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Supplement 5 -A

Uncertainty Relations

In our discussion of wave packets in Chapter 2, we noted that there is a relationship be-
tween the spread of a function and its Fourier transform. When the de Broglie correspon-
dence between wave number and momentum is made, the relationship takes the form

ApAx =t

(AAY(AB) = % (i[A. B]Y? (5A-11)

For the operators p and x for which
[p.x] = —ih (5A-12)

this leads to

Ap «_u-zg—' (5A-13)
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n=4 (16 states)

n =13 (9 states)

n =72 (4 states)
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Figure 4.11: The “ladder” of angular momentum states.
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Chapter 9

Matrix Representation
of Operators

Thc original discovery of quantum mechanics is due to W. Heisenberg. He associated
physical quantities like x and p with square arrays of numbers for which he proposed
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LX = {{e, 1, 0}, {1, 0, 1}, {0, 1, 0}}
{{e, 1, 0}, {1, 0,1}, {0, 1, 0}}
Ly = {{o, -1, 0}, {1, 0, -1}, {0, 1, 0}}

ouite {{@, -1, 0}, {1, 0, -1}, {0, 1, 0}}

wii7= LX // MatrixForm
Out[17)//MatrixForm=

010
101
010

wim= LY // MatrixForm
Out{18)/MatrixForm=
0 -1 0 ]

1 0 -1
e 1 o

LX.LX // MatrixForm
outs= {{0, -1, 0}, {1, 0, -1}, {0, 1, 0}}
Outf20y/MatrixForm=

101
0 20
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w2t LY.LY // MatrixForm
Outf21)/MatrixForm=
-1 0 1
o -2 0
1 0 -1

2z LX.LX.LY.LY // MatrixForm
Ow23)/MatrixForm=

e 0 o
0 -4 0
6 0 o

niz4p= LY.LY.LX.LX // MatrixForm
Outj24)/MatrixForm=




In[25]:=
LX = {{®, Sqrt[3], o, 0}, {Sqrt[3], o, 2, 0}, {0, 2, 0, Sqrt[3]}, {0, O, Sqrt[3], 0}}

Outf25}= {{9) '\/3_’ 0, 9}’ {‘\/5’ 0, 2, 9}’ {0, 2,0, ‘\/5}’ {9) 0, -\/5, 0}}

nern= LY = {{®, -Sqrt[3], 0, 0},
{Sqrt[3], 0, -2, 0}, {0, 2, ©, -Sqrt[3]}, {0, O, Sqrt[3], 0}}
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TABLE 9.2 Properties of the Legendre polynomials
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The anisotropies of the Cosmic Microwave Background (CMB) as observed by Planck 2013.
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles £ > 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the P1ik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ACDM cosmology. In the multipole range 2 < £ < 29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ACDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show +1 o uncertainties.
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Consider the density fluctuations &T/T of the cosmic microwave
background, as shown in Figure 8.3. Since 6T/T is defined on the surface of a
sphere — the celestial sphere in this case — it is useful to expand it in spherical
harmonics:

ST o0 I
7(947) = Z Z ('/'riylrri(9»¢)~ (850)

(=0 m=-I

where Y}, (0, ¢) are the usual spherical harmonic functions. What concerns

cosmologists is not the exact pattern of hot spots and cold spots on the sky,
but their statistical properties. The most important statistical property of 6T/T
is the correlation function C(6). Consider two points on the last scattering
surface. Relative to an observer, they are in the directions n"and n", and are
separated by an angle 6 given by the relation ¢cos® = 7 -4’. To find the
correlation function C(0), multiply together the values of &8T/T at the two
points, then average the product over all points separated by the angle 0:

C®) = (5—1(n)—(fz’)> , (8.51)

