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We now wish to show that Equation 13.bb results naturally from a poweriul
method that can often be used to obtain solutions to partial differential equa-
tions—the method of separation of variables. First, we express the solution as

Vix ) = y¢(x) x(0) (13.67)

that is, we assume that the variables are separable and therefore that the complete
wave function can be expressed as the product of two functions, one of which is
a spatial function only, and one of which is a temporal function only. It is not
guaranteed that we will always find such functions, but many of the partial differ-
ential equations encountered in physical problems are separable in at least one
coordinate system; some (such as those involving the Laplacian operator) are
separable in many coordinate systems. In short, the justification of the method
of separation of variables, as is the case with many assumptions in physics, is in its
success in producing mathematically acceptable solutions to a problem that
eventually are found to properly describe the physical situation, i.e., are “experi-
mentally verifiable.”
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8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form

u(x, 1) = X(x)T(t),

where X is a function of x only and T is a function of 7 only. If X(x) is chosen
to satisfy the conditions
X(0) = 0, X(L) = 0,

then the function u(x, t) will satisfy the same conditions. Then 7(¢) may, perhaps,
be chosen to satisfy the initial conditions.
We now reqflire that u(x, t) satisfy the PDE. We have
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Dividing both sides by X(x)T'(¢), we obtain

Therefore

Eugene Butkov

The left-hand side of this equation depends on x alone; the right-hand side de-
pends on ¢ alone. If this equality is to hold for all x and ¢, it is evident that either
side must be a constant (same for both sides):

1T
T dr?

1 d’°X

1
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6.1 Stationary States

Stationary states are a class of simple and useful solutions of the
Schrodinger equation. They give us intuition and help us build up general
solutions of this equation. Stationary states have time dependence, but this
dependence i1s so simple that in such states observables are in fact time
independent. For the case of a particle moving in a potential, stationary
states exist 1f the potential 1s time independent.
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While a stationary state wave function W(x, 7) = e Zhy(x) depends on
time, it 1s physically time independent. This 1s, in fact, the content of
observation (1) above; no expectation value shows time dependence. We

can see this time independence more conceptually as tollows. Consider the
stationary state at time 7 and at time 7 + 7,, with 7, some arbitrary constant
time. We see that

WX, t+ to) = e FUH0/ Ty (xy = e~ Flo/Ty (x, 1). (6.1.22)

Since the stationary-state wave functions at 7 and at 7 + 7, differ by an
overall constant phase, they are physically equivalent, they are the same
state. The phase 1s a constant because 1t has no 7 or x dependence.
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A Comprehensive Guide

CHAPTER 8

Seventh Edition

ARFKEN, WEBER, o HARRIS

STURM-LIOUVILLE THEORY

Characterization of the general features of eigenproblems arising from second-order dif-
ferential equations is known as Sturm-Liouville theory. It therefore deals with eigenvalue
problems of the form

LY (x) =1y (x), (8.7)
where L is a linear second-order differential operator, of the general form
d? d
£(A)—po(r) 2 T P1() =+ p2(x). (8.8)
The key matter at issue here is to identify the conditions under which £ 1s a Hermitian
operator.
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Quantization as an Eigenvalue Problem 1926
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3. Quantisierung als Eigenwertproblem;
von H., Schrodinger.
(Erste Mitteilung.)

§ 1. In dieser Mitteilung méchte ich zuniichst an dem ein-
fachsten Fall des (nichtrelativistischen und ungestorten) Wasser-
stoffatoms zeigen, daf die iibliche Quantisierungsvorschrift sich
durch eine andere Forderung ersetzen 1iBt, in der kein Wort
von ,ganzen Zahlen® mehr vorkommt. Vielmehr ergibt sich
die Ganzzahligkeit auf dieselbe natiirliche Art, wie etwa die
Ganzzahligkeit der Knotenzahl einer schwingenden Saite. Die
neue Auffassung ist verallgemeinerungsfihig und rithrt, wie ich
glaube, sehr tief an das wahre Wesen der Quantenvorschriften.

Die iibliche Form der letzteren kniipft an die Hamil-
tonsche partielle Differentialgleichung an:

1) #(g, 55)=E .
Es wird von dieser Gleichung eine Losung gesucht, welche
gich darstellt als Summe von Funktionen je einer einzigen der
unabhiingigen Variablen g.

