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Is Momentum Conservation Law invaraint under Lorentz transformation?
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Figure 2.1 (a) An inelastic collision between two equal clay lumps as seen by an
observer in frame S. (b) The same collision viewed from a frame S’ that is moving to
the right with speed v with respect to S.



CMS Experiment at the LHC, CERN
Data recorded: 2012-May-27 23:35:47.271930 GMT
Run/Event: 195099 / 137440354
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EXAMPLE 2.6

Show that use of the relativistic definition of momentum
mu
V1 — (u2/¢?)

leads to momentum conservation in both S and S’ for
the inelastic collision shown in Figure 2.1.

Solution In frame S:

Phefore = ymv + ym(—v) = 0
Pafter = '}'A/IV: ('YA/I)(O) =0

Hence, momentum is conserved in S. Note that we have
used M as the mass of the two combined masses after the
collision and allowed for the possibility in relativity that
M is not necessarily equal to 2m.

In frame S':

m) (0
Pgefore = ‘ymv'l + ‘ymvé — (m) (0)
1L = (0)%/¢*

m —90
" N1 = [=20/1 + (22/c2)12(1/¢2) x (m)
After some algebra, we find
m _om(l + 02/ c?)
N1 = 120/1 + (/ATh(/) (L= 0/

and we obtain

, _om(l + 2/ 2) ( —2v >_ —2mv
Phbefore = (1—22/¢2) \1+4+22/¢2) (1 —42/¢2)

M(—v) B —Mv
VI = [(=9)%/2 1=/

P;fter = 'YNIV’ =

EREMETER - ST 2%

& T IAE W (EE = A EARE R EAY -

1 2 1 2
Q> =00 ® Q0
m v v m V=0
Before After

Momentum is conserved according toS
Poefore = mv+ m(=v) =0

paﬂer =0
1 2 1 2
Q —0 o —QQ
m v1=0 vy m v’
Before After
Momentum is not conserved according to 8’
p’before = ﬂ.
1+ 2/c%

P after = —2mv



To show that momentum is conserved in S’, we use the fact
that M is not simply equal to 2m in relativity. As shown, the
combined mass, M, formed from the collision of two parti-
cles, each of mass m moving toward each other with speed
v, is greater than 2m. This occurs because of the equiva-
lence of mass and energy, that is, the kinetic energy of the
incident particles shows up in relativity theory as a tiny
increase in mass, which can actually be measured as ther-
mal energy. Thus, from Equation 2.13, which results from
imposing the conservation of mass—energy, we have

_ 2m
V1 — (22/¢2)

Substituting this result for M into pjger, we obtain

M

v, B 2m —v
e =) V1= (23
—2mv

1 — ('02/(72) = Pbefore

Hence, momentum is conserved in both S and S’,
provided that we use the correct relativistic definition of
momentum, p = ymu, and assume the conservation of
mass—energy.
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1. [20 points] Consider the electron radiation process
e(p) = e(p') +v(g)
where p, p’ and ¢ are their 4-momenta and all these particles are on shell.

(a) [10] Use appropriate equations to explain why this process cannot happen in vacuum.

(b) [10] Use appropriate equations to explain why this process can possibly happen in a
detector (e.g.. the Cerenkov radiation). Specify under what condition does that happen.
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A pion at rest decays into a muon plus a neutrino (Fig. 3.5). Question:
What is the speed of the muon? Speed is usually inconvenient to use.
What is the momentum of the muon?

T Uty

7:3 /O 3 Figure 3.5 Decay of the charged pion
Before After (Example 3.3).

Solution. Conservation of energy requires E, = E, + E,. Conservation
of momentum gives p, = p, + p,; but p, = 0, so p, = —p,. Thus the muon
and the neutrino fly off back-to-back, with equal and opposite momenta.
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BEET IR LR 2 0 EREN + VAVELCOMAE £ -

HENESFE - A5 vIN =488 X/ MES - HEMER 1B, = |5,
HEE RIS B = By + By
b

ERA A AR ANBLKETR ¢ E = cIBI% + m2c?
E, = m,c?
E, = c\[|ﬁu|2 + mjc?

