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Schrodinger Wave Equation for the complex wave function W(x, t).
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Figure 6-24 A qualitative indication of how an approximation to a square well potential
results from superimposing the potentials acting on a conduction electron in a metal. The
potentials are due to the closely spaced positive ions in the metal.
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8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form
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Consider an infinite box of unknown width. In transitions between neighboring values of », photons
of various energies are emitted. It is found that the largest wavelength of the various photons seen is
450 X 10~° m. Use this information to determine a, the width of the infinite box.
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EXAMPLE 3-5

Consider a particle in a box. Its wave function is given by

P(x) = A(x/a) 0<x<al2

= A(1 — xla) aR<x<a

where A = V/12/a so as to satisfy [& dx]y(x)|* = 1. Calculate the probability that a measurement of
the energy yields the eigenvalue E,.
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3. Consider an infinite potential box, with boundaries at x = 0 and x = a:

Vix) =0o,x>a,x<0andV(x) =0,0< x <a.

V(x)

0 a

As we have shown 1n class, in this potential the energy eigenstate can be written as

2 . nmx . . h?\ n? . : :
\[; sin— = with eigenvalues E,, = (E) a_an (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) 1s:

4 2 X 1 2 21X
Y(x,0) = [=| [-sin— |+ [=| [—sin— 0<x<a,
5 a a 5 a a

=0 x<0,x>a
A. For a later time t, write down the wave function Y (x, t). There is no need to

simplify the answer. (15)

B. Atx = %, calculate the probability density P (%, t) as a function of time ¢t.



s -

A. t = OBSIHLRAE AT LU B e, T4 AT » BEE S REREBS FEE & 3 - fir
TR TR TIER TR u, Te Lo~ h" - Fese 2 R fREIE TVl - SE T
St R A T RS Rt - PR

a ,\_ |af |2 . 7w\ -if1e 1 |2 .
B.‘P(z,t)—\[;(\[;smz)e h +J;(J;sm




Classically Classical Classically
forbidden turning points  forbidden
' region




CERSHRIT DA R 22 e N — 2V = TR o
R LR EAGHES » =T ENEE =8 b E B REf& R |
Max Planck 1£1900 FAEL T & FEapiVE—718 |

O n=o0

E n

4hf — 4

3hf ——3

| A Ohf e 9
W —— 1

ENERGY

0

©2004 Thomson - Brooks/Cole

B TRENE TR - TREER FBs (REE=)
5 F(Quantum)F K/ NS TE L |

En, =n-hf h: Planck Constant h =6.625x1073%] - s ‘d

0




12.9 The Loaded String*
E G R F g REN L — &S E 1o

’_:I] 1 {_‘ ‘ q]+1 (_n+ ])d

o d 2d (G-La jd (j+1)d (n-1)d nd =L
- ®--—-—--—-—--- ® -. ®---—-———- - ®
1 2 j-1 j j+1 n-1 n

P ® "\ — &L/ z
0-0-0-0-0-0 » @ e
The Oxtord
Vibrations of a Solid State Basics
One-Dimensional
Monatomic Chain 9
STEVEN H. SIMON

I (l i l l B l Eiu iD ) od-
I s in solids, 1 more (h\-
] 1 ll tin ] l f ] Il l hes



X 0 Xg

Classically Classical Classically
forbidden turning points  forbidden
region region

Copyright © 2008 Pearson Education, Inc.. publishing as Pearson Addison-Wesley.

The energy levels
are egually spaced.

s

Classical turning
point for n = 1




1926. M 6.

ANNALEN DER PHYSIK.

VIERTE FOLGE. BAND 7).

1. Quantisierung als EHigenweriproblem; Quantisation as an eigenvalue problem;
von B, Schréodinger. by E. Schrodinger*

(Zweite Mitteilung.)?)

1. Der Plancksche Oszillator. Die Entartungsfrage.

Wir behandeln zuniichst den eindimensionalen Oszillator,
Die Koordinate ¢ sei die Elongation multipliziert mit der
Quadratwurzel aus der Masse. Die beiden Formen der kine-
tischen Energie sind dann

(20) T=14¢, IT=%Yp*.
Die potentielle Energie sei
(21) - Vig) =272 ¢*,

wo v, die Eigenfrequenz im Sinne der Mechanik, Da.nn lautet
Gleichung (18) fur dlesen Fall:

(22) + : (B —-2720,2 )y =0 .

hZ d2
" 2m dz/;(zx) + V() - Y(x) =E-p(x)
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We can do better! Solving the Equation!
1926. M 6.

ANNALEN DER PHYSIK.

VIERTE FOLGE. BAND 79.

1. Quantisierung als Eigenwertproblem}
vor B, Schrédinger.

(Zweite Mitteilung.)?)

1. Der Plancksche Oszillator. Die Entartungsfrage.

Wir behandeln zuniichst den eindimensionalen Oszillator,

Die Koordinate ¢ sei die Elongation multipliziert mit der
Quadratwurzel aus der Masse. Die beiden Formen der kine-
tischen Energie sind dann

(20) T=Y,¢*, T=1p*.

Die potentielle Energie sei
(21) I ig) =272, ¢,

wo v, die Eigenfrequenz im Sinne der Mechanik, Dann lautet
Gleichung (18) fur dlesen Fall:

22) Y 2 2nte2 gy =0 .
dzl/J 2m d’u  m?w?

