Second Order Linear Ordinary Differential Equation
y'+ Py +Q)y = f(x)
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Equation of Motion 1s most naturally a Second Order Linear Ordinary Differential Equation
x"+P(t)x" +Q(t)x = f(t)
We don’t have general solution for these ODE but if we restrict P(x), Q(x) to constants:
y'+ay' +agy = f(x)
we do have a procedure using complex numner to write down the solutions.

Second Order Linear ODE with constant coefficients

Surpisingly this systemic method can be extended to Linear ODE with constant

coefficients of any finite order.



y'+ Py +Qx)y = f(x) y" +P(x)y'+Q(x)y =0




Linear second order ODE f#,£

y'+ Py +Q)y = f(x)

Variation of parameters . v e
Wronskian / SECE \, EE S
Linear ODE Linear ODE with constant coefficients
y'+ Py +Qx)y = f(x) y'+ a1y’ +apy = f(x)

If we find one solution of the
homogeneous ODE, we can calculate

the general solution.



Let’s start with Homogeneous Linear ODE with constant coefficients
y'+ Py +Q(x)y =0
It is called linear because of this T :

IR E R EIT B, (), v, OFHE TR+ ¥ + Py’ +Q(x)y =0

AR F—474E4H & linear combination  Cpy;(x) + Coy,(x)  HMIEZ HFE |

i y1 +PX)y; +Q(x)y, =0 + C; ¥y +P)y; +Q(x)y, =0

(Cry, + Coy2)" + P(x)(Cry; + Coy2) + Q(x)(Cry, + Cry,) =0
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There 1s a powerful theorem: Arfken p362

AR EFE—E R Ey, () e T y" + P(x)y’ + Q(x)y =0
B AT E T S— AR MBI A Ey, () - ok IR -
[gr] 5 J&— (It 7% /= WronskianHY B EIW (x) - ‘Ere e (R & EEHY st order ODE:
W(x) = y1(x)y2(x) — ¥, (x)y;1 (x)
dw
—— = 71(0)yz () + y1(x)y2(0) = y2 (0)y1' () = y2 ()1 (x)
= y1(x)yz (x) — y2(x)y; (%)

y1 X y2 + P(x)yz; + Q(x)y, =0 — Yo X yi1 + P(x)y; + Q(x)y; =0

aw | Caw
FM + P(x)y1y; — P(x)y,y; = Fm +P(x)W =0

W = w(oye- i Poa

Jozef Maria Hoene-Wronski
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If Wronskian W (x) and y; is known, % could be obtained!
1

W
Y1 Y1

X
exp(— [, P(x) - dx')
y, = Cy; + W(0)y, f dx Oyz
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To discuss general properties of linear differential equations, it is helpful to introduce
a differential operator notation. Let p and ¢ be continuous functions on an open interval
I —that is, for @ < t < 3. The cases for @ = —o0, or 8 = o0, or both, are included. Then, for
any function ¢ that is twice differentiable on I, we define the differential operator L by the
equation

L[¢] = ¢" + p¢’ + q¢. )

Itisimportant to understand that the result of applying the operator L to a function ¢ is another
function, which we refer to as L[¢]. The value of L[¢] at a point ¢ is

L[g](2) = ¢"(t) + p(t)¢' (1) + q(1)$(2).
For example, if p(t) = t2, q(t) = 1 + ¢, and ¢(t) = sin(3t), then

L[$](t) = (sin(31))" + t3(sin(31))’ + (1 + t)sin(31)
= —9sin(3t) + 32 cos(3t) + (1 + 1) sin(31).

The operator L is often written as L. = D? + pD + g, where D is the derivative operator, that is,
D[¢]=¢'.

In this section we study the second-order linear homogeneous differential equation
L[#](t) = 0. Since it is customary to use the symbol y to denote ¢(t), we will usually write
this equation in the form

Lyl =y"+ p()y' +q(t)y = 0. 2
With equation (2) we associate a set of initial conditions

yt) =Y0,  Y'(to) =Yg 3)

where ¢, is any point in the interval I, and y, and y; are given real numbers. We would like
to know whether the initial value problem (2), (3) always has a solution, and whether it may
have more than one solution. We would also like to know whether anything can be said about
the form and structure of solutions that might be helpful in finding solutions of particular
problems. Answers to these questions are contained in the theorems in this section.

The fundamental theoretical result for initial value problems for second-order linear equa-
tions is stated in Theorem 3.2.1, which is analogous to Theorem 2.4.1 for first-order linear
equations. The result applies equally well to nonhomogeneous equations, so the theorem is
stated in that form.