Using the expansion of 6T/T in spherical harmonics, the correlation function
can be written in the form

l o0
CO) = - ";(21+ 1)C/Py(cos ), (8.52)

where P, are the usual Legendre polynomials:



and so forth. In this way, a measured correlation function C(6) can be broken
down into its multipole moments C;. The [ = 0 (monopole) term of the

correlation function vanishes if we’ve defined the mean temperature
correctly. The [ = 1 (dipole) term results primarily from the Doppler shift due
to our motion through space. For larger values of [, the termC;, is a measure of

temperature fluctuations on an angular scale 6 ~ 180°/1. Thus, the multipole I
is interchangeable, for all practical purposes, with the angular scale 6. The
moments with [ > 2 are of the most interest to astronomers, since they tell us
about the fluctuations present at the time of last scattering.

In presenting the results of CMB observations, it is customary to plot the
function

1/2
Ar = (MC,) & b (8.54)
27

since this function tells us the contribution per logarithmic interval in [ to the
total temperature fluctuation 8T of the cosmic microwave background. Figure
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y
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Figure 12.2
A magnetic dipole in a nonuniform magnetic field will experience a force. The force points in the
direction for which u - B grows the fastest. In this case the force is downward.
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In 1922, at the University of Frankfurt in Germany, Otto Stern and Walther
Gerlach conducted fundamental experiments to measure the deflection of
beams of silver atoms as they were sent through nonhomogeneous
magnetic fields. As we will explain below, the silver atom has a magnetic
dipole moment, and magnetic dipoles get deflected when exposed to
spatially varying magnetic fields. Rather than finding the expected
continuous range of deflections, however, the incoming beam was split
into two beams, as deduced from the two separate spots on the target
screen. These experiments demonstrated that these silver atoms have
quantized magnetic moments that can have one of two values.

A little knowledge of chemistry shows that a silver atom in the Stern-
Gerlach experiment acts like a heavy electron. The silver atom has forty-
seven electrons; twenty-eight of them completely fill the » = 1, 2, and 3
shells, and eighteen more fill the s, p, and d orbitals of the n = 4 shell.
Finally, there 1s just one electron with » = 5 and £ = 0: the zero angular
momentum 5s state. Since this 1s the only unpaired electron, the magnetic
dipole moment of the silver atom 1is to a good approximation just the
magnetic dipole moment of the 5s electron; the nucleus has a much
smaller dipole moment and can be ignored. For a charged particle like the
electron, a magnetic moment arises because the particle has spin.



Although the quantized magnetic moments found by Stern and Gerlach
were consistent with the idea that the electron had spin, this suggestion
took some time to develop. Pauli introduced a “two-valued” degree of
freedom for electrons, without suggesting a physical interpretation. Ralph
Kronig suggested in 1925 that this degree of freedom originated from the
self-rotation of the electron. This 1dea was severely criticized by Pauli,
and Kronig did not publish it. George Uhlenbeck and Samuel Goudsmit
had a similar 1dea, and Paul Ehrenfest encouraged them to publish i1t. They
did so in 1925 and are now credited with discovering that the electron has

an intrinsic spin with value “one-half.” Much of the mathematics of spin
one-half was developed by Pauli himself in 1927 and goes along the lines
we followed in the previous section. In fact, 1t took until 1927 for anyone
to realize that the Stern-Gerlach experiment measured the magnetic
moment of the electron.
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Physicists nail down the most precise value yet of the electron
magnetic moment, surpassing a value measured 14 years ago.

Measurement of the Electron Magnetic Moment

X. Fan®,"”" T. G. Myers,” B. A. D. Sukra,” and G. Gabrielse>'
'Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
Center for Fundamental Physics, Department of Physics and Astronomy,
Northwestern University, Evanston, Illinois 60208, USA

® (Received 27 September 2022; revised 7 December 2022; accepted 7 December 2022; published 13 February 2023)

The electron magnetic moment, —u/up = g/2 = 1.001 159652 18059 (13) [0.13 ppt], is determined
2.2 times more accurately than the value that stood for fourteen years. The most precisely determined
property of an elementary particle tests the most precise prediction of the standard model (SM) to 1 part in

10'2. The test would improve an order of magnitude if the uncertainty from discrepant measurements of the
fine structure constant « is eliminated since the SM prediction is a function of a. The new measurement and
SM theory together predict ™' = 137.035 999 166 (15) [0.11 ppb] with an uncertainty 10 times smaller
than the current disagreement between measured a values.

