Maxwell Equations, Finally
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ALMA, the Atacama Large Millimeter Array
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The Antennae Galaxies (also
known as NGC 4038 and
4039) are a pair of distorted
colliding spiral galaxies about
70 million light-years away,

1n the constellation of Corvus
(The Crow)
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gkectromagnetic wave dil

many thanks to Fu-Kwun Hwang

James Clerk Maxwell (1831-1879)
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I.  Theory of the Motion of an incompressible Fluid,

(1) The substance here treated of must not be assumed to possess any of
the propertics of ordinary fluids except those of freedom of motion and resistance
to compression. It i1s not even a hypothetical fluid which is introduced to
explain actual phenomena. It is merely a collection of imaginary properties
which may be employed for establishing certain theorems in pure mathematics in
a way more intelligible to many minds and mecre applicable to physical problems
than that in which algebraic symbols alone are used. The wuse of the word
“Fluid” will not lead us into error, if we remember that it denotes a purely
unaginary substance with the following property :
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[FOURTH SERIES.]

MARCH 1861,

XXV. On PAysical Lincs of Force. By J. C. MaxweLs, Pro-
Sessor of Natural Philosophy e King’s College, London®.

Part L—The Theory of Moleculur Vertices applied to Megretic
Phenomena,
'[N all phenomenn involving attractions or repulsions, or any
forcea depending on the relative position.of bodies, we have
to detérmine the magnitude and direction of the force which
would aet on & given body, if placed in a given position.

In the case of & body acted on by the gravitation of a sphere,
this force iz inversely as the square of the distance, and in a
straizht line to the centre of the sphere, In the case of two
attracting spheres, or of a body not spherical, the magnitude
and direction of the furce vary according to more complicated
laws. In electric and magnetic phenomena, the magnitude and
direction of the resultant force at any point is the main subject
of investigation.. Suppose that the direction of the force at any
point is known, then, if we draw a line so that in every part of
its course it ¢oincides in direction with the force at that point,
this linc may be called a Jine of furce, since it indicates the
direction of the foree in every part of its course.

By drawing a sufficient number of lines of force, we may
indicate the direction of the foree in every part of the space in-
which it acts,

Thus if we steew iron filings on paper near 8 magnet, cach
filing will be magnetized by induction, and the consecutive
filings will unite by their opposite poles, 30 as to form fibres,
and these fibres wifl indicate the divection of the lines of force.
The beautiful illustration of the presence of magnetic force
afforded hy this experiment, naturally tends to make us think of
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XXIII. On Physical Izines of Force.

PART 1.

TrE THEORY OF MOLECULAR VORTICES APPLIED TO MAGNETIC PHENOMENA.

In all phenomena involving attractions or repulsions, or any forces depend-
ing on the relative position of bodies, we have to determine the magmitude and
direction of the force which would act on a given body, if placed in a given
position.
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investigate the mechanical results of certain states of tension
and motion in a medium, and comparing those with the
observed phenomena of magnetism and electricity
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Molecular vortices The ugliest and the cleverest model I have ever seen!
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PART IIL

THE THEORY OF MOLECULAR VORTICES APPLIED TO STATICAL ELECTRICITY.

In the first part of this paper® I have shewn how the forces acting between
magnets, electric currents, and matter capable of magnetic induction may be
accounted for on the hypothesis of the magnetic field being occupied with
innumerable vortices of revolving matter, their axes coinciding with the direction
of the magnetic force at every point of the field.
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Particles of the fluid

b
N ) =H N

With a medium that is elastic, wave phenomenon is inevitable.
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Pror. XVI.—To find the rate of propagation of transverse vibrations
through the elastic medium of which the cells are composed, on the suppo-
sition that its elasticity is due entirely to forces acting between pairs of particles.

