Schrodinger Wave Equation for the complex wave function W(x, t).

This equation has separable stationary solutions.

Y(x, t) =9x) - ¢(t)
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The time evolution ¢ (t) is simply a Phase factor : e~ ‘2" -

The x-dependent y(x) satisfies Time-Independent Schrodinger Equation :
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Linear combinations of stationay state are still solutions.
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Any function can be expanded as linear combinations of u,,, the Sine function.

This 1s the so-called Fourier Series. u,,, the Sine Functions are complete.

u, B E5EENME | BB E ¥ Expansion Theorem
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We will extend our results in the infinite quantum well in two directions:

First, you can solve more general partial differential equation in identical way:
The fact that u,,’s are orthogonal and complete is true for more general PDE.

Sturm-Liouville Problem

% [r(X)—]—V(x)y u(x) at2

Second, let the boundary go to infinity a — oo.

We will find a similar formalism for the space without boundary!
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We consider String Wave Equation last term: 7 — P u P Y It can be generalized to the

case with x-dependent 7(x), u(x) and an extra restoring force v(x). [[he equation is now

written as:

0 2
2 e 2] - vy = uwr 33

also known as generalized strlng wave equation.

Assume the separable mode solutions can be written as
y(x,t) = X(x) - T(t).
A. Find the Ordinary Differential Equation satisfied by X (x) and T (t). Show that

T (t) satisfies the same equation of motion as SHM and solution can be written as

T(t) = a,, cos(wt + ¢)

Tension 7(x) and Mass density u(x) could be x dependent

There could be extra external spring force o« y with x dependent k = v(x).



Sturm-Liouville Problem

0’y 9%y
e[ 5] - vy = 5 et aT
Tension 7(x) and Mass density u(x) could be x dependent

There could be extra external spring force « y with x dependent k = v(x).

~

Flx) = — v{x)u(x,1) dx
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~lp2| -ay=p5S  or ~[pe 2] - 4Gy = —in 3
Assume the separable mode solutions can be written as

y(x,t) = f(x)-T(¢)

Time part can be solved right away:

T(t) = ap, cos(\ﬂt + ¢) or T(t) = e'nt
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Space part satisfies the following equation:

TEE R F Sturm-Liouville Problem & By ANE R R &E
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We can denote the operation on the function f(x) as an operator A.
A= [peoo] + @
= dx \PY ] T

The equation can be written as:
A-f(x)=21-f(x) “ —A-a=a

This will be called Sturm-Liouville Eigenfunction Equation of Operator A.
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Boundary Conditions

Dirichlet Condition

fl@)=f(b)=0

Neumann Condition

f'(a) = f'(b) =0

Carl Neumann 1832-1925
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A-f@) = [pe=f@| + a0f 0 = 210

Under boundary conditions, the equation has a countable set of solutions.
We can usually classify them by natural numbers: n.

The eigenfunctions are u,, and their corresponding eigenvalues are 4,,.

A- Un(x) = A5 - up(x)

AEVHE 5 BB ¥ Eignevalues are all real :
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An = A Time part will be oscillating: T(t) = e &'
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Eigenfunctions of different Eignevalues are orthogonal to each other.
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Any function can be expanded as linear combinations of u,,.

u,, the eigenfunctions are complete.
u, B ZEHE | ER EE Expansion Theorem
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All n eigenvalues A of a symmetric matrix § are real.
Proof:
Su = Au
Take a inner product of the both sides with the complex conjugate of eigenvector u™.
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The eigenfunctions are u,, and their corresponding eigenvalues are A,,.

A- Up(x) = Ay + up(x)
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Eigenfunctions of different Eignevalues are orthogonal to each other.
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The n eigenvectors u can be chosen to be orthogonal.
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Sturm-Liouville Problem

. d d
Ay (@) = 2 [P0 - 00| + a0 () = 2y - 10 ()

Under boundary conditions, the equation has a countable set of solutions.

We can classify them by n and order them by eigenvalues from small to large:
N <A< <Ay < -

It could be proven that A,, is unbounded: A, = o0,asn —

We’ll skip the proof of this crucial step since it’s too technical.

But it 1s reasonable and true for the examples we talked about.
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