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Consider an instantaneous wavefunction at t = 0:

Y(x) = 2aaxe™**, x>0
=0, x<0
P(x)

N

It has been normalized to one. 1 = fjooo dx - [y (x)|?. This state function is an energy

eigenfunction of (and hence stationary state in) the potential V (x) « i Therefore, it

2 2
satisfies the Time-Independent Schrodinger Equation [— Zh—m(;l? + g] Y(x) = EP(x)
(You don’t need this when solving the problem and you can check it at home after exam).

A. What is the ratio of the probability density at x = iover the probability density at

X = s? N FHE{E 4552 No need for numerical value.

B. Calculate the expectation value (p?). (25)

Hint: You can use the following integration formula.
d AN ,—ax — _1 n an d . p—ax — 1 n an 1 — | 1
x-x"e =( )aa" x-e =(-1) —=n!

aan a aTL+1
0 0
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Sol: The probability density at x = é and at x = % are respectively |1/) (§)| = 4qe?
2

and |1./) (§)| = 64ae~8 and the ratio is ieﬁ.

62

ax7 ¢

(o] 2 (o]
(p?) = fdx-t,b*(x)-(—hz%)zp(x) =—4a3h2f dx - xe~9x -
-0 0

= —4a3hzf dx - xe™%* -i(e‘“" — axe™%%)
dx
0

= —4a3hzf dx - xe % - (—2ae~% + a?xe~ %)
0



[00]

= —4a3hzf dx - (—2axe 2%* + q?x2e~29%)
0

1 1 1 1
= —4a3h?* (-2« + 2a? = 4h%q3 |— — — | = h?%a?
(2a)? a)3 2a  4a

2.  We studied the potential of infinite well in class. It is easier to consider properties of odd
or even functions if we put the origin of the x-axis at the center of the well, instead of the
left boundary. Since the potential is an even function, the stationary state function can

only be either even or odd functions. Consider an infinite well, with the boundaries set at

x=—Zandx=%V(@x)=o,x >3 x<—ZandV(x) =0,—-2< x < 2.
2 2 2 2 2 2
V(x)
a a X
2 2

Denote the stationary state functions, ie. energy eigenstates of this infinite well, as u,
2

oy K2\ n2 . T
with eigenvalues E,, = (%) %nz (you can use the notation E,, later to simplify your

answers). We know

a a

2 2

A. FEERESEFE ST What is the value of [ dx -uy ()" - u,(x)? (5)

Now a particle is known to be inside the box, with an instantaneous [t wavefunction at

t =0as:

30 [a? X a a a a
Y(x,0) = P ——x _§<x<§' =0 x<—§,x>z
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This state function W(x, 0) can be expressed as a linear combination of u,,:

[00]

P00 = ) entin(®)

n=1
B. What is ¢,? Argue using the properties of odd and even functions.(10)
C. The coefficient ¢, equals an integral. It can be simplified to the form:

cg=k+A | df-cosf-6?

|
NIRRT vy

K, A are numerical constants. What are x, A?(10)
Hint: Use 8 = Zx.

The above integral over 8 can be further calculated by:

s
do - 62 0 = & 2d9 0=2 @ Sina%
cosad = ——— ] cosaf = 25—

2

|
NI~ |3

And then take @ = 1. No need to do this part. I’ll give you the full answer in the solution
after exam.

Sol:
A. uy, are orthogonal: ffooo dx - uy (x)* - uy(x) = 0.

2
B. Since W(x,0) = 2—0 (a— —

s\ xz) is a even function, it is the expansion of only even

functions. u, (x) is a odd function and hence ¢, = 0.

C. The coefficient:

Q| w

a
o 2
% O * az 2
c, = fdx-ul(x) “Y(x,0) = —fdx-ul(x) "\
—o0 _a
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Using 6 =-x
T T
15 60 a3 z 15 60 H
a v
GQ=—= |53 fd@-cos@-@z =——— fd@-cos@-@z
T atm T T
T T
2 2
Hence
15 V60
K=—\A=——
T T
We can calculate further:
T T
: d? ’ d? sina%
fd@-@zcosae = —— fd@ cosaf =2——
a? da? «a

T
2
d sinal Zcosal T N2 T T
——<— 242 2 —>Zsin——(z) sin§=2—(§)

C — — —
1 T 3 4 T 3

_V1s @(2 n2>:2\/ﬁ_2\/%

3. Consider an electron in a simple harmonic potential V' (x) = %kxz. The stationary states

u, (x) are the eigenfunctions corresponding to the eigenvalues E,, = hw (n + %) For

example:

mwx?

mo 5 _mwx?
x“—1)e 2

ug(x) = (ﬁ) e 2h =ce  2h , U, (x) = Cﬁ

1
7 _mox? _mwx? 1 <2ma)
h

Here we use the notation ¢ = /% to simplify the expression. Assume the wavefunction

of the electron at t = 0 is:

Its total probability has been normalized to one (You can check this after exam).



A. How many node points £fi&5 does u,(x) have? (5)
B. Att = 0, make an energy measurement. What are the values it could possibly give?
What are the corresponding probabilities? Do the probabilities add up to one? (10)
C. Foralater time t = t, > 0, write down the wave function Y (x, t,). There is no need
to simplify the answer. Calculate the probability density at the origin x = 0 when
t = t,, in terms of A, w, c. (10)
Hint: |[A+ B|? = (A*+ B*)(A+ B) = |A|>+ |B|* + A*B + B*A

s

0

A. The polynomial ZmwaZ — 1 in u,(x) has two solutions and hence u, (x) has 2
node points EfiEE.

B. The wave function is a superposition of the eigenfunction uy, u, of eigenvalues

E,, E,, with amplitudes ¢, = %02 = %, ,cn = 0,n # 0,2 . The energy could only

be Ey, = %hw orE, = ghw . The corresponding probabilities are the square of the

magnitudes ¢, and c,: § and% > They add up to one. The expectation value of

energy is (E) = §EO +§E2 = %hw.
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Y(x,t) = %uo(x)e_lTot + %uz(x)e_l%t o

L ERIEERRHIRE B E,, By N —HEHY -
The wavefunction at the origin x = 0 equals

Y(0,ty) = 1 cemito Y2 € migtte _ € (9—17%0 e_szto)
BEE V32 =3 -

The probability density:

2
¢ | _ife —if2
WO, to)I? = 5 [e™ Tt — e

_iEo _iE2, I* _iEo, E2 Eo,  _;E2
elhtg +|e lhto —e lhtoelhto_elhtoe lhto
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_ C {1 +1 _iE()gEzt0 iEogEzto} _ C {2 9 EO — Ez " }
=3 e e =3 cos ———to

CZ
= ?{2 — 2cos2wty}

4. Consider an electron moving from left x = —oo to right x = oo and is scattered by a step

potential at x = 0. The step potential is: V =0, x < 0and V =V, x > 0.
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Consider the case E = 0.5Vj,. The stationary state of this potential, and hence a

solution of Time-Independent Schrodinger Equation, is:

2mE
hZ

Yp=e** + Re7* x <0 k

Yp=Te™ x>0 k= 2—m(V—E)
E - hz 0

A. Use the continuous conditions to determine T and R. (15)

Note that k = k.

B. Show that R can be written as a pure phase factor:

R = e—2i6
What is the angle 67 (10)
Solution: The continuous conditions are:
1+4R=T
k — kR = ikT
They can be solved as:
_ k — ik _ 1—i
T k+ik 141
- 2
14

Tl.'

1—-i= ﬁe_i4



The angle 6 = %
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