DOI: 10.1103/PhysRevLett.130.071801

The quest to find physics beyond the standard model of
particle physics (BSM) is well motivated because the SM
is incomplete. No known CP violation mechanism [1] is
large enough to keep the matter and antimatter produced
in the big bang [2] from annihilating as the universe
cooled, dark matter [3,4] has not been identified,
and neither dark energy [5,6] nor inflation [7-10] has a
SM explanation. The most precise SM prediction is
the electron magnetic moment in Bohr magnetons,
—pu/ug = g/2, with up = eh/(2m) for electron charge
—e and mass m. and the reduced Planck constant . It

g S
ﬂ=—§l13m- (1)

is proportional to its spin S, normalized to its spin
eigenvalue #/2. The energy levels are

1
E = hvgmg + hu, (n } 5)

where h = 2zh. The cyclotron frequency is v, = eB/(2zm)



Searching for New Physics with
the Electron’s Magnetic Moment

Measurements of the magnetic moment of the electron have achieved
unprecedented accuracy, showing great potential for the search for
physics beyond the standard model.

By Saida Guellati-Khelifa

of particle physics clearly isn’t complete—dark matter,

) espite its remarkable successes, the standard model

dark energy, and the matter-antimatter asymmetry of
the Universe are some of its most flagrant deficiencies.
Experimenters thus eagerly search for anomalies that could
provide hints on a theory that could complete or replace the
standard model. The electron is a key player in this quest: its
magnetic moment is both the most precisely measured
elementary-particle property and the most accurately verified
standard model prediction to date. New measurements by
Gerald Gabrielse’s group at Northwestern University in Illinois
[1] have determined the value of the electron’s magnetic
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5. The Hamiltonian for an axially symmetric rotator is

2
:ﬁ+g+g
21, 21,

H

(a) What are the eigenvalues of H?
(b) Sketch the spectrum, assuming that 7, > I;. Forb)try [l = 0,1,2,
(¢) What is the spectrum in the limit that 7, is much larger than 1,?
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7.1.1 Rotation spectra of diatomic molecules

Knowledge of the spectrum of the angular-momentum operators enables
us to understand an important part of the dynamics of a diatomic molecule
such as carbon monoxide. For some purposes a CO molecule can be
considered to consist of two point masses, the nuclei of the oxygen and
carbon atoms, joined by a ‘light rod’ provided by the electrons. In this
model the molecule’s moment of inertia around the axis that joins the
nuclei is negligible, while the same moment of inertia I applies to any
perpendicular axis.
In classical mechanics the rotational energy of a rigid body is

2 2 2
(é Iy ‘7—) (7.17)

E=1
I, 1, L

2

where the I, are the moments of inertia about the body’s three princi-
pal axes and J is the angular-momentum vector due to the body’s spin.
We conjecture that the equivalent formula links the Hamiltonian and the
angular-momentum operators in quantum mechanics:

R2/J2  J? g2
H=—(1—1+I—y+l—2>. (7.18)
T y z

The best justification for adopting this formula is that it leads us to results
that are confirmed by experiments.

