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13.9 Group Velocity and Wave Packets Late s of Py Unissit o arind

Thus far, we have considered only the superposition of two waves. If we wish
to superpose a system of n» waves, we must write

V(x 1) = ;A,exp[i(w,t — k%)) (13.111a)

where A, represents the amplitudes of the individual waves. In the event that n
becomes very large (strictly, infinite), the frequencies are continuously distrib-
uted, and we may replace the summation by an integration, obtaining*

+ 00

V(x, 1) =j A(k) et @tk dk (13.111b)
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In the top equation in (4.4.12), ®(p) denotes the weight with which we
add the momentum state e?v" in the superposition that represents V(x).
This state e»vh 1s a state with momentum p. This suggests that we can
roughly view ®@(p) as the amplitude for the particle to have momentum p
and |@(p)|? as roughly the probability of the particle having momentum p.
Just as we say that ¥(x) 1s the wave function in position space x, we can
think of ®(p) as the wave function in momentum space p.
Plancherel’s identity (4.4.13) suggests that viewing ®(p) as a probability
amplitude 1s in fact consistent. Given that a properly normalized ‘¥(x)
leads to a ®(p) that satisfies | dp|®@(p)2 = 1, we postulate that

|®(p)|?dp is the probability of finding the particle with (4.4.14)
momentum in the range (p, p +dp). o
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(a) Real part of the wave function at time ¢
ReW(x, 1)

(b) Imaginary part of the wave function at time ¢
Im W(x, 1)

(c) Probability distribution function at time ¢

W (x, 2
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We now have the tools to evolve in time any initial state of a free
particle: given the initial wave function W(x, 0) at time zero, we can obtain
Y(x, 7). (This 1s a preview of a more detailed discussion to come in section
4.3.) Indeed, 1f we know W(x, 0), we can write:

00

U(x,0) = / dk & (k) **, (3.2.22)
el ®.®;

where @ (k) 1s, by definition, the Fourier transform of W(x, 0). The Fourier
transform ®(k) can be calculated in terms of W(x, 0). Once we know ®(k),
the time evolution simply requires the replacement

ok s oikx p=iw (Kt (3.2.23)

in the above integrand so that the answer for the time evolved W(x, 7) 1s in
fact given by (3.2.20).

o0
W(x,{) = f dk & (k) eikx-o®n (3.2.20)

oo
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13.7 Separation of the Wave Equation

If we require a general solution of the wave equation that is harmonic (as for the
vibrating string or, for that matter, for a large number of problems of physical in-
terest), we can write

V(x, t) = p(x)e? (13.63)
so that the one-dimensional wave equation (Equation 13.55) becomes
a2¢ w?
5 Tt S¢= 13.64
x> 2 v (13.64)

where ¢ is now a function of x only.
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