Theorem 3.2.1 | Existence and Uniqueness Theorem

Consider the initial value problem

V' + p©)y" + q(t)y = gt), Vo) =yo, Y'(to) =Y, @)

where p, g, and g are continuous on an open interval I that contains the point t,. This problem
has exactly one solution y = ¢(t), and the solution exists throughout the interval I.




We emphasize that the theorem says three things:

1. The initial value problem has a solution; in other words, a solution exists.

2. The initial value problem has only one solution; that is, the solution is unique.
The solution ¢ is defined throughout the interval I where the coefficients are continuous
and is at least twice differentiable there.

For some problems some of these assertions are easy to prove. For instance, we found in
Example 3.1.1 that the initial value problem

y'—=y=0, y0)=2, y'(0)=-1 (5)
has the solution
3 = %e‘ + ge“. (6)

The fact that we found a solution certainly establishes that a solution exists for this ini-
tial value problem. Further, the solution (6) is twice differentiable, indeed differentiable any
number of times, throughout the interval (—o0, o) where the coefficients in the differential
equation are continuous. On the other hand, it is not obvious, and is more difficult to show,
that the initial value problem (5) has no solutions other than the one given by equation (6).
Nevertheless, Theorem 3.2.1 states that this solution is indeed the only solution of the initial
value problem (5).

For most problems of the form (4), it is not possible to write down a useful expression for
the solution. This is a major difference between first-order and second-order linear differential
equations. Therefore, all parts of the theorem must be proved by general methods that do not
involve having such an expression. The proof of Theorem 3.2.1 is fairly difficult, and we do not
discuss it here.” We will, however, accept Theorem 3.2.1 as true and make use of it whenever
necessary.



Let us now assume that y, and y, are two solutions of equation (2); in other words,

Lyl =y + py, +qy, =0,

and similarly for y,. Then, just as in the examples in Section 3.1, we can generate more
solutions by forming linear combinations of y, and y,. We state this result as a theorem.

Theorem 3.2.2 | Principle of Superposition

If y; and y, are two solutions of the differential equation (2),

Lyl =y" + p(t)y’ + q(t)y = 0,

then the linear combination c,y, + c,y; is also a solution for any values of the constants ¢,
and c,.
\. J

A special case of Theorem 3.2.2 occurs if either ¢, or ¢, is zero. Then we conclude that any
constant multiple of a solution of equation (2) is also a solution.
To prove Theorem 3.2.2, we need only substitute
y =) + (1) ™

for y in equation (2). By calculating the indicated derivatives and rearranging terms, we
obtain

Llewyr + c2ya] = (ayr +6232)" + p(e)(ery: + €232) + g0y + €2y2)
=y + )y +cp(t)y; + cap()y) + c1g(Oyr + eq(t)y;
= c,(y7 +p@®)y; + q(O)y1) + () + p(©)y; + q(t)y,)
= ¢,L(y)) + c,L(,).

Since L[y, | = 0 and L[y,] = 0, it follows that L[c,y; + c,y,]| = 0 also. Therefore, regardless of
the values of ¢; and c,, the function y as given by equation (7) satisfies the differential equation
(2), and the proof of Theorem 3.2.2 is complete.



Theorem 3.2.2 states that, beginning with only two solutions of equation (2), we can con-
struct an infinite family of solutions by means of equation (7). The next question is whether all
solutions of equation (2) are included in equation (7) or whether there may be other solutions
of a different form. We begin to address this question by examining whether the constants c,
and ¢, in equation (7) can be chosen so as to satisfy the initial conditions (3). These initial
conditions require ¢; and ¢, to satisfy the equations

e (to) + cay2(tp) = Yo,

4 ’ 7 (8)
ey, (to) + Y5 (8) = g,
The determinant of coefficients of the system (8) is
()  ya(ty) ;
= : 0 f o} _ ALYV A A (29)21(7) )
) yi(t)

If W # 0, then equations (8) have a unique solution (c,, c,) regardless of the values of yj
and y]. This solution is given by

. Yo¥5(to) = yoya(toe) . = —=yoY; (to) + Yeyi(to) (10)
P nloyite) = Yitona(t)” 7t mta)Vi(te) = Yito)ya(te)
or, in terms of determinants,
Yo  Yallo) nte) Yo
!/ / ! !/
(to) (t) v
s Yo Ya\lo , i Yillo o a1

Y1 (£p) ¥2(tp)
y;(tu) J’;(to)

yi(to) ¥2(to)
)’;(tu) y;(to)




With these values for ¢; and c,, the linear combination y = c¢,y;(t) + c,y,(t) satisfies the ini-
tial conditions (3) as well as the differential equation (2). Note that the denominator in the
expressions for ¢; and ¢, is the nonzero determinant W'.

