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From Eq. (1.150), §(x) must be an infinitely high, thin spike at x = 0, as in the description
of an impulsive force or the charge density for a point charge. The problem is that no such
function exists, in the usual sense of function. However, the crucial property in Eq. (1.150)
can be developed rigorously as the limit of a sequence of functions, a distribution. For

example, the delta function may be approximated by any of the sequences of functions,
Egs. (1.152) to (1.155) and Figs. 1.21 and 1.22:

sinnx | ixt
On(x) = = e dt. (1.155)
TX 27
—n
for | sin nx
A Comprehensive Guide
ARFKEN, WEBER, . HARRIS ,/\\/ \//-\\ )

The forms for §,(x) given in Eqgs. (1.152) to (1.155) all obviously peak strongly for
large n at x = 0. They must also be scaled in agreement with Eq. (1.151). For the forms
in Egs. (1.152) and (1.154), verification of the scale is the topic of Exercises 1.11.1 and
1.11.2. To check the scales of Eqgs. (1.153) and (1.155), we need values of the integrals
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1. Given that A(k) = N/(K* + a?), calculate y«(x). Plot A(k) and y(x) and show that Ak Ax > 1, inde-
pendent of the choice of o.

EXAMPLE 2-1
Consider a wave packet for which

Al)=N -K=k=K
= () elsewhere

Calculate ¢(x, 0), and use some reasonable definition of the width to show that (2-8) is satisfied.
SOLUTION We have

K
P(x, 0) = ] dk Ne™* = g (€5 — ¢ K) = 2N smex
K

The definition of A(k) easily shows that Ak = 2K. A reasonable definition of Ax might be the dis-

tance between the two points at which y«(x) first vanishes as it gets away from x = (. This happens
when Kx = ®r, so that Ax = 2#/K. It follows that

Ak Ax = 4
which certainly satisfies (2-8).

J“” cos (mx) m

- T
o X 4a ) 2la)



Consider a wave function of the form Wave function

A

Y(x,0) = AeHlIx] Ac-a

Calculate the wave function in momentum space ¢(p).




Fourier Integral

When we first encountered the delta function, its representation which is the large-n limit of

n

1 .
Sa(t) = 3 / e’dw, (20.20)

—n

was identified as particularly useful in Fourier analysis. We now use that representation
to obtain an important result known as the Fourier integral. We write the fairly obvious

equation,

oo
fx)= nlingo / [ ()8, (t — x)dt
—00

n

o0
| .
= lim — / £ / e dy |dt. (20.21)
—00

n—00 27
—n

We now interchange the order of integration and take the limit n — oo, reaching

- t .
f(x)=—/ dwﬁodtf(t)e‘w(’ %),
2

Finally, we rearrange this equation to the form

1 oo o0
Fo)=5- / e dw / f(t)e'“dt. (20.22)
—00 —00

Equation (20.22), the Fourier integral, is an integral representation of f(x), and will be
more obviously recognized as such if the inner integration (over #) is performed, leaving

unevaluated that over w. In fact, if we identify the inner integration as (apart from a factor
«/1/2m) the Fourier transform of f (), and label it g(w) as in Eq. (20.10), then Eq. (20.22)

can be rewritten
l o0
f() =, / o / g(w)e_i“”da), (20.23)
T
—00

showing that whenever we have the Fourier transform of a function f(f) we can use it to
make a Fourier integral representation of that function.



Supplement 2-A
The Fourier Integral 1 tmyssss—(m@igaodes -

and Delta Functions ZorZ=RRG@EFIREE -
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Consider a function f{x) that is periodic, with period 2L, so that
fix) = fix + 2L) (2A-1)

Such a function can be expanded in a Fourier series in the interval (—L, L), and the series
has the form

fix) = EBA" cos % + 21 B, sin % (2A-2)
n= n=
We can rewrite the series in the form
fxy= > a,e"™" (2A-3)
n=-—wm

S IIZX — %(gilmx/L + e—inmr/L)

o X _ | inmal _—inml

sin I ¥ (e e )

If we now let L — oo, then k approaches a continuous variable, since Ak becomes infini-
tesimally small. If we recall the Riemann definition of an integral, we see that in the limit
(2A-10) can be written in the form

