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Time-Indepenent
Perturbation Theory

11-1 ENERGY SHIFTS AND PERTURBED EIGENSTATES

There are few potentials V(r) for which the Schridinger equation is exactly solvable, and
we have already discussed most of them. We must therefore develop techniques for ob-
taining eigenvalues and eigenfunctions for all the other potentials. The general availabil-
ity of computers would seem to render this effort as unnecessary, and indeed, if only
numerical values of energy eigenvalues, for example, are needed, the techniques that we
develop in this chapter cannot compete in accuracy with the simplest programs. The rea-
son for discussing perturbation theory is that even at the lowest level of approximation we
eetl insicht into how enereies shift and how eieenfunctions are chaneed bv a chanee in the
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Figure 25.1
The energy eigenvalues of H(A) change as A goes from zero to one. On the A = 0 vertical axis, the HO HO -+ Hl

H(©) eigenstates are represented by heavy dots. For A = 1, the dots have shifted.
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This 1s the most famous result 1n perturbation theory: the first correction to
the energy of a nondegenerate energy eigenstate 1s simply the expectation
value of the correction to the Hamiltonian in the uncorrected state. You
need not know the correction to the state to determine the first correction
to the energy! The Hermaiticity of o/ implies that, as required, the energy
correction 1s a real number.
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2. Consider an infinite potential as discussed in class, with boundaries at x = 0 and x =
a, while containing a small step potential:
V(x) =00,x>a,x<0
=0,a/2< x<a.

=—-b,0< x<a/2.
) V()
A
04----- .
-
-b b3 X
0 a/2 a

The eigenfunction of an infinite box is known to be:

2 nmx
Yx) = |—sin—, 0<x<a
a a

=0 x<0,x>a

n2m2n2

with energy eigenvalues: E,(lo) =5

Calculate the correction in first order of b to the ground state energy E 1(1).



a 2
2 X 2
1 _
E - i — e
) " dx sin " V(x) sm = -0[ dx( b) sin )

a
A 2

TX
f dx - cos—)
0




TERTE AEEE] ) R4 -
| P MEGERET [Yhn) PAS I EFLE

e = (o) = bl

) S LB A |y VAT — AL ETRRE Y

_ Adml|Hylpy)

GOSRTREAR B | M B [ )T EZ T
o n LASRE [ 8% T [m WHY/EHESimixing °

|

) —1 2[67) = cnlgm)

|$n)

|$n)

B AL L | ) TR T | ) IS FERT K ingredient =/

BLaET | dm ) B | o) IR B E A BT — PR ELE

TR BRI R - A I SR

N R R ERERHYRE P& S By - B2 Eisr A |




Perturbed Eigenstates
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Figure 25.1
The energy eigenvalues of A()) change as A goes from zero to one. On the A = 0 vertical axis, the
HO) eigenstates are represented by heavy dots. For A = 1, the dots have shifted.
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You may think the eigenvectors jump from those of H© indicated in
(25.4.4) to those of H()\) as soon as A becomes nonzero. Such discontinuity
1s inconsistent with perturbation theory, where corrections must be small
for small A. Happily, there need not be a discontinuity. The eigenvectors of
HO are in fact ambiguous, precisely due to the degeneracy. The
eigenvectors of HO are actually the span of the two vectors listed in

(25.4.4). The perturbation selected a particular combination of these
eigenvectors. This particular combination i1s the one we should use even
for A = 0. The lesson 1s that we must choose the basis in the degenerate
subspace of HO to get states that vary continuously as L becomes nonzero.
We will call that carefully selected basis the good basis, and we will
learn how to find it.
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there are no electrons in the filled conduction band.

conduction band.
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(@) An acceptor (p-type) impurity atom has only [2
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electron from a neighboring atom. The resulting 5 0 7 8 9 10
hole is free to move about the crystal. B C N 0 F | Ne
O 8] ‘ : - ; I ] I3 16 17 18
(b) Energy-band diagram for a p-type semi- p |l s | a1l ar
@ o—© o—© ® conductor at a low lcmpcrutm‘c: One acceptor 1 132 13 138 (35 |36
o , ° level has accepted an electron from the valence 5| Ga | Ge | As | se | Br | Ke
ceeptor ¢ , ~aving > behi
I s P | band, leaving a hole behind. 9 150 151 152 (53 [s4
® \O K’_\ d In Sn Sb Te I Xe
Conduction band g1 g0 Iga Iga Iss Ixra
(@
- E, = 001 eV
Valence E = leV )  Ba = M
l | | ‘ | g Acceptor levels \1/ .
a @ clectrons I e PP Y. /4 Ga Gallium f;ﬁ
¥
c@e—o@oe—e@ e i
Ge Ge Valence band
& @ ©

© 2016 Pearsorf Education, Inc.

