習題五
1. Consider an infinite potential as discussed in class, with boundaries at  and :  and . 
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The energy eigenfunctions are known to be:


with eigenvalues: .
Put  electrons into the potential. Assume we keep the system at .
A. Calculate the Fermi Energy . Remember electrons could be either spin up or down. (10)
B. Calculate the total energy . Note that it would be a function of . (10)

C. When the size  is changed by a negative , does the total energy  increase or decrease? Calculate the force of the system on whatever is changing the size , defined as . This is the equation of state of the system. (5)



Sol:
A.  is the highest energy electrons will occupy. In 1D, there is only one quantum number  and it rises with energy. Electron will occupy starting from  to  Note that a state could be occupied by two electrons spin up and down. Hence the energy of the state  is .

B. The total energy would equal the sum of energies of states from  to .

C. . It is more like the pressure of ideal gas than a restoring force of a spring.


2. Continue with the infinite potential well in problem 1. But now add only two electrons in the well. Denote the coordinates of the two electrons as . Use up and down arrows to denote the z component spins of the two electrons: for example, is the state with z-spin up for electron 1, z-spin down for electron 2.  
A. What is the wavefunction of the ground state? You need to write down both the space part and the spin part. (10)
B. The first excited states contain two possibilities. The spin part could be symmetric, let’s call it spin-S, or antisymmetric, let’s call it spin-A. What is the wavefunction of the spin-A first excited state? There are 3 spin-S first excited states. What are the wavefunctions of the spin-S first excited states? (15)
C. Continue with the first excited states, assume the two electrons have a repulsive coulomb potential between them. Treat it as a perturbation. After considering the first order energy correction, which state S or A, will have lower energy? Why? Hint: In which states will the two electrons stay closer together? 
D. What is the energy eigenvalue of the second excited states?


Sol: 
A. The energy of eigenstates dependent on only the space part. The ground state would be for both electrons to be in , ie (1,1). The space part of the wavefunction is:

This space part wavefunction can only be symmetric. Hence to get a overall antisymmetric wavefunction, the spin part has to be antisymmetric. That could only be:

The whole wavefunction is hence:

B. The space part of the first excited state could be 
or 
Hence They could be symmetrized S or anti-symmetrized A.
Spin-A is antisymmetric in spin, and hence space part needs to be symmetric:

Spin-S is symmetric in spin and there are 3 of them. The space part needs to be anti-symmetric:



C. The first order energy correction is the expectation value of the perturbation.
The perturbation is the coulomb interaction. For A space part wavefunction, there is a smaller probability for the two electrons to have close coordinates. Hence the expectation value of the positive Coulomb interaction is smaller. Hence A states has lower energy.
D. The second excited state has both electron in  (. The energy is the sum:  


3. Which of the following statements are true? (5 points for each correct answer)
A. When the energy bands are all totally occupied, the solid is a conductor.
B. The conductivity of semiconductors grows as temperature becomes larger.
C. When a semiconductor is added impurities of atoms with 5 valance electrons, it becomes an n-type semiconductor, and the current carriers are electric holes.
D. In 3D electron gas, the electron energy has an upper limit, . The thermal and conductivity properties of the electron gas are dominated by electron with energy near .   


Solution:  B,D



image1.jpeg
0

U(x)




