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3. Quantisierung als Eigenwertproblem;
von E. Schrodinger.

(Erste Mitteilung.)
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3. Quantisation as an eigenvalue problem;
by E. Schrodinger*

(first communication.)

§ 1. In this communication I would like first to show, in the simplest case of the
(non-relativistic and unperturbed) hydrogen atom, that the usual prescription for
quantisation can be substituted by another requirement in which no word about

“integer numbers” occurs anymore. Rather, the integerness! emerges in the same
natural way as, for example, the integerness of the number of knots of a vibrating
string. The new interpretation is generalisable and touches, as I believe, very
deeply the true essence of the quantisation prescription.

‘1T'he usual form of the latter 1s tied to the Hamiltonian partial differential equa-
tion:
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Wir werden fiir /' zuniichst die Hamiltonsche Funktion
der Keplerbewegung nehmen und zeigen, daB die a,ufgestellte
Forderung fiir alle positiven, aber nur fiir eine diskrefe Schar
von megativen E-Werten. erfiillbar ist. D. h, das genannte
Variationsproblem hat ein diskretes und ein kontinuierliches
Kigenwertspektrum. Das diskrete Spektrum entspricht den
Balmerschen Termen, das kontinuierliche den Energien der
Hyperbelbahnen. Damit numerische Ubereinstimmung hestehe,
mub X den Wert %2/2n erhalten.

Da fir die Aufstellung der Vanatlonsalemhnngen die
Koordinatenwahl belanglos ist, wihlen wir rechtwinkelige kar-
tesische. Dann lautet (1°) in unserem Fall (¢, m sind Ladung
und Masse des Elektrons): |
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das Integral erstreckt iiber den ganzen Raum. Man findet
daraus in gewohnter Weise

| 307 = [afoy St fffdzdydzaqp[dqp-{-
l | +F(E+7)w] =0 .
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der Azimutalquantenzahl, die weitere Aufspaliung dieser Zahl
bei der niheren Bestimmung der Kugelflichenfunktionen kann
mit der Aufspaltung des Azimutalquants in ein siquatoriales”
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H(p) are Associate Laguerre Polynomials.

d’H 21+ 2 dH n—1-—1
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d? d g .
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Hy(p) = L3210

TABLE 10.3 Eigenfunctions of hydrogen in terms of associated Laguerre polynomials

The Normalized Eigenfunctions of Hydrogen (Z = 1)
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TABLE 10.3 Eigenfunctions of hydrogen in terms of associated Laguerre polynomials

The Normalized Eigenfunctions of Hydrogen (Z = 1)
Pnim (1,60, 9) = (26)*/2 A1 p e P12 Fy (0)Y (60, §) = Ruy ()Y (6, 9)

— — 22 00 2.2 —
p Kr r fo | nl(r)l r r
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= [EL D - L (22) e
2n[(n + )13 V31 \ ay

n—l—1 i 2 i
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Fare) = Loy (0) = L (0) = Z: in—1—1—i)Q2l+1+i)!

Associated Laguerre Polynomials LY, p(p) and Laguerre Polynomials L p(p)

Differential equation

a2
[ 12 +@+1- p)—+p]L (p) =
Generating function
e_ps/(l_s) s
—_— = — 17 LE©0) =
e Eo(p+q)! o) LEO=p

Orthonormality

© _ [(P+q)!]3
979 £ 17

Rodrigues’s formula

L (P)=L0(P)“ep£(»0pe_p) Li(p)=1-p Ly(p) =2! 1—2P+p—2
14 - -p - dpp 4 1 ’ 2 . 2

(P) = (- l)q v [Lq+p ()]
Recurrence relations

LY () = @p+q + DLY(p) = [(p + /(P +q + DILT 1 (0) = (p+ @)*LT _ 1 (p)
(”;o +q- p) L) =(p+ l)L,,+1(p)

d ¢ . g+l
%Lp(p) =-L,7(0)
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Normalization

18.3 Laguerre Functions 895

The associated Laguerre equation, Eq. (18.69), is not self-adjoint, but the weighting
function needed to bring it to self-adjoint form (for upper index k) can be found in the
usual way:

1 k+1—
we(x) = = exp U %dx] = xkex. (18.70)

When we also note that Sturm-Liouville boundary conditions are satisfied at x =0 and
x = 00, we see that the associated Laguerre polynomials are orthogonal according to the
equation

o0
0!
/e—xx"ij(x)L{;(x)dx: by (18.71)
0

n!

