


We will extend our results in the infinite quantum well in two directions:

First, you can solve more general partial differential equation in 1dentical way:

Sturm-Liouville Problem

2 e 2] - vy = ue) 2

Any function can be expanded as an linear combination of u,,’s.
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n=1

The information in ¥ (x) is equivalent to the information in ¢,;,n = 1 ... 0.
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Square Wave: Generated by Harmonics

Newtons

Seconds

Frequency Spectrum: Square Wave




We will extend our results in the infinite quantum well in two directions:

Second, let the boundary go to infinity a — oo.

We will find a similar formalism for space without boundary!

and see what the information in ¢,, correspond to.
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How to describe electron wave if boundary is far away and can be ignored.
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o Vi(x)
EFRAE -
Ye(0) =0 Yrg(a)=0 Y, = C sin (7x)

HIENEIR F{EAVARIE  This limit is not very convenient.

It does not have the displace symmetry of an infinite space.



We can displace the infinite space without physical result, called displacement symmetry.
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This symmetry makes the solutions very simple and general.

It’s better to use a boundary condition keeping this symmetry during limiting process.



The simplest one 1s Periodic Boundary Condition.

f(x)=f(x+2L) identify all x + 2L with x.

X
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The space 1s the same after displacement.

B
A

Function f and all its derivatives are periodic. f'(x) = f'(x + 2L)

L —> oo
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Free particle in a circle [E]E _FAYE Bk T



Specific Heat of Solids:
Boltzmann, Einstein, and
Debye

Generalizing to the three-dimensional case,
En,nym. = hwl[(ne +1/2) + (ny +1/2) + (n2 + 1/2)]

and
ZBD — e—ﬁEn:le.n; — [ZID]J
Nz ny,nz =20

resulting in (E3p) = 3(E1p), so correspondingly we obtain
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Fig. 2.2 Plot of molar heat capacity
of diamond from Einstein’s original pa-
per. The fit is to the Einstein the-
ory. The y axis is C in units of cal/(K-
mol). In these units, 3R ~ 5.96. The
fitting parameter Tg,pstein = hw/kp
is roughly 1320K. Figure from A. Ein-
stein, Ann. Phys., 22, 180, (1907),
Copyright Wiley-VCH Verlag GmbH &
Co. KGaA. Reproduced with permis-
sion.



2.2.1 Periodic (Born—von Karman) Boundary
Conditions

Many times in this course we will consider waves with periodic or “Born-—
von Karman” boundary conditions. It is easiest to describe this first in
one dimension. Here, instead of having a one-dimensional sample of
length L with actual ends, we imagine that the two ends are connected
together making the sample into a circle. The periodic boundary con-
dition means that, any wave in this sample e**" is required to have the
same value for a position r as it has for » + L (we have gone all the way
around the circle). This then restricts the possible values of k to be

2mn
k=1

for n an integer. If we are ever required to sum over all possible values of
k, for large enough L we can replace the sum with an integral obtaining

L o0
» == / dk.
- 2 J_ o
A way to understand this mapping is to note that the spacing between

allowed points in k space is 27 /L, so the integral f dk can be replaced
by a sum over k points times the spacing between the points.!?



In three dimensions, the story is extremely similar. For a sample of
size L3, we identify opposite ends of the sample (wrapping the sample
up into a hypertorus!) so that if you go a distance L in the z, y or z
direction, you get back to where you started.!* As a result, our k values

can only take values

2T
k — _(nla na, n3)

L

for integer values of n;, so here each k point now occupies a volume of
(27/L)3. Because of this discretization of values of k, whenever we have
a sum over all possible k values we obtain

L3
;—)»W/dk

mean by the bold dk). One might think that wrapping the sample up
into a hypertorus is very unnatural compared to considering a system
with real boundary conditions. However, these boundary conditions
tend to simplify calculations quite a bit, and most physical quantities
you might measure could be measured far from the boundaries of the
sample anyway and would then be independent of what you do with the
boundary conditions.

2.2.2 Debye’s Calculation Following Planck

Debye decided that the oscillation modes of a solid were waves with
frequencies w(k) = v|k| with v the sound velocity—and for each k there
should be three possible oscillation modes, one for each direction of

2.2 Debye’s Calculation 11

1I3In your previous courses you may
have used particle-in-a-box boundary
conditions where instead of plane waves
e2™r/L you used particle in a box
wavefunctions of the form sin(nmr/L).
This gives you instead

L oo
;Q;A dk

which will inevitably result in the same
physical answers as for the periodic
boundary condition case. All calcula-
tions can be done either way, but peri-
odic Born—von Karman boundary con-
ditions are almost always simpler.