NZ o IMAZBREEREGEN/ D —EET - FRERHE—EEE -

BEEE By B B R T Z Y R SRR - T Acceptorfs » fE{E L7 » PR E4 thfv]N -
PRI bt 2 s BT A] DA BB FH (BT Pk E 22 Y Acceptor & -

{EFFHIREE - EEALEE) > SR DIEE -

E Rok SRV BT IR 2R - HEISEIHE RS Ryp typef- 848 -

LI IEE VAL TR E BV EIRRERS - (£ EARFE MEERT
NLE 78 /& — T A BRI A - SRS P s AR A et

LT



Could you tell the difference?{/REE 77 #fEE ©

RAFTAET > i EIEEE—5 |



WKL IRRE DUR BB (x4, X2, Mgy, Mgy )TRIAL

i . h
Mg1 2 NIES 1 2 HNAZUE i—z o

LXE L L -

W {lEr ¥ a2 - FEFRFREE R EREEIDR - xy © X mg © mg,
BIANERAE—5fh (L BB E 2 x, » HIEEUE fsms; -
FRAY(xq, x5, Mgy, Mgp)Hx1, Mgy * S EIAIRIZIR PR (x5, X1, Mg, Mgq)

e eEHT o DL EM(EER S iAoy | SR AT ERAY -
HERTHE » ERRESGAFIEE RN /AHEE |
AR ~ SN R EHIAEEHE - R T BUE SRR N E K BT R SRR ©

|l/)(x1,x2,m51,m52)|2 = |l/)(x2,x1,m52,m51)|2

R H 2 [EHL TR AR BN RRHRZ R R WAE NN E ERicE(EER Y Mor: - BlEmA B -
AN ra e RLARR R PR - A REPRA |



|1/J(x1,x2,m31,m52)|2 — |1P(xz»x1»msz»ms1)|2

o e BB R > AW AR > BEAERTEE

Symmetric PYs(xq, Xz, Mgy, M) = Ps(xz, X1, Mgy, Mgy)
KRB > BRI B B o
Anti'symmetric l/)A (xl; X2, Ms1, mSZ) — _l/}A (XZI X1, Mg2, msl)

MBS E5E - RN - EEERIREAS > T BE KT -
el Ry e R AL -

5 LR BB — e re e DL _E R - BEEREE R B RSB T AT R 1
RER N A A SN IR B HR LB > WA Rk PR EGEE = HY ST R BRI -
REFRMEINID > T RECER EREHIENIRE - Alme iR HIERIRE

It has to be regarded as a defect of the wave function language for quantum mechanics that it

(e]

1s possible to write down wave functions or “states” that do not correspond to any physical reality.
This defect is remedied by methods of quantum field theory, which we will take up later in the course,
in which all states that one can write down are physical. Quantum field theory also incorporates the

exchange symmetry of the states in a natural way (there is no need to discuss exchange operators).
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tation, which we use for the perturbed states in the figure. We see that the singlet states lie
above the triplet states in a given multiplet. This follows from the symmetry (cf. our argu-
ment that K,; > 0) and is a special example of one of Hund’s rules: Other things being
equal, the states of highest spin will have the lowest energy.
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1. Consider an infinite potential as discussed in class, with boundaries at x = 0 and x = a: (a) E

Vx)=0,x>a,x<0 and V(x)=0,0< x <a.
n=>5 25E, (=1=1 S Lk =
v EFAEE
n=4 16E,
0
a
The energy eigenfunctions are known to be:
P n=3 OE,
u,(x) = ESinT' 0<x<a
=0 x<0,x>a n=2 4E1
. . ©) n2m2h2 n=1 ‘ . El
with eigenvalues: E,”’ = P E=0

5. Consider an infinite box with boundaries at x = 0 and x = a. The energy eigenstates
and eigenvalues are described in problem 2. Put two electrons in the box. The
wavefunction of the ground state of the two-electron system, denoted by the two

quantum number (n; = 1,n, = 1), can be written as:

g[sin (gxl) sin (gxz)] : % (T4 = R

This overall antisymmetric wavefunction consists of a symmetric space part (of two

identical wavefunction) and an antisymmetric spin part.