The value of the integral in Eq. (18.71) for m = n can be established using the generating
function, Eq. (18.58). Doing so is left as an exercise.

Equation (18.71) shows the same orthogonality interval (0, o) as that for the Laguerre
polynomials, but with a different weighting function for each k. We see that for each k the
associated Laguerre polynomials define a new set of orthogonal polynomials.

A Rodrigues representation of the associated Laguerre polynomials is useful and can be
found in various ways. A fairly direct approach is simply to use Eq. (12.9) with p(x) = x,
the coefficient of the second-derivative term in Eq. (18.69) and the value of wy (x) given
in Eq. (18.70). The result is

e x7k gn
n!  dx"
Note that this and all our earlier formulas involving the LX (x) reduce properly to corre-

sponding expressions involving L, (x) when k = 0.
By letting W,]f (x) = e */2xk/ 2L’; (x), we find that 1//,’1‘ (x) satisfies the self-adjoint ODE,
> yk(x)  dykx) N ( x 2n4+k+1 K2

k
VD A =0. 18.73
dx? dx st 4x> Y (x) (18.73)

Lf(x) = (e *x"Tky. (18.72)

The 1,&,’: (x) are sometimes called Laguerre functions. Equation (18.57) is the special case
k=0 of Eq. (18.73).
A further useful form is given by defining®

Dk () = e /2 *FD2 Lk (1), (18.74)
Substitution into the associated Laguerre equation yields
d> @k (x) < 1 2n4+k+1 k2—1

3 it T >d>’;,(x)=o. (18.75)

The @ (x) are orthogonal with weighting function x 1.

The associated Laguerre ODE, Eq. (18.69), has solutions even if n is not an integer, but
they are then not polynomials and diverge proportionally to xke* as x — oo. This fact is
useful in the following example.

This corresponds to modifying the function v in Eq. (18.73) to eliminate the first derivative.



e e e e e o o

It is sometimes convenient to define orthogonalized Laguerre functions (with unit

weighting factor) by
Pn(x) =€ 7Ly (x). (18.56)
Our new orthonormal functions, ¢, (x), satisfy the self-adjoint ODE
x¢, (X) + ¢, (x) + (n + % - %) @n(x) =0, (18.57)

and are eigenfunctions of a Sturm-Liouville system on the range (0 < x < 00).

Associated Laguerre Polynomials

In many applications, particularly in quantum mechanics, we need the associated Laguerre
polynomials defined by*

dk
Ly@) = (=D o Ly (o). (18.58)

By differentiating the power series for L, (x) given in Eq. (18.53) (compare Table 18.2),
we can get the explicit forms shown in Table 18.3. In general,

k _ S _1\m (n+k)! m
L,,(x)_mzz;)( D rp T ——E e k>0. (18.59)

One of the present authors® has recently found a new generating function for the associ-
ated Laguerre polynomials with the remarkably simple form

g, =" (140" =) L. (18.60)

n=0

4Some authors use £8_, (x) = (@ /dx*)[ Ly (x)]. Hence our LK (x) = (- 1)¥ gk, (x).
SH. J. Weber, Connections between real polynomial solutions of hypergeometric-type differential equations with Rodrigues
formula, Cent. Eur. J. Math. 5: 415-427 (2007).
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Table 18.3  Associated Laguerre Polynomials

LE=1
Nk =—x +k+1)
ALE =22 =20k +2Dx + (k+ 1)2
31LE = 23 + 3k +3)x% = 3k + 2ox + (k+ 1)3
ALK =x* — 4k + 423 +6(k+3)y — 4k +2)3 + (k+ Dy
5! L’g = x5+ 5(k +5)x* — 10(k +4)0x> + 10(k + 3)3x% = 5k + 2)4x + (k + 1)5
61 LE =x0 — 6(k +6)x7 + 15(k + 5)px* = 20(k + 4)30% + 15(k + 3)4x2
—6(k +2)5x + (k+ )6
TLE = —x7 + 7(k + T)x® — 21(k + 6)2x° +35(k + 5)3x* — 35k +4)423
+21(k +3)5x2 — T(k +2)6x + (k + 1)7
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Exercise. Evaluate I; by a method of your choice. (One such method is to establish the
relation I; = —[2//(2] + 1)]I,—1, using integration by parts. Can you suggest any
others?)