On the other hand, if W = 0, then the denominators appearing in equations (10) and (11)
are zero. In this case equations (8) have no solution unless y, and y(’) have values that also make
the numerators in equations (10) and (11) equal to zero. Thus, if W = 0, there are many initial
conditions that cannot be satisfied no matter how ¢, and ¢, are chosen.

The determinant W is called the Wronskian® determinant, or simply the Wronskian,
of the solutions y; and y,. Sometimes we use the more extended notation W{[y,,y,]|(t,) to
stand for the expression on the right-hand side of equation (9), thereby emphasizing that the
Wronskian depends on the functions y; and y,. and that it is evaluated at the point t,. The
preceding argument establishes the following result.

Theorem 3.2.3

Suppose that y, and y, are two solutions of equation (2)
Lyl =y"+ p()y’ + q()y =0,
and that the initial conditions (3)
y(ty) = Y, Y(t) = y{,
are assigned. Then it is always possible to choose the constants ¢,, ¢, so that

y = e (t) +cya(t)

satisfies the differential equation (2) and the initial conditions (3) if and only if the Wronskian

Wiy y:.1=ny, — yi¥

is not zero at ¢,




Theorem 3.2.4

Suppose that y, and y, are two solutions of the second-order linear differential equation (2),

Lyl =y" + p(t)y’ +q(t)y = .
Then the two-parameter family of solutions
Yy = (D + 6y

with arbitrary coefficients ¢; and ¢, includes every solution of equation (2) if and only if there
is a point {, where the Wronskian of y; and y, is not zero.
K &

Let the function ¢ be any solution of equation (2). To prove the theorem, we must deter-
mine whether ¢ is included in the linear combinations ¢, y; + ¢,y,. That is, we must determine
whether there are values of the constants ¢; and ¢, that make the linear combination the same
as ¢. Let {, be a point where the Wronskian of y; and y, is nonzero. Then evaluate ¢ and ¢’ at
this point and call these values y, and y;, respectively; that is,

Yo = $(to)s Vo =¢'(t)-

Next, consider the initial value problem

Y +p@y' +q)y=0,  y(t) =yo Y(t) =y, (12)

The function ¢ is certainly a solution of this initial value problem. Further, because we are
assuming that W[y, y,|(¢y) is nonzero, it is possible (by Theorem 3.2.3) to choose ¢; and ¢, such
that y = ¢, y,(t) + ¢,y,(1) is also a solution of the initial value problem (12). In fact, the proper
values of ¢, and ¢, are given by equations (10) or (11). The uniqueness part of Theorem 3.2.1
guarantees that these two solutions of the same initial value problem are actually the same
function; thus, for the proper choice of ¢; and c,,

¢(£) = ciyi(t) + coy1(0), 13)

and therefore ¢ is included in the family of functions ¢; y; + c,y». Finally, since ¢ is an arbitrary
solution of equation (2), it follows that every solution of this equation is included in this family.
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Now suppose that there is no point f, where the Wronskian is nonzero. Thus
W(y1,](t;) = 0 for every point ¢,. Then (by Theorem 3.2.3) there are values of y, and y;
such that no values of ¢, and c, satisfy the system (8). Select a pair of such values for y, and
y(') and choose the solution ¢(t) of equation (2) that satisfies the initial condition (3). Observe
that this initial value problem is guaranteed to have a solution by Theorem 3.2.1. However, this
solution is not included in the family y = ¢;y; + ¢,y». Thus, in cases where Wy, y»](t,) =0
for every f,. the linear combinations of y; and y, do not include all solutions of equation (2).
This completes the proof of Theorem 3.2.4.

Theorem 3.2.4 states that the Wronskian of y; and y, is not everywhere zero if and only if
the linear combination c,y, + ¢,y, contains all solutions of equation (2). It is therefore natural
(and we have already done this in the preceding section) to call the expression

y =1 () + s (1)

with arbitrary constant coefficients the general solution of equation (2). The solutions
¥; and y, are said to form a fundamental set of solutions of equation (2) if and only if their
Wronskian is nonzero.

We can restate the result of Theorem 3.2.4 in slightly different language: to find the general
solution, and therefore all solutions, of an equation of the form (2), we need only find two
solutions of the given equation whose Wronskian is nonzero. We did precisely this in several
examples in Section 3.1, although there we did not calculate the Wronskians. You should now
go back and do that, thereby verifying that all the solutions we called “general solutions™ in
Section 3.1 do satisfy the necessary Wronskian condition.