A. Consider the first excited state. What is the energy eigenvalue?

B. Write down the wavefunction of the four first excited state, using the above
notation.

C. What is the energy eigenvalue of the second excited states?

Solution:

A. The first excited state has one electron in n = 1 and one in n = 2. The energy is

5m2h?
the sum: -
2ma




Solution:

A. The first excited state has one electron in n = 1 and one in n = 2. The energy is

5m2h?
the sum: >
2

ma

B. The overall wavefunctions need to be antisymmetric. Therefore, it could consist of

a symmetric space part and an antisymmetric spin part,

\/_[ sm sm (%sz> + %sm (Z xz) sin (2— xl)] — () = 1)
ora antlsymmetrlc space part and a symmetric spin part,
\F [ sm sm (%T xz) — zsin (ng) sin (%Tnn)] - |TT)
% [gsin (Iéxl) sin (%Tx2> — %sin (g xz) sin (%T xl)] . % (T + 1)
\/_ [ sm sm (Zg xz) — gsin (gxz) sin (%Txlﬂ - 4d)

C. The second excited state has both electroninn =2 (n =

8m2h2

3,1 or 1,3 has higher energy). The energy is the sum: p—
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EXAMPLE 13-1

What is the lowest energy of a set of 24 electrons in a cubical box? Whar would it be in the absence
of the exclusion principle?

SOLUTION The energy in units of ﬁz?; is nf + n3 + nj with (n, ny, n3) = 1,2, 3,. ... The energies and
the number of electrons for ea}gh cnergy, corresponding to the integers are, in order,
(,1,1)—>3 2 electrons
2,1,1),1,2,D,(1,1,2)—>6 3 X 2 = 6 electrons
2,2,1),2,1,2),(1,2,2)>9 3 X 2 = 6 electrons
3,1,1),1,3,1),(1,1,3) > 11 3 X 2 = 6 electrons
(2,2,2) > 12 2 electrons
(3,2,1),(3,1,2),(2,3,1),(2,1,3),(1,2,3),(1,3,2) > 14 12 electrons

We see that energy levels 3, 6, 9, 11, 12 can hold 22 electrons, so that the remaining 2 electrons are
in the energy 14 levels. Thus the total energy in our units is (2 X 3) + (6 X 6) + (6 X 9) + (6 X
11) + (2 X 12) + (2 X 14) = 214. In the absence of the exclusion principle, all of the electrons
would go into the lowest energy state, so that the total energy would be 24 X 3 = 72,




4. Consider 7 non-relativistic identical particles in a three dimensional box of size

L x 2L x2L. such that the potential that acts each particle is given by V(x,y,z) = 0 for
0<x<L,atthesametime, 0 <y <2L and 0<2z<2L;and V(x,y,z) = o otherwise.
Here (x,y,z) is the Cartesian coordinate of the particle. Suppose that the mass of each
particle is m and assume that there is no interaction among particles, answer the
following questions.

(a) (12%) Suppose that the spin of these particles is 1/2. Find total energies and the
corresponding degeneracy of the system for the ground state, the 1st excited state and the
2nd excited state. '

(b) (8%) Suppose that the spin of these particles is 0. Find total energies of the system for
the ground state, the 1st excited state and the 2nd excited state. Find the degeneracy of
the 2nd excited state.



RERRHY A2 H LA Ss— (BB Gk - & & T EOREHE H G (E

M, T . (MyT . (N7 W gE
sin (T X) Sin (T y) Sin (T Z) —‘\Z\\H(nx; le, nz)%ﬁ}fg_‘{% .

D1 (g iy g ) 22T+ — (EREEIIR— (BB + 7 L2 RPTRAE ST AR BT 1 |
7+ 7 + RS R - S B

ny

2mL? 2mlL
EE R T ERER M - HE R RN AR T ERRIVEEEE -
 BURBEIEEET T - SIS E -

ORERGHYRL ~ FEEEFRRGR - BESROX |



BT HFE R TAE SRR AL -

BT R NP EFEE - WEET AR SRR EE TR -

BT —(E R RAVRERS [ EACE !

—(EEFIREE > A E—EE T -

P DI IEEAE IV B I BT > BILANEF B — (B i BB Y PR RIEA -
BT ARV EAE R  BifE & KAc EFermi Energy © Ep ©

Unoccupied

states
kgT Ground State
AE '
Er B3 .
: 3 .
; Occupied 5
7 = e
states -ﬁ‘_
k=—m/a k=+m/a

HEfEE | Z AR — AN RE LA EORAEE -



Ground State

Unoccupied
states

Current Flowing

Occupied
states




(1, 1y, 1y ) 22RO EC B GE (Ko, Ky, Koy ) 22T |

T

ke =T ky=7ny ky=Tn,  FORBIRERREE T ETATIREE -
BTGB MAE,
h2m?
2mlL?
BEARARTR LT (n, iy, 1, ) ZE R BE R (K, ey, ) ZE P — B |
HARRER BT (B REIIER - SRRk |

n2:E<EF

Fermi Surface




