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6.1 EIGENVALUE EQUATIONS #METEAARE L% eigenfunction -

Many important problems in physics can be cast as equations of the generic form

AV = A, 6.1)

where A is a linear operator whose domain and range is a Hilbert space, v is a function in
the space, and A is a constant. The operator A is known, but both ¢ and A are unknown,
and the task at hand is to solve Eq. (6.1). Because the solutions to an equation of this
type yield functions i that are unchanged by the operator (except for multiplication by a
scale factor 1), they are termed eigenvalue equations: Eigen is German for “[its] own.” A
function ¢ that solves an eigenvalue equation is called an eigenfunction, and the value of
A that goes with an eigenfunction is called an eigenvalue.
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To see why eigenvalue equations are common in physics, let’s cite a few examples:

The resonant standing waves of a vibrating string will be those in which the restor-
ing force on the elements of the string (represented by Ayr) are proportional to their
displacements ¥ from equilibrium.

The angular momentum L and the angular velocity @ of a rigid body are three-
dimensional (3-D) vectors that are related by the equation

L=lw,

where | is the 3 x 3 moment of inertia matrix. Here the direction of @ defines the axis
of rotation, while the direction of L defines the axis about which angular momentum is

generated. The condition that these two axes be in the same direction (thereby defin-
ing what are known as the principal axes of inertia) is that L. = Aw, where A is a
proportionality constant. Combining with the formula for L, we obtain

lw =Aw,

which is an eigenvalue equation in which the operator is the matrix | and the eigen-
function (then usually called an eigenvector) is the vector w.

The time-independent Schrédinger equation in quantum mechanics is an eigenvalue
equation, with A the Hamiltonian operator H, ¥y a wave function and A = E the
energy of the state represented by .
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Many important problems in physics can be cast as equations of the generic form

—a Iy E[ o -
ELE AY =2, (6.1)
ﬁ _F where A is a linear operator whose domain and range is a Hilbert space, v is a function in
l/JE — l/)E the space, and A is a constant. The operator A is known, but both ¥ and A are unknown,
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EXAMPLE 3-5

Consider a particle in a box. Its wave function is given by

Px) = Alxla)

0<x<al2
= A — x/a) a2 <x<a

where A = V/12/a so as to satisfy [& dx]y(x)|* = 1. Calculate the probability that a measurement of
the energy yields the eigenvalue E,.

SOLUTION We want to calculate A, in the expansion

/ V(%)
=\/02_4[afdx(g) sin %+jdx(1—§)

. nax
sin T:l
al2
we get

With the change of variables 7mx/a = u in the first integral and 7mx/a = 7 — u in the second integral,

2
A, —,n.zijdu

,% sin nu(l — (—1)")

0
The A, for n even vanish because of the last factor. The integral is easily calculated, and we get, for
n odd only,
A, =Y2y L gy Co e —
wn n 2
n
so that
96
Al ===~ for n odd
=0 for n even
One can easily check, using the fact that %, n™* = #*/90 and

2 nt=>nt+ zn"‘ =
all

St + (116) Y, 0"
even odd odd all
that the sum of all the probabilities is 1:
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Example 6.3. The expanding box

As a further example, let us consider the case of a particle in the symmetric well, known
somehow to be in its ground state. Very suddenly, at t = 0, the walls are pulled apart
symmetrically to a new width 2b (where b > a). (This is in contrast to P5.21 where slow or
adiabatic changes were discussed.)

The initial wavefunction of the particle in this new well (see Fig. 6.3 for the situation at
t = 0), defined via

uﬁ“(x; a) = cos(wx/2a)/+/a for|x| < a

Y(x,0) = (6.52)
fora < |x| <b
| |
| 1
| |
1 |
| |
| 1
| |
| |
| |
Figure 6.3. Initial state wavefunction of the b — t=0 ra +b

“expanded well” state of Example 6.3 where the walls
are suddenly moved from +a to +b.



lap(+)|? versus bl/a

Figure 6.4. Expansion coefficients squared (lan|?) for
first three even levels versus b/a from Example 6.3.

can now be expanded in terms of the energy eigenstates of its new “universe” (the new well),
that is, in terms of the uf,i) (x; b). The result is that

N dab? [cos((2n — 1)ma/2b)
(-) _ +) _
% " =0 and = T/ ab ( (b2 — (2n — 1)2a?) )

Once again, the odd state expansion coefficients vanish because of symmetry considerations.
We plot the probabilities of finding the particle in the ground state, and first and second excited
even states of the new well versus b/a in Fig. 6.4; as b/a— 1, only the original ground state

is required.

