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Many important problems in physics can be cast as equations of the generic form
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ELE ¢ AY = Ay, (6.1)
ﬁ —F where A is a linear operator whose domain and range is a Hilbert space, ¥ is a function in
l/)E - l/)E the space, and A is a constant. The operator A is known, but both ¥ and A are unknown,
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To interpret |4,]?, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-

states of the atom. We shall take it to be a postulate of quantum mechanics that a
| measurement of the energy must be one of the eigenvalues of the energy operator. {Under
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3. Consider an electron in a simple harmonic potential V(x) = Ekxz. The stationary states

u, (x) are the eigenfunctions corresponding to the eigenvalues E,, = hw (n + %) For

example:

1
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uo(x)=(— e  2rn =ce 2R , U, (x) = c— -
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Here we use the notation ¢ = ,% to simplify the expression. Assume the wavefunction

mowx?

x% — 1)3_ 2h

of the electron at t = 0 1s:

¥(x,0) = %uom " %uzm

Its total probability has been normalized to one (You can check this after exam).
B. Att = 0, make an energy measurement. What are the values it could possibly give?

What are the corresponding probabilities? Do the probabilities add up to one? (10)

B. The wave function is a superposition of the eigenfunction u,, u, of eigenvalues

E,, E,, with amplitudes ¢, = %cz = %’ , ¢, = 0,n # 0,2 . The energy could only

be E, = %hw orE, = ghw . The corresponding probabilities are the square of the

magnitudes ¢, and c,: % and % o They add up to one. The expectation value of

2

energy is (E) = §EO + gEz = 16—1ha).



1 2
Y(x,0) = \Euo(x)‘l‘\guﬂx)

(H) = f dx - * () - Hp(x)

— Jdx-lp*(x)-ﬁ-\/iuo(X)‘F\/gul(x)

—joodx- L) (o) o |y I By e @)
= 3 O'X 3u1x 0 3uOX 1 3U,1X

1 2 5 5
:§Eo+§E1=|C0| Eo + |c1|7Eq —+-=1

R T Lﬂﬂi%ﬁ%



B
o
-]
3

5
v
-

K=

=

G

~

Relative intensity

1 2 3 45 6 1 23 45 6
Harmonics Harmonics




N\

() A

AEHGRFET » R TMiAE | WU EE T ERA E 1Y |

EEGEIHRERA | AR R |
|Cn|2,n= 1,2,3:-- @@ E

B2 25E,

ne 16,

" OF,

"=l 4E,

n=1 5

E=0
BT AENESR |

fifeigenfunction ~ FIAIEE EHETHIERE @ —ALAEIMAERF GG E(TEELER -



FE—IREBY O TEREEANE - EATEEIRGERER:—En
ADAESERT - TAIFHF—XKEERNHE - 45R —EWEEEE, -
HEH—REHER - INEEEN FHEER N EERREED ()
ME4S R T B EHI AR B U, (x) -

Pt AR — 2R H I & ERL T AR RE Y (O BRI FRIEZE A T uy, (X)) -

l/)(x) IE) Uy (X)

n

EREIREE - S—EOICIRASRT @R |
B SR BB ML BE TR .

T 1 31

Y(x,0) =sin—x ——=sin—x + -+ E =E;
a 9 a 1
) Pi~— n=73 M
81
~\\N - BREHEEyy -

EEGERAABAREERE - FHETHIEYVE SNV E - B1E - AEEEIEIL -



T 1 3m
Lp(x’ 0) =Sin—x ——=Ssin—x + -
a 9 a

. T - 3m
l.IJ(x, 0) — ESIHEX — Slnzx + .-

N

WAE A EHARE - HZ—HIBBERE > E; > BRAREZIEGIRRR - -




4 Basic Assumptions of QM

A1. The wave function 1s the complete description of a quantum system.

A2. Hermitian operators are observables.
A3. The measurement axiom.

A4. Time evolution via the Schrédinger equation.

Measurement axiom. [f we measure the Hermitian operator () on the
(normalized) state ¥, the possible outcomes for the measured values are
the eigenvalues ¢, ¢q., ... of ( associated with the orthonormal
eigenvectors yn, Y, .... With the state written as v =Y, a1, the probability

p: of measuring q; is given by

2
pi = |ail”.

After the outcome g, the state of the system becomes

v = .

(5.3.26)

(5.3.27)

This is called the collapse of the wave function. If| the spectrum of () is

degenerate after measuring a degenerate eigenvalue, the wave function
collapses in the associated degenerate subspace (see remark 4 below).
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C. Foralatertime t = t, > 0, write down the wave function Y (x, t,). There is no need
to simplify the answer. Calculate the probability density at the origin x = 0 when
t = ty, interms of A, w, c. (10)
Hint: |[A + B|? = (4*+ B*)(4+ B) = |A|> + |B|* + A*B + B*A
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The wavefunction at the origin x = 0 equals
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