The normalization integral can also be derived from the generating function.
Write

1 2.
——— e t'Pi(x
V1 = 2xt + 12 E& (x)
and square both sides:
1 2 &
T oa e = 2 2t PI)PA().

m=0 l=0

Integrate both sides with respect to x from —1 to 4 1. Because of the orthogonality
of Legendre polynomials only the terms with m = / on the right-hand side of the
equation will survive, reducing the double series to a simple one:

+ 1 o +1
—_— e 21 2
/_1 —at+e & /_1 [Pi(x)]" dx.

Now evaluate the left-hand side of the equation:

+1 1 1
f_l 1—2xt+t2=?l°g1—t ¢ <.

Expand this function in powers of ¢ by utilizing the Maclaurin series for log (1 + 1),
and obtain N

1. 137 . 1 2n
ot =22 Gy

+

and the normalization integral N; = 2/(2/ + 1) follows.

+-1.0.

Legendre polynomials Figure 9.1
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Figure 11.4
The radial probability distribution p(r) for an energy eigenstate with principal quantum number »
and £ =n — 1 vanishes for = 0 and approaches zero as r —o. For the intermediate value » =

n?ao, it reaches its peak value.
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Table of Spherical Harmonics

- ——————— y
’ Y o= 4:;_ cos 0
; Y. 22 = ‘3‘1227‘_ 82“'/ S:i.].'l2 6
_ 15 ;. .
o Y,,=— o sin 6 cos 6
Ynim = R () - P["(0) - @, ()
YZ,O = 12—77_ (3 COS2 60— ].)
EAmimefRE - EndHEfEE o "
Y3,3 = — %6’3“6 sin" 6
P™(8) = sinl™@ - (cos 0,1 — mHIZIER) v, = /_3_5. % Sint 0 cos 0
7 T

¢m(¢)~e‘m¢ Yy = — ,6241 € sin 6(5 cos? 6 — 1)
m=—L—l+1,0-1—1,1 Yo = 7 (5 cos’ 6 — 3 cos 6)
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fe= HEIn A%

E, = (—13.6eV) (n—lz)

e m({ e \° 1
" 2 \4mgyh) n?

Ynim = Ry (1) + Py (0) - @1 (@)

FE= T8 n = positive integer

2
BEETFE (=012--n—1
\ 2
HEETFE m=-1L-1+1

=0 (=1 =2 £=3

_ L n =4 (16 states)
16| N=3 N=2 N=1 N=0
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9| N=2 N=1 N=0
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Table 42.3

Allowed Quantum States for an Atom up ton = 3

0 0 | 0 =1 0 1 0 =i}
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©2004 Thomson - Brooks/Cole

TABLE 42.1 Symbols
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T quantum number /
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Figure 8-4 Distributions of |¥,,(8, ¢)|>. The sketches represent sections of the distributions made
in the z-x plane. It should be understood that the three-dimensional distributions are obtained by
rotating the figures about the z-axis.
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The p electrons are more likely to be

loaB l SaB 2008 found in some f_i.r:}ections than in others.

ol




E E - ‘

(2,0,0) (3,1,0) (4,0.0)
(4,1,0) (4,2,0) (4,3,0)

Figure 4.8: Density plots for the first few hydrogen wave functions, labeled by (2, £, m ). Printed by
permission using “Atom in a Box” by Dauger Research. You can make your own plots by going to:

http://dauger.com.
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Figure 4.9: Shaded regions indicate significant electron density (|y ]2 ~0.25 /nm3) for the first few hydrogen
wave functions. The region Q< < /2 has been cut away; |y |2 has azimuthal symmetry in all cases.
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Figure 8-4 Distributions of |¥,,(8, ¢)|>. The skeiches represent sections of the distributions made
in the z-x plane. It should be understood that the three-dimensional distributions are obtained by
rotating the figures about the z-axis.
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The radial probability distribution p(r) for an energy eigenstate with principal quantum number »
and £ = n — 1 vanishes for » = 0 and approaches zero as 7 —o. For the intermediate value r =

n2ao, it reaches its peak value.
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Figure 8-4 Distributions of |Y,,,,(B, qb)|2. The sketches represent section:
in the z-x plane. It should be understood that the three-dimensional disti
rotating the figures about the z-axis.
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