E, = Clﬁvl = Clﬁul

BEERPE T mgct = c\/|ﬁﬂ|2 +mic? + c|ﬁu|

(manc — |ﬁu|) |pu| + mj;c?
mzc? — 2myc|p,| = mac?
HE AN B, [FE AT DA 0 RER A DU
mz —m? L 2 m2 + m?
5,| = ﬂZmn 2 E, = c\/|pu| + m2c? = . £ 2



Suggestion 3. Use four-vector notation, and exploit the E2

. 2 2
invariant dot product. p

=2~ pl* = m?c
And Remember that for any real particles:

De =Dy + Dy, OF D,=Dr— D,
Taking the scalar product of each side with itself, we obtain

p; = D3 + Di = 2p.* D,
But 2ErE, — 24 .4 Condition for any frame
2 pTL’ pM
In COM
E. E,

pt=0, p2=mi? pP=mi% and p,-p. = ——=mE

0 =mac® +pic® +
i

Therefore 0 = mic* + mic* — 2m,E,
from which E, follows immediately. By the same token
Dy = Dx — Dy
Squaring yields
mic? = m2c? — 2m,E,
But E, = |p,|c = |plc, so

2m,|p,| = (mi — m})c



SHBORE A 1] LEEBELIEE RN

2. A K* meson at rest can decay into pions through the channel: K* -t + 0.
Following the decay, the =¥ meson will further decay into a u* meson and a neutrino.
Let rest masses of K* ~ 7" ~ 7% and u* mesonbe my ~ m,+ ~ myo and m,+, and

ignore the rest mass of the neutrino. Denote y,+ = 1/{/1 — (v+/c)? and Yu+ =

1/ 1= (vu+/c)?, where v+ is the speed of 7™ in the rest frame of K* and where v+ is
the speed of u* in the rest frame of 7*. Answer the following questions (express your
answers in terms of my ~ my+ ~ Myo > M+ > yor a@nd ys):

(a) (7%) Find the energy of n™* in the rest frame of K*.

(b) (3%) Find the energy of u* in the rest frame of n*.
(c) (10%) Find the maximum and minimum energies of u* in the rest frame of K*
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m M
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Before After
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ignore the rest mass of the neutrino. Denote y,+ = 1/{/1 — (v+/c)? and Yur =

1/ 1~ (vu+/c)?, where v,+ is the speed of 7™ in the rest frame of K* and where v+ is
the speed of u* inthe rest frame of =*. Answer the following questions (express your
answers in terms of my ~ My+ ~ Mo > My+ ~ Yor @Nd y )

(a) (7%) Find the energy of #™* in the rest frame of K™.
(b) (3%) Find the energy of u™ in the rest frame of n*.
(c) (10%) Find the maximum and minimum energies of u* in the rest frame of K
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O - v v
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Be— Mt ST B RIS

2
m,C
E, = =Mgyc =
c 1 U
> 2
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2 .2 2
4 2my Mg



(b) (3%) Find the energy of u* in the rest frame of n*.
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vVWiEB s EE -
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Before After

mg +mg
E, = c
2mg;



(c) (10%) Find the maximum and minimum energies of u* in the rest frame of K+

O
K+
—Vy, -

, Before After M2
Pyz = Py,z K
KHIFE (AT R RS 1L A » 2 DU — v, f5 5 - = My

<7 N =] = —fe o2y LA ey KA . T[ Zm
KHIFE (RN uHIRE & » K 2R fm 22 S A= 1Y ”

, ) L mi—mg
E'=y(E—-v-py) =Vn (Eﬂ+vn|pﬂ|c059) |pu| S Zm C
e ge mE R EE o NIt R A EE A | mZ+m2

E, = c
A BB/ MERTE cosf = +1 - Loy



EE L TEHZY € Compton Scattering

Scattered
Detector

‘ ! hotons
A p g
‘ ,"'/\"\ 0 X- -ray
= TR el N ‘L _____________ Source o
Jor e \ /° \ I A 4\ & The change in

\/T W|:| < wavelength
I

(b) Quantum model \O nCldent I dependS on the
N\ & ~ photons Target angle at which
the photons are
\ Y scattered.
©2004 Thomson - Brooks/Cole ©2012 Pearson Education, Inc.

KT HETHHS - ETRREYE - LS EaNE -
LR AR B3 TR UG

H



RIS EEUR Ao H R
NIELR RS bt HRE -

¢ =0° v P=4

Intensity
Intensity

N
A )4

L .

J AL e

70 75 70 75 N

Wavelength (pm) Wavelength (pm) P

¢ =90°

Intensity
Intensity

70 75 70 75 Compton scattering
Wavelength (pm) Wavelength (pm)

Conservation of g P
- P e
momentum during N o)
I —
p

h
N =A=—(1~cosd) HRAH -

MR | W N RER TR E AN DI /EHL@JE’WELO
RSB T-HIRE B DI B E AVNpIRoR - F EREESFIA -

v (@ +e® - v°(@)+ e‘(ﬁ')



DI Fa e = 90° Fyfd]

6. A 100-keV photon collides with an electron at rest. It is scattered through 90°. What is its energy
after the collision? What is the kinetic energy in eV of the electron after the collision, and what 1s
the direction of its recoil?
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