By the ordinary method of investigation we know that

where m is the coefficient of transverse elasticity, and p is the density. By
referring to the equations of Part I., it will be seen that if p is the density
of the matter of the vortices, and p is the “coefficient of magnetic induction,”

OTTD o evusuvnnnvnsonssrnnasnssnsossnoves (133);
whence o= i O (134);
and by (108), o= [y R RSO (135).
In air or vacuum u=1, and therefore
V=E
=310,740,000,000 millimetres per second} ................. (136).
=198,088 miles per second



500 ON PHYSICAL LINES OF FORCE.

The velocity of light in air, as determined by M. Fizeau¥, is 70,843 leagues
per second (25 leagues to a degree) which gives

V'=314,858,000,000 millimetres
=195,647 miles per second ....|................. (137).

The velocity of transverse undulations in our hypothetical medium, calculated
from the electro-magnetic experiments of MM. Kollrausch and Weber, agrees so

exactly with the velocity of light calculated from the optical experiments of

M. Fizeau, that we can scarcely aveid the inference that light consists in the
transverse undulations of the same medium which is the cause of electric and
magnetic phenomena.
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The coincidence between the observed velocity of light and your
calculated velocity of a transverse vibration in your medium
seems a brilliant result.

But [ must say I think a few more such results are needed
before you can get people to think that every time an electric
current 1s produced a little file of particles is squeezed along
between two rows of wheels.

From a friend Cecil Monro



I do not bring it forward as a mode of connexion existing in nature,
or even as that which I would willingly assent to as an electrical
hypothesis. It 1s, however, a mode of connexion which is
mechanically conceivable, and easily investigated, and it serves to
bring out the actual mechanical connexions between the known
electromagnetic phenomena.

Any one who understands the provisional and temporary nature
of the hypothesis will find himself rather helped than hindered by
it in his search after the true interpretation of the phenomena.
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“The Ancient of Days (name of god) ” William Blake (1794)
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T2, Wave Equation
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XXV. A Dynamical Theory of the Electromagnetic Iield.
(Received October 27,—Read December 8, 1864.)

BAET I
INTRODUCTORY.

(1) Tae most obvious mechanical phenomenon in electrical and magnetical
experiments is the mutual action by which bodies in certain states set each
other in motion while still at a sensible distance from each other. The first

XXVIII. On the Dynamical Theory of Gases. ;2:
(Received May 16,—Read May 31, 18G6.) 101
ght
THEORIES of the constitution of bodies suppose them either to be continuous —
and homogencous, or to be composed of a finite number of distinct particles or
molecules.
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(70) In these equations of the electromagnetic field we have assumed twenty
variable quantities, namely,

For Electromagnetic Momentum .......ccoveeeireeeieeanss E G H
R R R IV EORSILY ...occocnvreonrnrennsonmasiimmsnnsnsanss a B vy
R CR BOXCO .- ... .cccoconeoroneessnssosasssnasove 2RO B
» Current due to true Conduction ........ccccueeeeen. p q
S CE e Dlateent, ... .....cooienieninnreseoiroane f g &
,» Total Current (including variation of displacement) p* ¢"
» Quantity of Free Electricity ......cccoocveiveeinnnnee. e
,» Blectric Potential......... e T v

BRI AR R R E - EE R e i TR |

Between these twenty quantities we have found twenty cquations, viz.

Three equations of Magnetic Force .........ccovviiiiiiiiiinna.e. (B)
. Electric “ClulBilEs.. ... .......H... o0 o0 ©)
’ Electromotive Force .....c.coevvvvivvivnnnnn... (D)
- FElectric ElSSEEI. ................. . 0 (E)
> Electuic. Fullaage.................. .0 S (F)
53 Total "GRG, . ................... .S (A)
One equation of Free LEISSEIGSER...c..................ccc0.coueoins (G)
” Continpa oo cnson . . o ovogaie: - sie T (H)

These equations are therefore sufficient to determine all the quantities which
occur in them, provided we know the conditions of the problem. In many
questions, however, only a few of the equations are required.



(65) The complete equations of electromotive force on a moving conductor
may now be written as follows:—

Lquatzons qf Klectromotive Force.