(6.53)



Having once calculated the expansion coefficients for the given initial waveform, the
future time-dependence of each term is dictated solely by the exp(—/'E,(,i) t/h) factors. The
wavefunction at later times is then given by

1 —1/2 :
Y(x, t) = Za(+)— C0oS ((n é )nx> e~iEn D)/ (6.54)
and we plot in Fig. 6.5 the resulting probability density (given by | (x, t)|?) for various future
times. Because of the simplicity of the infinite well (specifically its energy eigenvalues), the
behavior is periodic, and we plot various times during the first half-cycle only; it need not be
exactly periodic in a general potential.

Figure 6.5. Time-development of “expanded well” system illustrated by plots of |y (x, t)|2 versus x
for various times in the first half-cycle.



B - EEFR A RE T R BB R E L ¢ R E D, ER
AIS TAEMLREH N » u BUEWE H HEE T KAV E -

tr [Yrwp(x, 1) versus x [ we(x,0)]? versus x tr

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0

Figure 5.9. Time-development of |/ (x, t)|2 versus x for a Gaussian-like wave packet in the standard
infinite well, over one classical period (left) and 10 classical periods (right); the classical periodicity and the
spreading time (tg) are chosen to be comparable. The classical trajectory is shown as the dotted line. The
classical probability density, Pc| (x) = 1/a is shown on the right as the horizontal solid line, indicated by
the arrows for later times.
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Motivated by the Gaussian wave packet of Section 3.2.2, we can write a solution
involving stationary states of the standard infinite well given by

o0

w\r‘VP (x, t) — Z ayUy (X) e_iEn t/h (5-76)

n=1
where we choose coefficients of the form

. e—((Pn—Po)zolz/z) ¢~ Pnxo/ N (5.77)

n

Here p,, = hnm/a is the analog of the continuous momentum variable and py =
hnym /a defines some central value of n, while this form also allows for arbitrary
values of the central peak position, xp. (For a more complete discussion, see



Example 6.4. Gaussian wave packets in the standard infinite well

While the general Gaussian wave packet discussed in Chapter 3 (especially as defined in
Eqn. (3.35)) is a very useful example, it is not strictly an allowable quantum state in the standard
infinite well, since it does not satisfy the boundary conditions that v (0, t) = vy (a, t) = 0.
However, for a sufficiently narrow initial wave packet, far enough from either wall, the error
made in neglecting the “tails” of the Gaussian wave packet outside the well can be made
arbitrarily (exponentially) small. In order to extract the expansion coefficients of a Gaussian
initial state (with b = ha) given by

VG (x,0) = # e—(x—x0)2/2b2 elPo(x—x0)/h (6.55)

Vb

placed inside the standard infinite well, we require the overlap integrals

a
an:/ Un(X) ¥g(x,0)dx (6.56)
0

where we again use the fact that the un(x) are real. Since the integral is assumed to be
exponentially small outside the (0, @) interval, we can extend the region of integration to
(—00, +00) with negligible error. This is important since the resulting Gaussian integrals can



be done in closed form, giving

an |:\/> S|n I’IJTX)i| e_(X_XO)Z/ZbZ eI.DO(X_XO)/h dX
/b d

( ) Abr [eimtxo/ae—bz(po+nnh/a)2/2h2 _e—/'mth/ae—bz(Po—”Nh/a)z/mZ]
2i

avT

(6.57)

(Note that in Section 5.4.2 we used an approximate, unnormalized version of this more
precise result; the plots in Fig. 5.9 were obtained using the values in Eqn. (6.57).) The general
time-dependent wavefunctions, in position- and momentum-space can then be written as

00 o0
Ywp (X, 0) = ) antnC) e and  gup(p,t) =) angn(p) ent/"
n=1 n=1

(6.58)

and while the sums are formally infinite, the contributions are peaked about values of n for
which pp, = nhm/a ~ py. We can also make use of this connection to estimate the number
of states necessary to approximate the state by noting that

h h h
:Ap:n—An or An = ?