14gych boundary conditions are very
popular in video games, such as the
classic time-wasting game of my youth,
Asteroids (you can find it online). It
may also be possible that our universe
has such boundary conditions—a no-
tion known as the doughnut universe.
Data collected by Cosmic Microwave
Background Explorer (led by Nobel
Laureates John Mather and George
Smoot) and its successor the Wilkin-
son Microwave Anisotropy Probe ap-
pear consistent with this structure.



mean by the bold dk). One might think that wrapping the sample up
into a hypertorus is very unnatural compared to considering a system
with real boundary conditions. However, these boundary conditions
tend to simplify calculations quite a bit, and most physical quantities
you might measure could be measured far from the boundaries of the
sample anyway and would then be independent of what you do with the
boundary conditions.
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These are called the eigenfunctions in the Sturm-Liouville Problem.
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u, 728 0] LU R A HA M SineBHCosine k8 » 78 B4H AR (f 17 B4 T B o7

N _;nr nm nm
u,(x) =Ae"L* +Be "L” = CsinTx+DcosTx

17 EEL #Fourier Series
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f(x") = 2 [a,, - cosnx’ + by, - sinnx']

n=1

f&x) = f(x' + 2m)

s it g ., nm
fi— i SRR X' =X
nm
Y(x) =ag + 2 lan cos—x + b, - sin—- xl
.NTT ., NTT

= Z [AelTx + Be_lka]

= Jean-Baptiste Joseph Fourier
P(x) = Pp(x + 2L) 1768-1830
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Method of eigenfunction expansion
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CHAPTER 20

INTEGRAL TRANSFORMS
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F7 1, Wave Packet

2 & — =7 ffiGaussian form A(k) :
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... gives a wave function W(x, 0)

with a broad spatial extent.

(b) Re V(x, 0)




Re (W(x,0)) Im(W¥(x,0))
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Figure 4.2
The real and imaginary parts of ¥(x, 0).
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(a) Real part of the wave function at time ¢

ReW(x, 1)

Im W(x, 1)
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(c) Probability distribution function at time ¢
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1. Consider a packet-like state :
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1 .
A(k) = F{f(x)} = \/? j f(x) - e~ kx | 1y A(k)
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Now we apply Fourier Transformation to solve a differential equation.
This 1s the equation for General forced oscillation.

The position x(t) is the function (instead of f(x)) we want to discuss and solve.

d’x bdx , F
W-I_Ed_t-l_w XZECOSCUDt
d’x dx

— + 2 aE + w% x = f(t) General forced oscillation

We define Fourier Transformations for f(t) and x(t), with x > t,k > —w

Here we will need to substitute t for x and —w for k.

Conventionally, for time Fourier transformation, there 1s a negative sign for w.

co

1 . 1 .
F(w) = T{f(t)} — E j f(t) . e“‘)t - dt =) A(k) — E dx 1/J(X)e_lkx

—CO

Alw) = Fix(®)} = x(t) - e*®t . dt
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d* d
d_tpzc + Zad—ptc + wéx = f(t) General forced oscillation

Taking a Fourier Transformation on the whole differential equation:

A(w) = Fix(t)} Flw) = Fif ()}

Flx' ()} = (-iwA(w)  FE"(©)} = (-iw)?A() A(a)) = fF {x(t)}
(—iw)?A(w) + 2a(—iw)*A(w) + wiA(w) = F(w)
Again, the differential equation is transformed into a algebraic equation for A(w).

(—w? — 2aiw + wi)A(w) = F(w)

F(w)
2

Alw) =
(@) w§ — w? — 2aiw

Taking the inverse Fourier Transformation of A(w), we solved the ODE.

