Consider a wave packet formed by using the wave function
Ae~® where A is a constant to be determined by normaliza-
tion. Normalize this wave function and find the probabilities
of the particle being between 0 and 1/a, and between 1/«
and 2/a.

Strategy This wave function is sketched in Figure 6.1. We
will use Equation (6.8) to normalize ¥. Then we will find
the probability by using the limits in the integration of
Equation (6.7).

Solution If we insert the wave function into Equation
(6.8), we have

Wave function

Position

Figure 6.1 The wave function Ae ®¥ is plotted as a function
of x. Note that the wave function is symmetric about x = 0.
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Because the wave function is symmetric about x = 0, we can
integrate from 0 to oo, multiply by 2, and drop the absolute
value signs on |xI.
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The coefficient A = Va, and the normalized wave func-
tion ¥ is

V¥ = Vae
We use Equation (6.7) to find the probability of the particle
being between 0 and 1/a, where we again drop the absolute
signs on |x| because x is positive.

1/a
P= J' ae 22 dx
0

ave function

Position

Figure 6.1 The wave function Ae % is plotted as a function
of x. Note that the wave function is symmetric about x = 0.

The integration is similar to the previous one.

1/a 1
P=——¢%x| = _——(¢2—1)~ 0432
—2a 0 2
The probability of the particle being between 1/a and 2/a
is
2/a
P= J ae 2 dx
1/a
2/a
o 1
P= e~ 2ax =——(e* = ¢72) = 0.059
—2a 1/a 2

We conclude that the particle is much more likely to be
between 0 and 1/a than between 1/a and 2/a. This is to be
expected, given the shape of the wave function shown in
Figure 6.1.
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Consider a wave function of the form Wave function
Y(x, 0) = Ae Hll |\

Calculate the wave function in momentum space ¢(p).
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While a stationary state wave function W(x, 7) = e Zhy(x) depends on
time, 1t 1s physically time independent. This 1s, in fact, the content of

observation (1) above; no expectation value shows time dependence. We
can see this time independence more conceptually as follows. Consider the
stationary state at time 7 and at time 7 + 7,, with 7, some arbitrary constant
time. We see that

W(x, t+ to) = e PO/ Ty, (xy = e~ Hlo/Toy (x, 1), (6.1.22)

Since the stationary-state wave functions at 7 and at 7 + 7, differ by an
overall constant phase, they are physically equivalent, they are the same
state. The phase 1s a constant because it has no 7 or x dependence. We have
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CHAPTER 6

for

EIGENVALUE PROBLEMS
FEE - ANEUE

Seventh Edition

ARFKEN, WEBER, »o HARRIS

6.1 EIGENVALUE EQUATIONS #METEAARE L% eigenfunction -

Many important problems in physics can be cast as equations of the generic form

AV = A, 6.1)

where A is a linear operator whose domain and range is a Hilbert space, v is a function in
the space, and A is a constant. The operator A is known, but both ¢ and A are unknown,
and the task at hand is to solve Eq. (6.1). Because the solutions to an equation of this
type yield functions i that are unchanged by the operator (except for multiplication by a
scale factor 1), they are termed eigenvalue equations: Eigen is German for “[its] own.” A
function ¢ that solves an eigenvalue equation is called an eigenfunction, and the value of
A that goes with an eigenfunction is called an eigenvalue.
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EXAMPLE 3-5

Consider a particle in a box. Its wave function is given by

Px) = Alxla)

0<x<al2
= A — x/a) a2 <x<a

where A = V/12/a so as to satisfy [& dx]y(x)|* = 1. Calculate the probability that a measurement of
the energy yields the eigenvalue E,.

SOLUTION We want to calculate A, in the expansion

/ V(%)
=\/02_4[afdx(g) sin %+jdx(1—§)

. nax
sin T:l
al2
we get

With the change of variables 7mx/a = u in the first integral and 7mx/a = 7 — u in the second integral,

2
A, —,n.zijdu

,% sin nu(l — (—1)")

0
The A, for n even vanish because of the last factor. The integral is easily calculated, and we get, for
n odd only,
A, =Y2y L gy Co e —
wn n 2
n
so that
96
Al ===~ for n odd
=0 for n even
One can easily check, using the fact that %, n™* = #*/90 and

2 nt=>nt+ zn"‘ =
all

St + (116) Y, 0"
even odd odd all
that the sum of all the probabilities is 1:

= _4—_—% —L _4=.9_6',E
w‘%n ' (1 16)2"

4
all

A
7 16 90




Example 6.3. The expanding box

As a further example, let us consider the case of a particle in the symmetric well, known
somehow to be in its ground state. Very suddenly, at t = 0, the walls are pulled apart
symmetrically to a new width 2b (where b > a). (This is in contrast to P5.21 where slow or
adiabatic changes were discussed.)

The initial wavefunction of the particle in this new well (see Fig. 6.3 for the situation at
t = 0), defined via

uﬁ“(x; a) = cos(wx/2a)/+/a for|x| < a

Y(x,0) = (6.52)
fora < |x| <b
| |
| 1
| |
1 |
| |
| 1
| |
| |
| |
Figure 6.3. Initial state wavefunction of the b — t=0 ra +b

“expanded well” state of Example 6.3 where the walls
are suddenly moved from +a to +b.
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To interpret |A,[?, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-

states of the atom. We shall take it to be a postulate of quantum mechanics that a
ﬁmcrg_y must be one of the eigenvalues of the energy operator.|Under
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Figure 11.4. Same as for Fig. 11.3, but for two

,’A '/\ '/{ /\ /\ /1 cases where Vp > E > 0.
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Figure 8.6

Probability density |w(x)|? as a function of position for an energy eigenstate with F— %Vo, giving
8(E)= 7% and k =, and setting 4 = 1 in (8.1.32). The value of |¢(0)| (equal to /2 here) is nonzero
for arbitrary phase shift (). The probability density decays exponentially for x > 0.
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