_ _ 2
dx?  h2 ( 5 )1/) - dx2  pz 47

Y(x) = u(x)

2mE k
72 u w= E



d’u  m?w? , 2mE
— xX“u+

dx2 R pz =0

Linear second order ODE f##,%

y"'+Px)y '+ Q(x)y = f(x)

Variation of parameters e .
notp \Complex number &S pREE
Wronskian

Linear ODE with constant coefficients

Linear ODE

y'+ Py +Q)y = f(x) y'+ay' +agy = f(x)
If we find one solution of the

homogeneous ODE, we can calculate
the general solution.

We can find general solutions using
complex number exponential function e%t,
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und erhalten
(227)

Die Eigenwerte Gleichung sind
bekannt.'y Die Eigenwerte sind in den hier beniitzten Zeichen
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MORE SPECIAL FUNCTIONS

fo

In this chapter we shall study four sets of orthogonal polynomials: Hermite, Laguerre, and
Chebyshev' of the first and second kinds. Although these four sets are of less importance
in mathematical physics than are the Bessel and Legendre functions of Chapters 14 and 15,
they are used and therefore deserve attention. For example, Hermite polynomials occur in
solutions of the simple harmonic oscillator of quantum mechanics and Laguerre polynomi-
als in wave functions of the hydrogen atom. Because the general mathematical techniques

. . duplicate those used for Bessel and Legendre functions, the development of these functions
A@© omprehe nsive Guide is only outlined. Detailed proofs are for the most part leftto the reader.

The sets of polynomials treated in this chapter can be related to the more general quan-
tities known as hy ic and confluent hy ic functions (solutions of
the hypergeometric ODE). For practical reasons we defer most discussion of these rela-
tionships until we have had an opportunity to define the hypergeometric functions and
the associated nomenclature. The benefit accruing from the connection to hypergeomet-
ric functions is that the hypergeometic recurrence formulas and other general properties
translate into useful relationships for the polynomial sets that we are presently studying.

We conclude the chapter with a short section on elliptic integrals. Although the impor-
tance of this subject has declined as the power of computers has increased, there are some

Seventh Edition physical problems for which they are useful and it is not yet time to eliminate them from
this text.
ARFKEN, WEBER,  HARRIS e
y y AND We start by identifying Hermite functions as solutions of the Hermite ODE,
H)/(x) — 2xH},(x) + 2nH,(x) = 0. (18.1)
VThis is the spelling ch AMS-55 (for itz in Additional Readings). However, various

names, such as Tschebyscheft, are encountered in the literature.
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Equation 2.71 has solutions, of course, for any value of E (in fact, it has wo linearly independent solutions for
every E). But almost all of these solutions blow up exponentially at large x, and hence are not normalizable.
Imagine, for example, using an E that is slightly /ess than one of the allowed values (say, 0.49h®), and
plotting the solution: Figure 2.6(a). Now try an E slightly /arger (say, 0.51/w ); the “tail” now blows up in the
other direction (Figure 2.6(b)). As you tweak the parameter in tiny increments from 0.49 to 0.51, the graph

“flips over” at precisely the value 0.5—only here does the solution escape the exponential asymptotic growth
that renders it physically unacccptable.i

(a) A

d*yp 2m 1
dx?  R2 (Ekx _E)‘/’E

(b) A

=05 F

Figure 2.6: Solutions to the Schrodinger equation for (a) £ = 0.49%hw, and (b) E = 0.51/hw-
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For large n, the quantum probability is similar to the classical one.

Real Space
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(c) Longitudinal normal modes
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Coupled Oscillations
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The Oxt
Solid Stat

STEVEN H. SIMON

Vibrations of a
One-Dimensional
Monatomic Chain

In Chapter 2 we considered the Boltzmann, Einstein, and Debye mod-
els of vibrations in solids. In this chapter we will consider a more de-
tailed model of vibration in a solid, first classically, and then quantum-
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Fig. 9.3 Aliasing of waves. The dashed
curve has wavevector k whereas the 2
solid curve has wavevector k + 27 /a. E, = ~fiw
These two waves have the same value Ey = L bw

(solid dots) at the location of the lattice
points z, = na, but disagree between
lattice points. If the physical wave is : | : : | : |
only defined at these lattice points the k=—mt/a I 0 l k=+m/a 2
two waves are fully equivalent. o
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9.3 Quantum Modes: Phonons

We now make a rather important leap from classical to quantum physics.

3
2
3 oo oo
= ]g

Quantum Correspondence: If a classical harmonic sys-
tem (i.e., any quadratic Hamiltonian) has a normal oscil-
lation mode at frequency w the corresponding quantum
system will have eigenstates with energy

Fig. 9.1 The one-dimensional
monatomic harmonic chain. Each ball
has mass m and each spring has spring
constant k. The lattice constant, or 1
spacing between successive masses at E, = hw(n + _)_ (9_7)
rest, is a. 2

Presumably you know this well in the case of a single harmonic oscillator.
The only thing different here is that our harmonic oscillator can be a

collective normal mode not just the motion of a single particle. This
quantum correspondence principle will be the subject of Exercises 9.1

W \/\

Definition 9.1 A phonon is a discrete quantum of vibration.®

3a

Fig. 9.3 Aliasing of waves. The dashed This 1s entirely analogous to defining a single quantum of light as a
curve has wavevector k whereas the photon. As is the case with the photon, we may think of the phonon
solid curve has wavevector k + 27/a. . . . .
These two waves have the same value as actually being a particle, or we can think of the phonon as being a
(solid dots) at the location of the lattice quantized wave.

(n:Z\/%

k=—T/a 0 " k=+m/a
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