1 j F(w)e i@t
V2r ) wh — w? - 2aiw

How to do the integral? Complex analysis.

x(t) = FHA(w)} = cdw







HUmERR KB R - 2fTAT LU FSturm-Liouville Problem S FHY4ER: -
HelMIh v] DU & HY B R am i SR RV IR R 2= ]
ZE[RIED il T RE U ESAH E

d2y  2mE  dWp
- _ SO 2mE
dx2 h2 W dx2 w k =

P(x) = Aeik* 4 Be-ikx
GIEESRRME - kDU EREIEE  0<k <o -
HIHA DI EERVE - —o <k <0 -
JiE2 SRRV SRR 22 ] P Y E REARRR R
PY(x) = Ae™*, —c0 < k < o0
el - WELEARUE - T HHZERHYEFERR

h’k? E(K)
W(x,t) = Aetkxe R ¢
2m ’

E(k) =

(0]

W(x) = j A(k) - % . dk

— 0O

{IcHBEA k) BICE GRS Dle™ BN REE s (x) -
BIE AT E ERR HZ A KT |



HAE R AR B FESIR - 837 Ay Co) A IR H A (k)

_L r . p—lkx
A(k)—\/z_n_lolp(x) e dx

EHEE B AR)ELEY () BYE L EERE 73 8 i Fourier Transform o
EENAK)ER [T E S E SR () 1 ?

P(x) = dk A(k)et >

|

YORA AR KB IR - fEARE ERAIC B G TR T4 7
(BT T S AR B T TR g T — (3 YEsE - 18 RyDelta Function.



BT HEAE ERA A ERYESR !
HHZERTEHET - BRENVEE - B ENE » BT EK

X X
A A

DETECTOR S > =
S & Fro FEINHIRG
T 41
1 .22 » 7] _
= SSEEE Y T N - Ax = o0,Ap =0
ELECTRON » —
GUN - 1 P

EHGERRREII B  BTENT  AREOiE
[BHC TR R T AR ROFEEEE L -
C g K THRAVAE

Ax = 0,Ap - oo
A1 |iGHT
— 7 (CSOVRE _-=]
— "z::::::::é%_’ ______
ELECTRON (A2
GUN
V]

Pl = P{ + P



RARATEEAT LR R T Aeto” -

R Rt o e A N e

/%\14,/\/\/\/\/\/\/\ % % /\
I 10 40 50 x (fee kO

IR ERE > BERE: Ap=0
WENGEE T —EEE - RIS BREE RN FIR I —f% ¢ Ax - oo
H = ZZ R VK BN EA (k) or ¢ (p) RIE—({EA12LSHEHYRRET -

P o
- 1] 1 1 L ]

10 20 30 40 50 x (feet) k

AL TRV REHY R R B RIE — (B RS HEHYR » MxZERVR B R AFHYAT (L -
MBS A E—EUERE ' Ax=0

i AR A B ARV IESZ R B NI - BB EARE ¢ Ap >

Bl & ZE MR PAEA (K or ¢ (p) il —{EE5Z R -

ERE S ET R R B E IR A ZE ] T HYIRRR N BT 5T _EIEH A A - 1 RyDelta Function -



6.1 STRONGLY PEAKED FUNCTIONS AND THE DIRAC DELTA FUNCTION

In physics, we often encounter the concept of a pulse of “infinitely short” duration.
For instance, a body set in motion (from rest) by a sudden blow attains a momen-
tum equal to the impulse of the blow, namely,

mv = 1 =/t°+f F(1) dt,
to

where F(t) is the force and 7 is the duration of the ackion of the force. The term
“blow” implies that 7 is so small that the change in momentum occurs instan-
taneously. However, since such a change in momentum is a finite number, it
follows that F(7) should have been infinite during the blow and zero otherwi

Force F(f)
F

v » Time ¢
S t J; T—)I Figure 6.1

This kind of description is not proper in terms of common mathematical con-
cepts. For that matter, it may not even be physically rigorous. Indeed, the actual
graph of force is more likely to be a strongly peaked function, as in Fig. 6.1, where
h is very large while 7 is very small such that the area under the curve is equal to a
given value of I. In many cases, a great majority, as a matter of fact, the exact
shape of the strongly peaked function [F(¢) in this case] is not known. However,
insofar as the observable physical effects of such functions are concerned, this
lack of information does not usually matter. What is significant, though, is the
intensity of the impulse, namely, the value of the integral

f‘ T B dt,

F(t) =6(t—ty)

gettyimages

Credit: Bart
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q(x)

F=[g(x) dx

Idealized

Actual

Figure 6.2

and the time when the impulse occurred, namely 1y (or, perhaps, 1o + 7/2, but
that hardly matters if 7 is sufficiently small).