Now that you have a little experience verifying the nonzero Wronskian condition for the
examples from Section 3.1, the following example handles all second-order linear differential
equations whose characteristic polynomial has two distinct real roots.



In several cases we have been able to find a fundamental set of solutions, and therefore the
general solution, of a given differential equation. However, this is often a difficult task, and the
question arises as to whether a differential equation of the form (2) always has a fundamental
set of solutions. The following theorem provides an affirmative answer to this question.

Theorem 3.2.5

Consider the differential equation (2),

Liy] =y" + p(t)y’ + q(t)y =0,

whose coefficients p and g are continuous on some open interval I. Choose some point f,
in I. Let y, be the solution of equation (2) that also satisfies the initial conditions

.Y(to) = 1’ y,(t(]) = 07
and let y, be the solution of equation (2) that satisfies the initial conditions
y(ty) = 0, Y(@)=1.

Then y, and y, form a fundamental set of solutions of equation (2).
% J/

First observe that the existence of the functions y, and y, is ensured by the existence part of
Theorem 3.2.1. To show that they form a fundamental set of solutions, we need only calculate
their Wronskian at t,:

y1(to) ya(to)
J’;(to) ys(to)

1 0
0 1

W y2)(t,) =

l=1.

Since their Wronskian is not zero at the point f, the functions y, and y, do form a fundamental
set of solutions, thus completing the proof of Theorem 3.2.5.

Note that the potentially difficult part of this proof, demonstrating the existence of a pair
of solutions, is taken care of by reference to Theorem 3.2.1. Note also that Theorem 3.2.5 does
not address the question of how to find the solutions y; and y, by solving the specified initial
value problems. Nevertheless, it may be reassuring to know that a fundamental set of solutions
always exists.



Now let us examine further the properties of the Wronskian of two solutions of a second-
order linear homogeneous differential equation. The following theorem, perhaps surprisingly,
gives a simple explicit formula for the Wronskian of any two solutions of any such equation,
even if the solutions themselves are not known.

Theorem 3.2.7 | Abel’s Theorem”

If y, and y, are solutions of the second-order linear differential equation

LIyl =y" + p(t)y’ + q(t)y =0, (22)

where p and g are continuous on an open interval I, then the Wronskian W{y,, y,|(t) is given
by

Wy, »:1(t) = cexp (— / p(t)dt), (23)

where c is a certain constant that depends on y, and y,, but not on t. Further, W|[y,, y,|(t)
either is zero for all ¢t in I (if ¢ = 0) or else is never zero in [ (if ¢ # 0).

To prove Abel’s theorem, we start by noting that y, and y, satisfy

yi +p@)y; + gy, =0,
vy + p(t)y; +q(t)y, = 0.

Niels Henrik Abel 1802-1829



If we multiply the first equation by —y,, multiply the second by y;, and add the resulting
equations, we obtain

Oy = ¥1¥.) + pO)(y, — y1y2) = 0. (25)
Next, we let W(t) = W|y,,y,](t) and observe that
W = yy) = ¥y2 (26)
Then we can write equation (25) in the form
W' + p(t)W = 0. (27)

Equation (27) can be solved immediately since it is both a first-order linear differential
equation (Section 2.1) and a separable differential equation (Section 2.2). Thus

W(t) = cexp (— j p(t) dt) ; (28)

where c is a constant.

The value of ¢ depends on which pair of solutions of equation (22) is involved. However,
since the exponential function is never zero, W(t) is not zero unless ¢ = 0, in which case W (t)
is zero for all . This completes the proof of Theorem 3.2.7.

Note that the Wronskians of any two fundamental sets of solutions of the same differential
equation can differ only by a multiplicative constant, and that the Wronskian of any funda-
mental set of solutions can be determined, up to a multiplicative constant, without solving the
differential equation. Further, since under the conditions of Theorem 3.2.7 the Wronskian W
is either always zero or never zero, you can determine which case actually occurs by evaluating
W at any single convenient value of t.
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Damped Oscillation [HEE %
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This is a Homogeneous 2™ order Linear ODE with constant coefficients.
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— ) = O.l/l% (weak damping force)
x =——b = 0.4/% (stronger damping force)

A li ~ Ae—br2mt
\ ~N

With stronger damping (larger b):
—Ar e The amplitude (shown by the dashed
curves) decreases more rapidly.
e The period T increases
(T, = period with zero damping).
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This is an Inhomogeneous 2™ order Linear ODE with constant coefficients.
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Each curve shows the amplitude A for an oscillator subjected to a driving force
at various angular frequencies wy. Successive curves from blue to gold represent
A successively greater damping.