In the case of an axisymmetric body, we orient our body such that
the symmetry axis is parallel to the z-axis. Then I = I, = I,, and the
Hamiltonian can be written

R (J2 /1 1

From this formula and our knowledge of the eigenvalues of J2 and J,, we
can immediately write down the energies that form the spectrum of H:

Ejm=%2{w+m2 (%—%)} (7.20)
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Figure 7.2 The rotation spectrum of CO. The full lines show the measured frequencies
for transitions up to j = 38 — 37, while the dotted lines show integer multiples of the
lowest measured frequency. Up to the line for j = 22 — 21 the dotted lines are obscured
by the full lines except at one frequency for which measurements are not available.
For j > 22 the separation between the dotted and full lines increases steadily as a
consequence of the centrifugal stretching of the bond between the molecule’s atoms.
Measurements are lacking for several of the higher-frequency lines.
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where j is the total angular-momentum quantum number and |m| < j.
In the case of a diatomic molecule such as CO, I, < I so the coefficient
of m? is very much larger than the coefficient of j(j + 1) and states with
|m| > 0 will occur only far above the ground state. Consequently, the
states of interest have energies of the form

[(l+1
El — hZ(Z—I) (7.21)

For reasons that will emerge in §7.2.1, only integer values of j are allowed.

CO is a significantly dipolar molecule. The carbon atom has a smaller
share of the binding electrons than the oxygen atom, with the result that
it is positively charged and the oxygen atom is negatively charged. A
rotating electric dipole would be expected to emit electromagnetic radi-
ation. Because we are in the quantum regime, the radiation emerges as
photons which, as we shall see, can add or carry away only one unit A of
angular momentum. It follows that the energies of the photons that can
be emitted or absorbed by a rotating dipolar molecule are

h2
Ep ==+ (Ej — Bj1) = +j . (7.22)

Using the relation £ = hr between the energy of a photon and the fre-
quency v of its radiation, the frequencies in the rotation spectrum of the
molecule are

h
In the case of 12CO, the coefficient of j evaluates to 113.1724 GHz and
spectral lines occur at multiples of this frequency (Figure 7.2).

In the classical limit of large j, J = jh is the molecule’s angular
momentum, and this is related to the angular frequency w at which the
molecule rotates by J = Iw. When in equation (7.23) we replace jh by
Iw, we discover that the frequency of the emitted radiation v is simply
the frequency w/2m at which the molecule rotates around its axis. This
conclusion makes perfect sense physically. Now, because of the form of
the Hamiltonian, the energy eigenstates are also the eigenstates of J, and
J?. Therefore in any energy eigenstate, <J 2> = j(j + 1), and for low-
lying states with m = 0 and j ~ O(1), 7(5 + 1) is significantly larger
than j2. Therefore v; in (7.23) is smaller than the frequency at which the
molecule rotates when it is in the upper state of the transition. On the
other hand, v; is larger than the rotation frequency /(j — 1) j% of the
lower state. Hence the frequency at which radiation emerges lies between
the rotation frequencies of the upper and lower states. Again this makes
sense physically. As we approach the classical regime, j becomes large
so j(j + 1) =~ j2 ~ (j — 1)j and the rotation frequencies of the upper
and lower states converge, from above and below, on the frequency of the
emitted radiation.
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Figure 7.2 The rotation spectrum of CO. The full lines show the measured frequencies
for transitions up to j = 38 — 37, while the dotted lines show integer multiples of the
lowest measured frequency. Up to the line for j = 22 — 21 the dotted lines are obscured
by the full lines except at one frequency for which measurements are not available.
For j > 22 the separation between the dotted and full lines increases steadily as a
consequence of the centrifugal stretching of the bond between the molecule’s atoms.
Measurements are lacking for several of the higher-frequency lines.

Measurements of radiation from 113 GHz and the first few multiples
of this frequency provide one of the two most important probes of inter-
stellar gas.! In denser, cooler regions, hydrogen atoms combine to form
Hs molecules, which are bisymmetric and do not have an electric dipole
moment when they are simply rotating. Consequently, these molecules,
which together with similarly uncommunicative helinm atoms make up
the great majority of the mass of cold interstellar gas, lack readily ob-
servable spectral lines. Hence astronomers are obliged to study the cold
interstellar medium through the rotation spectrum of the few parts in 10°
of CO that it contains.