) :# f dk A(k)e™ QA-11)
w — 00



Consider a function f(x) that is periodic, with period 2L, so that

fix) = fix + 2L) (2A-1)
Such a function can be expanded in a Fourier series in the interval (—L, L), and the series
has the form

fi)y = A, cos ”’”x+ EB
n=0
We can rewrite the series in the form

zae ;

Il Il | ] I
1 Rl 1 i 0

-5 —4 -3 -2 —1

The coefficients can be determined with the help of the orthonormality relation

L

1 inmill—immil — 5 )1 m=n
2Lfdxe e O n {

0 m+¥n (2A-4)
L
Thus

a, = LL f dx flx)e~ "™t (2A-5)
Let us now rewrite (2A-3) by introducing An, the difference between two successive
integers. Since this is unity, we have
fa) = ae"™" An

(2A-6)
~Ly gzl




Let us change the notation by writing

mn _
I k (2A-7)
and
™ _
I - Ak (2A-8)
We also write
La, A(k)
=—= 2A-9
T e (2A-9)
Hence (2A-6) becomes
A e
=D —F—e" Ak 2A-10
fo=3 Vo (2A-10)

If we now let L — oo, then k approaches a continuous variable, since Ak becomes infini-
tesimally small. If we recall the Riemann definition of an integral, we see that in the limit
(2A-10) can be written in the form

0

foy =L f dk A(kye™ QA-11)

Von

The coefficient A(k) is given by

L
Aty =Vark. ﬁ f dx flx)e" it
‘L

. (2A-12)
1 —ikx
— Ve 1[) dx fix)e

Equations (2A-11) and (2A-12) define the Fourier integral transformations. If we insert
the second equation into the first we get

fo) = ﬁ T dk & jf dy fy)e® 2A-13)
Suppose now that we interchange, without question, the order of integrations. We then get
foo = I dy j(y)[% I dk ei"(‘_’)] (2A-14)

For this to be true, the quantity 6(x — y) defined by
dx—y) = ﬁ j dk &5 (2A-15)

and called the Dirac delta function must be a very peculiar kind of function; it must vanish
when x # y, and it must tend to infinity in an appropriate way when x — y = 0, since the
range of integration is infinitesimally small. It is therefore not a function of the usual




¢ (p) BV EEEZEFAVR e E - time s — (bR -

dx \IJ*(x)\I/(x):/ dx—f d* (ke ** dk f <I>(k’)c”< *dk'. (4.4.7)
. _ —

We rearrange the integrals to do the x integration first:

f dxw*(x)w(x)zf dkcb*(k)/ dk’cb(k’)zif dx K —kx, (4.4.8)
—00 -0 -0 T J—oo

The x integral, with the 1/(2x) prefactor, 1s precisely a delta function,
and 1t makes the £’ integration immediate:

o0 o0 o0
/ dxw*(x)w(x):f dk<1>*(k)f dk’ (k") (k' — k)

> (4.4.9)
_ f dk &* (k) (k).
| :\Illastering
. t
Our final result 1s therefore Ml_e‘:(‘:l"l:l:‘i‘_cs

f dx|\I!(x)|2:/ dk |® (k)|>.

Barton Zwiebach
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Consider a random variable Q. This variable takes values in the set {0,
, O,} and does so randomly with respective, nonzero probabilities {p;,

., p»} adding to one. The expectation value (Q), or the expected value of
0, 1s defined to be

(Q) = z Q;P; (5.1.1)
i=1

The expected value can be thought of heuristically as a /ong-run mean: as
more and more values of the random variable are collected, the mean of
that set approaches the expected value.
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16.

17.

18.

Consider the wave function
Y(x) = (/)™ exp(—ax?/2)
Calculate {x") for n = 1, 2. Can you quickly write down the result for {x'7)?

Calculate ¢(p) for the wave function in problem 16. Calculate { p") forn = 1, 2.

Use the definitions (Ax)? = {(¥*) — (x)? and (Ap)* = {p?) — { p)* with the results of Problems 16
and 17 to show that ApAx > fi/2.
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