N d_:/ dz\ dF dy)
P"“("?E Bdt)"?l?—d_x
dz dx\ dG dy
sz( (Zt 7dt>—m—@ ......................... (D)
- de  dy\ dIf d;p
= (B Gh) "%~ %

(61) Expressing the electric momentum of small circuits perpendicular to
the three axes in this notation, we obtain the following

Lquations of Magnetic Iorce,

dIl  dG )
He=dy ~ dz
dit "dH
PB=p = o b e, (B).
_dG _aF
K="tz ~ dy J




The theory I propose may be called a theory of the electromagnetic
field because it has to do with the space in the neighborhood of the
electric or magnetic bodies.
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PART VI.

ELECTROMAGNETIC THEORY OF LIGHT.

(91) At the commencement of this paper we made use of the optical
hypothesis of an elastic medium through which the vibrations of light are
propagated, in order to shew that we have warrantable grounds for seeking,
in the same medium, the cause of other phenomena as well as those of light.
We then examined electromagnetic phenomena, seeking for their explanation in
the properties of the field which surrounds the electrified or magnetic bodies.
In this way we arrived at certain equations expressing certain properties of
the electromagnetic field. We now proceed to investigate whether these pro-
perties of that which constitutes the electromagnetic field, deduced from electro-
magnetic phenomena alone, are sufficient to explain the propagation of light
through the same substance.



-~y g —rryy oM SR S0 T S e >, (66) _.',_-_:':;

These electromotive forces are due to the variations either of the electromagﬁet;i{_-.‘ oi.-:' :"’
the electrostatic functions, as there is no motion of conductors in the field ; so that the ;
equations of electromotive force (D) are il

dF 4dv

P=—'?t'—$a
dG d¥
Q=—Z 75 b : "
__dH av
_—‘E——?.J

_ (94) Combining these equations, we obtain the'followi.ug —

k(g—V’F)+4ry‘(i—f+i-:—3: =

l:(:—‘;—V’G) ey (%E-*-p%) = {

T PH v
HZ—VH) + 4 w+5g) =0 |

If we differentiate the third of these equations with respect to 7, and the second with
respect to z, and subtract, J and ¥ disappear, and by remembering the equations (B) of -
magnetic force, the results may be written it

EV pa =4dxp % ez, | .
BVup=dapgzpf, b+ o o . . . L. L (69)

BNy = Ay 7y J

(96) If we assume that e, B, v are functions of lz4-my+nz—Vt=uw, the first equa-
tion becomes

ky%:kpfv’%’ wid S sl Ry

or %

(71)

'Ihe othe.r.equat.i.ons give the same value for V, so that the wave is propagated in either
direction with a velocity V.



(95) If we assume that a, 8, y are functions of le+my+nz— Vi=w, the
first equation becomes

3 d2

Lpr.d ,—41rp, V,dw” ............................... (70),
or V=4 R e A (71)
e R (/1

The other equations give the same value for V, so that the wave is propa-
gated in either direction with a velocity V.

This wave consists entirely of magnetic disturbances, the direction of mag-
netization being in the plane of the wave. No magnetic disturbance whose
direction of magnetization is not in the plane of the wave can be propagated
as a plane wave at all.

Hence magnetic disturbances propagated through the electromagnetic field
agree with light in this, that the disturbance at any point is transverse to
the direction of propagation, and such waves may have all the properties of
polarized light.

(96) The only medium in which experiments have been made to determine
the value of % is air, in which p=1, and therefore, by equation (46),

By the electromagnetic experiments of MM. Weber and Kohlrausch ¥,
2=310,740,000 metres per second



The velocity of light in air, by M. Fizeau's* experiments, is
V'=2314,858,000 ;
according to the more accurate experiments of M. Foucault t,

¥'=298,000,000.

The velocity of hght in the space surrounding the earth, deduced from
the coeficient of aberration and the received value of the radius of the earth’s
orbit, is

V' =308,000,000.

