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FIGURE 12.7 Wavelengths, in A, corresponding to the transition from the lowest 2P
states to the ground state, for potassium.




Supplement 1 O -A

The Addition of Spin 1/2 and
Orbital Angular Momentum
(Details)

Of great importance for future applications is the combination of a spin with an orbital an-
gular momentum. Since L depends on spatial coordinates and S does not, they commute

[L.S]=0 (10A-1)
It is therefore evident that the components of the total angular momentum J, defined by
J=L+S (10A-2)

will satisfy the angular momentum commutation relations.
In asking for linear combinations of the Y, and the y-. that are eigenstates of

J.=L +S, (10A-3)
and
JP=L>+S*+2L-S
=L>+S*+2LS.+L.S_+L_S,

[H+m+1 [l —m
Urs1pmen = WYImXJr + 2+ 1 Yzm+1X—

We can guess that the j = / — 1/2 solution must have the form

[l — ; [+m+ 1
Yiipmein = 3] +"i Yimk+ — % Yim+1X-

(10A-4)




j=ll+lzﬁll+12_1’ll+12'_2’---’ll|—12|

mj=j’j_l’j—2’---9_]

f
|
|
|
|

j1+i2 1+i2  h1-i2—1
Y@+ =2(Y - Y j)+i+—Gi-i+1)
j=i1-i2 j=0 j=0
(Gr+i2)G1+j2+ 1D —G1—j2— DG —j2) +2j2+ 1 (20.7.24)
= (j14j2)% — (1 —j2)? +2j1 +2j2 + 1

=2j12j2+ 1) +2j2+1=(2j; + 1)(2j2+ 1).
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12-1 RELATIVISTIC KINETIC ENERGY EFFECTS

The relativistic expression for the kinetic energy of the electron is

K=Vipey + mey —m~L 1P 4 (12-2)

The second term is the perturbation we want to consider. It gives rise to

_ _1{P YV 1
H, = 2(2m‘.) e (12-3)

_ 1(92)2 1 (PV_ 1 Zé? Zé
Hy = 8 mic 2m,,cz 2m,] 2m.c? Ho + 4reqr Hy + Arreyr (12-3)

if we neglect reduced mass effects in H,. We can now evaluate

Ze* Ze?
( 47T8 r)(HO + 47780r)

(¢nlm| H] I¢nlm> = 2m C2 <¢nlm

-l ze }
= —Zmecz E, + 2E <¢nlm‘ Atrer ¢n1m> + <¢nlm‘ (47730r) ¢nbn>]
_ 1 4[mec2(2a)2]2_ z[mecl(zm?] 2 ( z ) (12-9)
] 2n’ 2n’ daeg \agn®

2m
2

o ze )2 277
2.3
dmey) ain®(21 + 1)

1 o | 2@y _3(Za)2]
= T M) [n3(21+ ) 4

FEERAMHEAIEE TBIERH |
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Bohr Sommerfeld Dirac
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Figure 8-11 The energy levels of the hydrogen atom for n =1, 2, 3 according to Bohr,
Sommerfeld, and Dirac. The displacements of the Sommerfeld and Dirac levels from those
given by Bohr have been exaggerated by a factor of (1/0)% ~ (137)® ~ 1.88 x 10%.
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Figure 12-1 Splitting of the n = 2 levels by (1) the spin-orbit coupling (which leaves the § state
unaffected) and (2) the relativistic effect. The final degeneracy of the %S, and 2P, , states is actually
lifted by quantum electrodynamic effects. The tiny upward shift of the %S, , state is called the Lamb shift.

£
AE = - mcHZa) —
4 I+ U2D)(A+ 1)
valid for  # 0. When the effects of H, and H, are combined we get
|

R R P 1 _ 3 i
AE = 7 mc*(Za) (j+1/2 4n) (12-16)

valid for both values of / = j = 1/2 and also for I = 0.

The splitting is depicted graphically in Fig. 12-1. A very interesting result is that the
corrections add up in a manner that leaves the ?P,,, and the %S, states degenerate. A more
careful discussion, using the relativistic Dirac equation, does not alter this result. In 1947,
a very delicate microwave absorption experiment carried out by Lamb and Retherford
showed that there was, indeed, a tiny splitting of the two levels. The magnitude of the
splitting, of order m c*(Za)'a log «, could be explained by the additional interaction of
the electron with its own electromagnetic field—that is, as a self-energy effect. These
matters are outside of the scope of this book.

It follows that the energy shift is