— = 6.59
2AXg  /2b a 27t AXg (6.59)

so that the narrower the initial wave packet, the larger the number of states required to
reproduce it faithfully.
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3. Consider an infinite potential box, with boundaries at x = 0 and x = a:

V(x) =00,x>a,x<0andV(x) =0,0< x < a.

V(x)

X
0 a

As we have shown in class, in this potential the energy eigenstate can be written as

2 : . h2\ m2 ; : .
\/; sin % with eigenvalues E,, = (ﬂ) %nz (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) is:

41 (2 @ 7mx 1/ (2  2nx
Y(x,0)= |=| [-sin— |+ [=| [—sin— 0<x<a,
5\.a a 5\.a a

Screenshot

_ =0 yvy<0x>a
A. Att = 0, make an energy measurement. What are the values it could possibly give?

What are the corresponding probabilities? Do they add up to one? What is the
expectation value of energy. (20)

Hint: Expectation value is the sum of the measured value times the probability.
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As we have shown in class, in this potential the energy eigenstate can be written as

2 . nax . x RZ\mn? ; ; .
—sin— with eigenvalues E,, = (ﬂ) —n (you can use the notation E,, to simplify

your answers) . Assume the wavefunction of a particle at t = 0 (probability already

normalized to one) is:

4 |2 @ 7nx 1 (2  2nx
Y(x,0)= [=| |-sin— |+ [=| |—-sin— 0<x<a,
5\.a a 5\.a a

Screenshot

A. Att = 0, make an energy measurement. What are the values it could possibly give?
What are the corresponding probabilities? Do they add up to one? What is the
expectation value of energy. (20)

Hint: Expectation value is the sum of the measured value times the probability.

s -

A.¥(x,0) = g(\/gsin%>+ g(\/ésinz%x) =\/§u1(x)+ﬁuz(x).Thewave\

function is a superposition of the eigenfunction u,, u, of eigenvalues E,, E,, with
amplitudes ¢; = \E, Cy = \/g, , ¢, = 0,n> 2. You can simply see it from the

formula or use the formula c,, = ffooo dx - u, (x)* - Y (x) and orthogonality theorem

ffooo dx U, (x)* - u,(x) = 84,,, to get it. The energy could only be E; or E,. The

: . Screenshot ; 4 1
corresponding provauvi. acs are the square of the magnitudes ¢, and c,: c and c°
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To interpret |A,[?, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-

states of the atom. We shall take it to be a postulate of quantum mechanics that a
ﬁmcrg_y must be one of the eigenvalues of the energy operator.|Under
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THE COPENHAGEN INTERPRETATION

The act of measurement causes all the possible
positions of the wave function to collapse

into a single point. What happens to the other
positions? According to Hugh Everett, they
split off into other worlds.

A
Before
measurement Wave function
Y
X
Position in space
A
After
measurement Wave function
“collapse”
Ny
X

Position in space
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4 Basic Assumptions of QM

A1. The wave function 1s the complete description of a quantum system.

A2. Hermitian operators are observables.
A3. The measurement axiom.

A4. Time evolution via the Schrédinger equation.

Measurement axiom. [f we measure the Hermitian operator () on the
(normalized) state ¥, the possible outcomes for the measured values are
the eigenvalues ¢, ¢q., ... of ( associated with the orthonormal
eigenvectors yn, Y, .... With the state written as v =Y, a1, the probability

p: of measuring q; is given by

2
pi = |ail”.

After the outcome g, the state of the system becomes

v = .

(5.3.26)

(5.3.27)

This is called the collapse of the wave function. If| the spectrum of () is

degenerate after measuring a degenerate eigenvalue, the wave function
collapses in the associated degenerate subspace (see remark 4 below).
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To interpret |A, >, we note that an energy measurement can only yield one of the eigenval-
ues. This statement was implicit in the starting point of Bohr’s description of the station-

states of the atom. We shall take it to be a postulate of quantum mechanics that a
| measurement of the energy must be one of the eigenvalues of the energy operator. (Under
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