be orthogonal.
Proof:

Consider two eigenvectors with different eigenvalues:
Sul = ;l.lul Suz = /’lzuz
e — UL (ENAE » HlfS

ulSu, = Luluy

T

> > .= G.. T — T — T . T

iz n] DUE Rk Sij = Sji uSuy = (uZSul) =u; S u,
2 2
T — E — E — a1 — ol — T
u25u1 — uZiSijulj —_— ulijiuZl’ — ul * Suz — u1/12u2 — /12u2u1
i'j=1 i,j=1

A=
= -

/’llug‘ul = Azug‘ul
0= (/11 - Az)ug‘ul mfmﬂ;}& :
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wu, =u;-u, =0
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Unly = Uy - Uy = Snp A B EARME
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Ui = Upq
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wu, =u,-u, =0

ulu, =u,,-u, =6, =mME"ERSorthonormal.
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V=Ccuq+cu,

A\ ) EvEAE A By I AHR

ulv = ul (cquq + couy) = cquiug + coujuy

AR % - ujuy =0 ulu, =1
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