Wir fihren nun fiir § eine neue unbekannte 1y ein derart,
daB 1 als ein Produké von eingriffigen Funktionen der einzelnen
Koordinaten erscheinen wiirde. D.h. wir setzen

Die Konstante X mub aus dimensionellen Griinden eingefiihrt

werden, sie hat die Dimension einer #irkung. Damit erhilt man
, - K dy)\ _ 7

Wir suchen nun nickt eine Lissung der Gleichung (1), sondern
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Figure 6-24 A qualitative indication of how an approximation to a square well potential
results from superimposing the potentials acting on a conduction electron in a metal. The
potentials are due to the closely spaced positive ions in the metal.
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8.2 THE METHOD OF SEPARATION OF VARIABLES

Since the additional conditions imposed on u(x, t) in our string problem fall into
two groups, (a) those involving x (boundary conditions) and (b) those involving ¢
(initial conditions), it may be reasonable to seek solutions of the PDE in the form

u(x, 1) = X(x)T(t),

where X is a function of x only and T is a function of 7 only. If X(x) is chosen
to satisfy the conditions
X(0) = 0, X(L) = 0,

then the function u(x, t) will satisfy the same conditions. Then 7(¢) may, perhaps,
be chosen to satisfy the initial conditions.
We now reqflire that u(x, t) satisfy the PDE. We have
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Dividing both sides by X(x)T'(¢), we obtain

Therefore

Eugene Butkov

The left-hand side of this equation depends on x alone; the right-hand side de-
pends on ¢ alone. If this equality is to hold for all x and ¢, it is evident that either
side must be a constant (same for both sides):

1T
T dr?

1 d’°X

1
Xaz~- N & = %




The constant A is known as a separation constant. The equation for X(x) can
be written as

da‘ X
o3 =M

and will lead to exponential functions if A > 0, to trigonometric functions. if
A < 0, and to a linear function if A = 0:

Ae*VN + Be—z VX (\ > 0),
X(x) = { 4’ cos (xr/—N\) + B’sin (x/=N) (A < 0),
A’x + B (» = 0).

It is not difficult to verify that the boundary conditions X(0) = 0, X(L) = 0 can
be satisfied only if A < 0 and, moreover, only if A’ is set equal to zero and the
values of \ satisfy the condition

\/?— = mr/L (n = 1, 2’ 3’ sii ')'

Exercise. Show, in detail, that it is possible to satisfy either X(0) = 0 or X(L) = 0,
but not both, if A > 0. Also, prove the statement made for the case A < 0.

These “allowed” values of the separation constant \,
A = —n?r?/L? n=123,...),

are usually called the eigenvalues, or characteristic values, of the problem under
consideration.* By this we mean the problem of finding functions satisfying the
given DE and the given boundary conditions. In our case there is an infinity of
such functions, called eigenfunctions, and they read

X.(x) = B,, sin (nwx/L) n=1273..)),

where B), is an arbitrary (nonzero) constant which may, in general, be different
for different eigenfunctions.



In our problem of the stretched string the function 7(¢) which is multiplied
by X(x) must satisfy the DE with the same separation constant as X(x). Therefore,
to each eigenfunction X, (x) there corresponds a function 7,,(¢) satisfying

114, _, _ _nr
c2 T, dr? " L2
This yields
T.(f) = C, cos mrct + D, si n}:a’

where C, and D, are arbitrary constants.

Summarizing our results we may say that the attempt to find the solution of
our PDE with given boundary conditions and initial conditions in the form

u(x, t) = X(x)T(1)

leads us, so far, to an infinite number of such functions which may be written as

b

nwct nwct\ . nwx
u,(x, 1) = (A,.c —+ B, sin i3 )sm 7

where A4, = B,C, and B, = B; D, are arbitrary constants. Each of these func-
tions u,(x, t) satisfies the PDE and the boundary conditions. It remains for us to
select from among these functions, adjusting the constants A4, and B,, those func-
tions that will also satisfy the desired initial conditions. Before we do this, however,
note that each function u,(x, t) represents, on its own, some kind of possible mo-
tion of the stretched string (corresponding to some special initial conditions).
These types of motion are known as the characteristic modes (or normal modes)
of vibration of the string. Each one represents a harmonic motion (vibration)
with the characteristic frequency (or “‘eigenfrequency’’)

w, = nmc/L n=1,2,3,...).



be true for a linear combination of a finite number of functions u,(x, t). It is not
unreasonable to conjecture that the same properties will hold for an infinite series
formed by the functions u,(x, 1):

Y0 =3 (An s"7 + By sin L“) sin 27X,

n=1 j ¥

provided the series converges (or if not, provided it can be treated as a distribution,
in conformity with the principles stated in Chapter 6).
It is needless to emphasize that the function y(x, t) is a Fourier sine series
in x (it is also a Fourier series in ¢, but this fact is of much less importance). Setting
= 0 and using the first initial condition, we obtain

u(x, 0) = up(x), uo(x) = EIA sin 7~ -

If the function uy(x) can be expanded into a Fourier sine series, the coefficients
A, can be determined. In physical problems u(x) is invariably continuous, piece-
wise very smooth, and vanishes at x = 0 and x = L. Therefore, it can be repre-
sented as above.

Similarly, calculating (du/at)(x, t) and using the second initial condition, we
can obtain

% 5,0 = o) o) = X B sin

n=1
In physical problems v(x) is sometimes assumed to be discontinuous. However,
it is invariably piecewise continuous and piecewise very smooth, and the coefficients
B, can be determined as well.

Consequently, we have constructed a solution to our problem in the form of
a series

[

yx, ) = 2, (A COS —— mrct + B, sin nf‘) ’—P%x ,
n=1

which satisfies the boundary conditions and initial conditions for all physically
reasonable functions uo(x) and vy(x).