(97) Hence the velocity of light deduced from experiment agrees sufficiently
well .with the value of v deduced from the only set of experiments we as yet
possess. The value of » was determined by measuring the electromotive force
with which a condenser of known capacity was charged, and then discharging
the condenser through a galvanometer, so as to measure the quantity of electricity
in it in electromagnetic measure. The only use made of light in the experiment
was to see the instruments. The value of ¥V found by M. Foucault was
obtained by determining the angle through which a revolving mirror turned,
while the light reflected from it went and returned along a measured ‘course.
No use whatever was made of electricity or magnetism.

The agreement of the results seems to shew that light and magnetism
are affections of the same substance, and that light is an electromagnetic dis-
turbance propagated through the field according to electromagnetic.laws.
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(a) Electric field of stationary electric dipole (b) Field shortly after dipole has reversed
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Irradiance (W/m2/nm)

Spectrum of Solar Radiation (Earth)
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an energy scale (arrows) and
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frequency spectrum is indicated
by the vertical dashed lines.
The absorption coefficient for
seawater is denoted by the
dashed diagonal line at the left.
The scales are logarithmic in
both directions.
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An X-ray photograph of the Sun. Modern focusing methods

Chandra's image reveals a complex of several multimillion degree Celsius gas clouds in
the process of merging to form a massive galaxy cluster. A few of the point-like sources
in the image are associated with galaxies in the cluster, but the rest are probably distant
background galaxies, many of which contain active supermassive black holes. The bright
gas cloud on the upper left is the core of the cluster and envelops hundreds of galaxies.
The large cloud on the lower right envelops hundreds of galaxies and has a much lower
concentration of iron atoms than the core. It is thought that this cloud has not been
enriched by the stripping of iron-rich gas from its member galaxies because it has yet to
fall into the core cluster. Observations of Abell 2125 provide a rare glimpse into the early
steps in the process of building one of the most massive objects in the universe.
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The Moon as seen by the Compton Gamma Ray
Observatory, in gamma rays of greater than 20 MeV.
These are produced by cosmic ray bombardment of
its surface. The Sun, which has no similar surface of
high atomic number to act as target for cosmic rays,
cannot usually be seen at all at these energies, which
are too high to emerge from primary nuclear
reactions, such as solar nuclear fusion (though
occasionally the Sun produces gamma rays by
cyclotron-type mechanisms, during solar flares).



EGRET All-Sky Map Above 100 MeV

Image of entire sky in 100 MeV or greater gamma
rays as seen by the EGRET instrument aboard the
CGRO spacecraft. Bright spots within the galactic
plane are pulsars while those above and below the
plane are thought to be quasars.
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Gamma Ray Burst y S faas

Gamma Ray Burst 971214

Keck « December 1997 HST/STIS « February 1998

12 billion light years away as bright as the whole universe
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y  Expanding wave

fronts (@)

When wave fronts are
spherical, the rays
radiate from the

center of the
sphere.

Rays

Source

Wave fronts
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() The slot functions as a polarizing filter,
passing only components polarized in the
y-direction.
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Filter only partially absorbs vertically
polarized component of light.

Incident Polarizing *
unpolarized sl t
light

Polaroid
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Filter almost completely  Transmitted light is
absorbs horizontally linearly polarized in
polarized component of  the vertical direction.
light.
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¢ is the angle between the polarizing
axes of the polarizer and analyzer. Analyzer

\I

Polarizer

Incident
unpolarized |
light |

- Photocell
The intensity / of light from
the analyzer is maximal (/,,)
when ¢ = 0. At other angles,

5
I = Imzlx cos d)

The linearly
polarized light
from the first
polarizer can be
resolved into components £, and £, parallel and perpendicular,
respectively, to the polarizing axis of the analyzer.
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F00) i= T8 t = T4 t = 37/8 f= T2
Circular polarization: The
E vector of the wave has
<— ———— ¥
constant magnitude and
rotates in a circle.
t = 5T[8 t = 3T/4 t =718 =T
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levotartaric acid dextrotartaric acid

(L-(+)-tartaric acid) (D-(—)-tartaric acid)
COOH COOH
HO—+—H H——OH
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