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6.1 EIGENVALUE EQUATIONS #METEAARE L% eigenfunction -

Many important problems in physics can be cast as equations of the generic form

AV = A, 6.1)

where A is a linear operator whose domain and range is a Hilbert space, v is a function in
the space, and A is a constant. The operator A is known, but both ¢ and A are unknown,
and the task at hand is to solve Eq. (6.1). Because the solutions to an equation of this
type yield functions i that are unchanged by the operator (except for multiplication by a
scale factor 1), they are termed eigenvalue equations: Eigen is German for “[its] own.” A
function ¢ that solves an eigenvalue equation is called an eigenfunction, and the value of
A that goes with an eigenfunction is called an eigenvalue.
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To see why eigenvalue equations are common in physics, let’s cite a few examples:

The resonant standing waves of a vibrating string will be those in which the restor-
ing force on the elements of the string (represented by Ayr) are proportional to their
displacements ¥ from equilibrium.

The angular momentum L and the angular velocity @ of a rigid body are three-
dimensional (3-D) vectors that are related by the equation

L=lw,

where | is the 3 x 3 moment of inertia matrix. Here the direction of @ defines the axis
of rotation, while the direction of L defines the axis about which angular momentum is

generated. The condition that these two axes be in the same direction (thereby defin-
ing what are known as the principal axes of inertia) is that L. = Aw, where A is a
proportionality constant. Combining with the formula for L, we obtain

lw =Aw,

which is an eigenvalue equation in which the operator is the matrix | and the eigen-
function (then usually called an eigenvector) is the vector w.

The time-independent Schrédinger equation in quantum mechanics is an eigenvalue
equation, with A the Hamiltonian operator H, ¥y a wave function and A = E the
energy of the state represented by .

EREfREE 2 AEEE T-Heigenfunction -

3




h® d*Pg(x)
2m  dx?

+V(x) - Ye(x) = E - Pp(x)

CHAPTER 8

STURM-LIOUVILLE THEORY

Characterization of the general features of eigenproblems arising from second-order dif-
ferential equations is known as Sturm-Liouville theory. It therefore deals with eigenvalue
problems of the form

LY (x) =AY (x), (8.7)
where L is a linear second-order differential operator, of the general form
‘ _ d? . d _
L(x) = po(x )W + p1(x )E + p2(x). (8.8)

The key matter at issue here is to identify the conditions under which £ is a Hermitian
operator.
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6.1 EIGENVALUE EQUATIONS #METEAARE L% eigenfunction -

Many important problems in physics can be cast as equations of the generic form

AV = A, 6.1)

where A is a linear operator whose domain and range is a Hilbert space, v is a function in
the space, and A is a constant. The operator A is known, but both ¢ and A are unknown,
and the task at hand is to solve Eq. (6.1). Because the solutions to an equation of this
type yield functions i that are unchanged by the operator (except for multiplication by a
scale factor 1), they are termed eigenvalue equations: Eigen is German for “[its] own.” A
function i that solves an eigenvalue equation is called an eigenfunction, and the value of
A that goes with an eigenfunction is called an eigenvalue.
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8.5 SUMMARY, EIGENVALUE PROBLEMS

Because any Hermitian operator on a Hilbert space can be expanded in a basis and is there-
fore mathematically equivalent to a matrix, all the properties derived for matrix eigenvalue
problems automatically apply whether or not a basis-set expansion is actually carried out.
It may be helpful to summarize some of those results, along with some that were developed
in the present chapter.

1. A second-order differential operator is Hermitian if it is self-adjoint in the differential-
equation sense and the functions on which it operates are required to satisty appropri-
ate boundary conditions. In that event, the scalar product consistent with Hermiticity
is an unweighted integral over the range between its boundaries.
2. If a second-order differential operator is not self-adjoint in the differential-equation
sense, it will nevertheless be Hermitian if it satisfies appropriate boundary condi-
= L e S ST ==
troromial ooy TEAATETFTHIARBECRE » &0 7 DA B R A B oR iy i |
3. A Hermitian operator on a Hilbert space has a complete set of eigenfunctions. Thus,
they span the space and can be used as basis for an expansion.
4. The eigenvalues of a Hermitian operator are real.
5. The eigenfunctions of a Hermitian operator corresponding to different eigenvalues
are orthogonal, using the appropriate scalar product. _ .
6. Degenerzﬁe elgentufctlonspcl))t apHermman olzaerator < I lEJ ZIK%)/ME EI,‘] Z&%ﬁ @EQ?EZH:E_—LEQ
Gram-Schmidt or any other orthogonalization process.
7. Two operators have a common set of eigenfunctions if and only if they commute.
8. An algebraic function of an operator has the same eigenfunctions as the original
operator, and its eigenvalues are the corresponding function of the eigenvalues of the
original operator.
9. Eigenvalue problems involving a differential operator may be solved either by
expressing the problem in any basis and solving the resulting matrix problem or by
using relevant properties of the differential equation.
10. The matrix representation of a Hermitian operator can be brought to diagonal form by
a unitary transformation. In diagonal form, the diagonal elements are the eigenvalues,
and the eigenvectors are the basis functions. The orthonormal eigenvectors are the
columns of the unitary matrix U~! when a Hermitian matrix H is transformed to the
diagonal matrix UHU™!.
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EXAMPLE 3-5

Consider a particle in a box. Its wave function is given by

Px) = Alxla)

0<x<al2
= A — x/a) a2 <x<a

where A = V/12/a so as to satisfy [& dx]y(x)|* = 1. Calculate the probability that a measurement of
the energy yields the eigenvalue E,.

