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iy#o,p —myp =0 (Dirac equation)
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This result is too beautiful to be false; it 1s more important to have
beauty in one's equations than to have them fit experiment.
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Figure 9.7. Classical (smooth, diverging curves)
versus quantum probability distributions (oscillatory
curves) for(@)n=0,(b)n=1, (c) n = 10, and
(d) n = 20. The vertical dashed lines are turning
points for the classical motion.




4. Prove thatif f(A") is any polynomial in A*, then

[Hint: See Eq. (6-47).]

ﬂ*)

af (a®)|0) = 10)

— aTaa—l- oo aTlO) _|_ 1 . a—l- oo aTlO)

— a-l-a—l-a o aTlO) + a—l-[a, a-l-] coc aTlO) + a-'- 500 aTlO)

tn
ce = a-l-a-l- ...aTalO) _|_ na—l- ...aTlO) — na—l- ...aTlO) — d -|-

ST BEIE TR o S EIE R G BN S TE S AR
tegree B DR B AR EISIES, » RILt g !



(B RVl =R YN

=il g

CE R IRENHYTHE |

’ -
yd
p

LREEAFRREER AR HIE g ER Rk |
{BAN[EDR AL » SR E B

» BUA H] e

FUEHHHISEZE
JHAIRE Coherent State 2 B iV FIF

2 /jﬁl:
iSS1=45Y
= Az /L‘[R °



| 1
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| ' RS Coherent State JEafVAERE - AEEEENER A -
This result 1s a bit shocking: we have found eigenstates of the non-
Hermitian operator d. Because 4 1s not Hermitian, our theorems about
eigenstates and eigenvectors of Hermitian operators do not apply. For
example, the eigenvalues need not be real (o € C), two eigenvectors with
different eigenvalues need not be orthogonal (they are not!), and the set of
eigenvectors need not form a complete basis (coherent states actually give

an overcomplete basis!). We actually determined explicitly the eigenstates
of the annihilation operator in example 13.21.

Exercise 17.5. Ordering the exponential in the state |a) in (17.3.2), show
that

|04| acaJr

—p 2 \ o

la) = e 10) o) = exp (—|a]?/2) E D 1/2]71
Exercise 17.6. Show that n—O

(Bla) = exp(—} (el +1B) +Ba). (17.3.7)

Hint: You may find it helpful to evaluate ¥ in two different ways using
(17.2.23).

Exercise 17.7. The above formula for the overlap (f|a) does not make (o
a) = 1 manifest. Show that the above can be rewritten as

1 812 ; g%, )
(Bla) = e 2l 7P M7, (17.3.8)

When f = o, both exponents vanish manifestly, and thus the overlap is
clearly equal to one. Note that the result implies that |{f|a)|? = el=#?.
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To find the physical interpretation of the complex number a, we first
note that when real, as 1n (17.3.1), a encodes the 1nitial position x, of the
coherent state. More precisely, it encodes the expectation value of % in the
state at # = 0. For complex a, its real part 1s still related to the initial
position:

()| X|a) = Lo (a|(@+a")a) = i(u +a*) = Lov2 Re(a), (17.3.9)
V2 V2

where we used (17.3.5), both on bras and on kets. We have thus learned
that

Re(w) = %(L—‘U) ' BEHEEHEaVEFEE - (17.3.10)

It 1s natural to conjecture that the imaginary part of a 1s related to the
momentum expectation value on the initial state. So we explore

(a|plee) = 71— (w|(@ —a)a) = —ﬁ%(u—u*) = \lel_n Im(«) (17.3.11)
and learn that
1 Lo . =, .
me) = =) BRI E R aVEEBED - (17.3.12)

The 1dentification of @ in terms of expectation values of % and p 1s now
complete:

(17.3.13)
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la, t) = e“i“)tle—lwta> (17.3.19)
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This is how a coherent state |a) evolves in time: up to an irrelevant phase,
the state remains a coherent state with a time-varying parameter e7a. In
the complex a plane, the state is represented by a vector that rotates
clockwise with angular velocity . The a plane can be viewed as having a
real axis that gives (%), up to a proportionality constant, and an imaginary
axis that gives (p ), up to a proportionality constant. The evolution of any
state 1s represented by a circle. This 1s 1llustrated in figure 17.2.
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Figure 17.2 4

Time evolution of the coherent state |¢). The real and imaginary parts of a determine,
respectively, the expectation values (3) and (p ). As time goes by, the a parameter of the
coherent state rotates clockwise with angular velocity @.
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$) (2, 1) = (%f“ exp <_ mw (m _ ﬁm[a(t)]>2 +i mij[a(t)]w + i0(t)) ,

where (1) is a yet undetermined phase, to be fixed by demanding that the wavefunction satisfies the Schrédinger equation.

It follows that

0(t) = —%t - (0) sin2(2wt — %) ,where  «a(0) = |a(0)| exp(io),

so that o is the initial phase of the eigenvalue.

The mean position and momentum of this "minimal Schrédinger wave packet" t//(a) are thus oscillating just like a classical system,

(z(t)) = Z—Zm[a(t)] = |a(0) :1—2 cos(o — wt) , %‘%%D%E/‘jiﬁ @%ﬁ%_‘j @4 ©
KB L U R R

»(t)) = vV2mhwI[a(t)] = |a(0)|v2mhwsin(c — wt) .

The probability density remains a Gaussian centered on this oscillating mean,

e L N2
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E(x,t)~E, sinkx - cos wt




This 1s a standing wave. To make this clear, we write a = |a|e? and find
that

(Ex(z, 1)) = 2& Re(we ") sinkz = 2&o |a| cos(wt — ) sinkz. (17.4.14)

Coherent photon states with large |a| give rise to classical electric fields!
In the state |a), the expectation value of the number operator § is |af2.
Thus, the above electric field 1s the classical field associated with a
quantum state with about |a/|? photons.
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Fig. 9.1 The one-dimensional
monatomic harmonic chain. Each ball
has mass m and each spring has spring
constant k. The lattice constant, or
spacing between successive masses at
rest, is a.
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Fig. 9.3 Aliasing of waves. The dashed
curve has wavevector k whereas the
solid curve has wavevector k + 27/a.
These two waves have the same value
(solid dots) at the location of the lattice
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9.3 Quantum Modes: Phonons

We now make a rather important leap from classical to quantum physics.

Quantum Correspondence: If a classical harmonic sys-
tem (i.e., any quadratic Hamiltonian) has a normal oscil-
lation mode at frequency w the corresponding quantum
system will have eigenstates with energy

E, = hw(n+ %), (9.7)

Presumably you know this well in the case of a single harmonic oscillator.
The only thing different here is that our harmonic oscillator can be a
collective normal mode not just the motion of a single particle. This

quantum correspondence principle will be the subject of Exercises 9.1
and 9.7.

Definition 9.1 A phonon is a discrete quantum of vibration.®

This 1s entirely analogous to defining a single quantum of light as a
photon. As is the case with the photon, we may think of the phonon
as actually being a particle, or we can think of the phonon as being a
quantized wave.