Strongly peaked functions are common to all branches of physics. For
instance, a concentrated force acting on a beam is actually a strongly peaked distri-
bution of load (Fig. 6.2). In electrical circuits, strongly peaked currents of ex-
tremely short duration often occur in switching processes, like the redistribution
of charges between the two capacitors shown in Fig. 6.3 when the switch S is
closed. Initially, the voltages ¥, = @,/C; and V5 = Q5/C, are assumed to
be different. When the switch is closed, there is a rush of current through it until
the charges @, and @ are redistributed into

Qt = Cl(Ql + Q2) , Q' = C2(Ql + Q2) R
1 C,+ C, 2 C,+ C,

If the resistance of the leads is negligible, then this current pulse is of infinitely
short duration and the current is infinitely large. Needless to say, this cannot be
rigorously true; apart from the inevitable resistance (small, but never zero), there
will also be a self-inductance L of the loop which will tend to moderate the steep
rise of the current to its peak value after the switch is closed. In short, the current
pulse will be a strongly peaked function of time.

S s
Ql,V,L Qz-V2\£ . Q'lJ(é Qé,V¥

FC =Cyp

1

il

Figure 6.3

In order to facilitate a variety of operations in mathematical physics, and
particularly in quantum mechanics, Dirac proposed the introduction of the so-
called delta function 8(x) which will be a representative of an infinitely sharply
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Example 3. Verify the rule
d(ax) = (1/|a)) 8(x),a = 0.
Assume that @ > 0 and write, using ax = &, dx = (1/a) d¢:

[ s@fn dx = [ s fte/a)(1/a) d = (1/a)fC0).

Ifa < 0, use ax = £, dx = (1/a) dt again; now, however, the limits of integration
are interchanged and

[ s@fix) dx = [ s /)1 /a) dk = ~(1/)fC0).

In either case, the result is (1/]a|)f(0), thus establishing the rule.
Remark: From this it follows that §(x) is an even function (seta = —1).
Example 4. Verify the rule
8(x? — a?) = (1/20)[5(x + @) + 8(x — @)]  (a > O).
Observe that 8(x%2 — a?) = §[(x + a)(x — a)}. Since 8(£) = Ounless ¢ = 0,

it follows that 8(x* — a?) = 0 except at the points x = 4a. Therefore, we
can write

[ 862 — @i ax = [T x4+ a)x — ) dx

+ [T+ afx = @MW dx (@ >0,

where 0 < € < 2g and € can be arbitrarily small. Now, in the neighborhood of
= —gq, the factor (x — a) may be replaced by —2a. Then

—a-te —a+te
f (x + a)(x — a)lf(x)dx = S[(—2a)(x + a)lf(x)dx

—a—¢ —a—e

i 1
=f —5— 8(x + a)f(x) dx

—a—e |—2a‘

+e
= j;m % 8(x + a)f(x)dx.

The infinite limits can be used again because §(x + a) = O except at x = —a.

In a similar manner,

a-€ —+o [
fa A+ a)x — a)lf(x) dx = f_m 3g 0 — a)f(x) dx,

and the rule is established.

Remark. This rule breaks down for @ = 0. There is apparently no way of interpreting
the expression 8(x?).
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To interpret |A,]%, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-

states of the atom. We shall take it to be a postulate of quantum mechanics that a
| measurement of the energy must be one of the eigenvalues of the energy operator. {Under
RNGHER  BXELHEENHIES R AR AREE,H P 2
R B M EHAE - SRR AT |
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3. Consider an infinite potential box, with boundaries at x = 0 and x = a:

V(x) =00,x>a,x<0andV(x) =0,0< x < a.

V(x)

X
0 a

As we have shown in class, in this potential the energy eigenstate can be written as

2 : . h2\ m2 ; : .
\/; sin % with eigenvalues E,, = (ﬂ) %nz (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) is:

41 (2 @ 7mx 1/ (2  2nx
Y(x,0)= |=| [-sin— |+ [=| [—sin— 0<x<a,
5\.a a 5\.a a

Screenshot

_ =0 yvy<0x>a
A. Att = 0, make an energy measurement. What are the values it could possibly give?

What are the corresponding probabilities? Do they add up to one? What is the
expectation value of energy. (20)

Hint: Expectation value is the sum of the measured value times the probability.
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