SOLUTION We want to calculate A, in the expansion

/ V(%)
=\/02_4[afdx(g) sin %+jdx(1—§)

. nax
sin T:l
al2
we get

With the change of variables 7mx/a = u in the first integral and 7mx/a = 7 — u in the second integral,

2
A, —,n.zijdu

,% sin nu(l — (—1)")

0
The A, for n even vanish because of the last factor. The integral is easily calculated, and we get, for
n odd only,
A, =Y2y L gy Co e —
wn n 2
n
so that
96
Al ===~ for n odd
=0 for n even
One can easily check, using the fact that %, n™* = #*/90 and

2 nt=>nt+ zn"‘ =
all

St + (116) Y, 0"
even odd odd all
that the sum of all the probabilities is 1:

= _4—_—% —L _4=.9_6',E
w‘%n ' (1 16)2"

4
all

A
7 16 90
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Example 6.4. Gaussian wave packets in the standard infinite well

While the general Gaussian wave packet discussed in Chapter 3 (especially as defined in
Eqn. (3.35))is a very useful example, it is not strictly an allowable quantum state in the standard
infinite well, since it does not satisfy the boundary conditions that v (0, t) = ¥ (a, t) = 0.
However, for a sufficiently narrow initial wave packet, far enough from either wall, the error
made in neglecting the “tails” of the Gaussian wave packet outside the well can be made
arbitrarily (exponentially) small. In order to extract the expansion coefficients of a Gaussian
initial state (with b = ha) given by



VG (X,0) = # e—(x—x0)2/2b2 glPo(x—=xo)/h (6.55)

NI NG
placed inside the standard infinite well, we require the overlap integrals
a
an = / Un(X) ¥g(x, 0)dx (6.56)
0

where we again use the fact that the un(x) are real. Since the integral is assumed to be
exponentially small outside the (0, @) interval, we can extend the region of integration to
(—00, +00) with negligible error. This is important since the resulting Gaussian integrals can

be done in closed form, giving

|:\/> Sln nnx)i| e_(X_X0)2/2b2 ei:DO(X_XO)/h dX
/b a

( ) = [e"nnxo/ae—bz(po+mrﬁ/a>2/2’i2 _e—’””xo/ae‘bz(p‘)_mh/a)z/mz]
2

avT

dn ~

(6.57)

(Note that in Section 5.4.2 we used an approximate, unnormalized version of this more
precise result; the plots in Fig. 5.9 were obtained using the values in Eqn. (6.57).) The general
time-dependent wavefunctions, in position- and momentum-space can then be written as

o0
Ywp(X, 1) = Y apun(x) e Ent/h

n=1
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Figure 5.9. Time-development of |y (X, t)|2 versus x for a Gaussian-like wave packet in the standard
infinite well, over one classical period (left) and 10 classical periods (right); the classical periodicity and the
spreading time (tp) are chosen to be comparable. The classical trajectory is shown as the dotted line. The
classical probability density, Pc| (x) = 1/a is shown on the right as the horizontal solid line, indicated by
the arrows for later times.
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Figure 5.9. Time-development of |1/ (x, t)|? versus x for a Gaussian-like wave packet in the standard
infinite well, over one classical period (left) and 10 classical periods (right); the classical periodicity and the
spreading time (tp) are chosen to be comparable. The classical trajectory is shown as the dotted line. The
classical probability density, Pc| (x) = 1/a is shown on the right as the horizontal solid line, indicated by
the arrows for later times.
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To interpret |A,]%, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-

states of the atom. We shall take it to be a postulate of quantum mechanics that a
| measurement of the energy must be one of the eigenvalues of the energy operator. {Under
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3. Consider an infinite potential box, with boundaries at x = 0 and x = a:

V(x) =00,x>a,x<0andV(x) =0,0< x < a.

V(x)

X
0 a

As we have shown in class, in this potential the energy eigenstate can be written as

2 : . h2\ m2 ; : .
\/; sin % with eigenvalues E,, = (ﬂ) %nz (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) is:

41 (2 @ 7mx 1/ (2  2nx
Y(x,0)= |=| [-sin— |+ [=| [—sin— 0<x<a,
5\.a a 5\.a a

Screenshot

_ =0 yvy<0x>a
A. Att = 0, make an energy measurement. What are the values it could possibly give?

What are the corresponding probabilities? Do they add up to one? What is the
expectation value of energy. (20)

Hint: Expectation value is the sum of the measured value times the probability.
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As we have shown in class, in this potential the energy eigenstate can be written as

2 . nax . x RZ\mn? ; ; .
—sin— with eigenvalues E,, = (ﬂ) —n (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) is:

4 |2 @ 7nx 1 (2  2nx
Y(x,0)= [=| |-sin— |+ [=| |—-sin— 0<x<a,
5\.a a 5\.a a

Screenshot

A. Att = 0, make an energy measurement. What are the values it could possibly give?
What are the corresponding probabilities? Do they add up to one? What is the
expectation value of energy. (20)

Hint: Expectation value is the sum of the measured value times the probability.

s -

A.¥(x,0) = g(\/gsin%>+ g(\/ésinz%x) =\/§u1(x)+ﬁuz(x).Thewave\

function is a superposition of the eigenfunction u,, u, of eigenvalues E,, E,, with
amplitudes ¢; = \E, Cy = \/g, , ¢, = 0,n> 2. You can simply see it from the

formula or use the formula c,, = ffooo dx - u, (x)* - Y (x) and orthogonality theorem

ffooo dx U, (x)* - u,(x) = 84,,, to get it. The energy could only be E; or E,. The

: . Screenshot ; 4 1
corresponding provauvi. acs are the square of the magnitudes ¢, and c,: c and c°
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