S5Fpalk - Ny = 02Jkm

--------------
................................
2 ey
\\\\\\
""""
----

A lightly damped oscillator exhibits a sharp
4Falk - resonance peak when wy 1s close to w (the
natural angular frequency of an undamped
oscillator).

3Fmax/k

Stronger damping reduces and broadens the
peak and shifts it to lower frequencies.

2Fmax/ k

Fmax/ k

Ifo = \‘\"’“ka, the peak disappears completely.

| | | | W /w

0 0.5 1.0 1.5 2.0

Driving frequency wy esquals natural angular frequency w of an undamped oscillator.
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Under resonance
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On resonance
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https://www.youtube.com/watch?v=aZNnwQ8HJHU

http://techtv.mit.edu/collections/physicsdemos/videos/769-mit-physics-
demo----driven-mechanical-oscillator

Driven Mechanical
Oscillator
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Solutions y of Linear inhomogeneous ODE equals one solution y, of the

inhomogeneous ODE plus the solution y; of the homogeneous ODE.

The difference between any two solutions y — y, of a Linear inhomogeneous

ODE equals a solution of the homogeneous ODE.

d°x bdx , F dzxr_l_bdxr_l_ , K .
WJ“EEJ”” x—acostt TR S a)xr—mcost
¥

dz(x _xr) +£d(x _xr)

2 _
7 — 7 + w*(x—x,)=0

(x — x;-) equals a solution x of the homogeneous ODE.

X= Xy + Xg
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With a different initial condition:
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Breaking Glass
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Fig. 23-7. Transmission of infrared radiation through a thin (0.17 w)
sodium chloride film. [After R. B. Barnes, Z. Physik 75, 723 (1932).
Kittel, Introduction to Solid State Physics, Wiley, 1956.]
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Fluid Damper

Tune Mass Damper
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If a tall building sways slowly
in a wind, the occupants may
not even notice the motion,
but if the swaying repeats
more than 10 times per
second, it becomes annoying
and may even cause motion
sickness. One reason is that
when a person is standing,
the head tends to sway even
more than the feet, setting
off motion sensors in the
balancing region of the inner
ear. Various mechanisms are
employed to decrease

a building’s sway. For
example, the large ball

(5.4 x 10° kg) seen in this
photograph hangs on the
92nd floor of one of the
world’s tallest buildings.

1 Oscillations
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Linear second order ODE f#,£

y'+ Py +Q)y = f(x)

Variation of parameters /

Linear ODE

ﬁﬁ%l

y'+ Py +Q)y = f(x)

If we find one solution of the
homogeneous ODE, we can calculate

the general solution.

\ L

Linear ODE with constant coefficients

y'+ay' +agy = f(x)




y"+ Py +Qx)y = f(x) Linear ODE

Variation of Parameters
Wronskian

If we find one solution of the homogeneous ODE, we can calculate the general solution.

y"'+ Py +Q(x)y =0
LK EE A A0 R L He B — 1 pi By, () i e homogeneous T FEZ
BT DT R 55— (BRI AT 2 (x) > ke lbhomogeneous T2 -
HAMEH] > inhomogeneous H—(EFEFLIFRL © y(x) = v1(x)y1(x) + v2(x)y2 (x)
ig 2 tH Jihomogeneous ST T HY—fsfif - KFHE BUA RS IR

C1y1(x) + Cy,(x)



Variation of Parameters

y(x) = v1(0)y;(x) + v (x)y,(x)
RFERAZEmERTIER -

y'+Px)y +Qx)y = f(x)

kY ()T

y' = v1y; + v2y; + v1y1 + 1),
v, e DL MEREE

v1y1 + vy, =0
y' () T AL

y' =v1y; + 12

i’y ()T

y' =y + vy +viyr + v3y;
RAZERmENTIEZ "+ Py + Q()y = f(x)
viyi +vsys + ilVi + PyL £ Qv + valys + P} +Qya] = F()
V1,270 & homogeneous /£, ©

v1y1 + vys = f(%)



V1Y + vy, = 0
v1y1 + v2y2 = f(x)

RERFTETIER - FER R, , - AR -
FRAHBEFRETHIE o 3E2 Hy, B FI Y Wronskian W (x) -

/ ny / ylf _ Y1 Y2 _ ! !
v1=—W U, =W W(x) = vyl = V1Y2 — Y21
R

_ yaof ] yif

V1 = jd W 2 = d W

If we find one solution of the homogeneous ODE, we can
calculate the general solution of the inhomogeneous ODE.

Joseph-Louis Lagrange 1736-1813
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Ordinary Differential Equation with constant coefficients

n

D an == f(®)

n

Arfken 7.3
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