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Entropy as disorder

If the particles represent gas molecules at normal temperatures
inside a closed container, which of the illustrated configurations
came first?
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If you tossed bricks off a truck, which kind of pile of bricks
would you more likely produce?

Disorder is
more probable
than order.
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God’s design 1s powerful, certain and elegant.




People’s power is gigantic, chaotic but orderly

Big number’s power 1s gigantic, chaotic but orderly




Country by country: how coronavirus case trajectories compare

Cumulative number of cases, by number of days since 100th case
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Maxwell’s demon
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“call him no more a demon but a valve”
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“the second law of thermodynamics has only a statistical certainty”
Maxwell 1867
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Rubber Band Model

Exercise 4.1: Model for a rubber band (10 points)
A simple picture of a rubber band is a single long chain of linking groups of atoms, with the
links oriented in any direction. When the rubber band is pulled so that the chain of atoms
is completely linear there is only one possible arrangement and the entropy is zero; when the
rubber band is all tangled up there are a huge number of arrangements of the links leading to
a large entropy. We simplify matters by assuming that the links can lie in only two directions,

z

Fig. 1: A collection of links representing a simplified model of a rubber band. The links lie in the +2
and —z direction. The links in —z direction are drawn with an angle so that the arrangement is seen
more clearly. The quantum state shown here would be |+, —, +,+,+,+,—, +,+, +,— +,—, +,+)

either in direction of increasing 2 or in opposite direction (see Fig. 1). Start at one end of the
chain (the end with the smaller value of 2) and count how many lie along the +2 direction
(= n4+) and how many lie along the —2 direction (= n_). There can be different ways of ending
up with n links in the +2 direction. Each such arrangement can be represented as a different
quantum state (see Fig. 1). The total extension of the rubber band, the distance from one end
of the chain to the other, is [. Let d be the length of the links. The quantum state shown in Fig.
1 has an extension of 7d. There are many other quantum states with this length (how many?).
The complete set of quantum states of length 7d make up the macrostate. We are interested in
much longer molecules with many more links than 15. Let there be n. links going to the right
and n_ going to the left.
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We will define ny as the number of links in the +z direction and n_ as the number of links in the —z
direction. For a chain of N links, W is given by
N! N!

W pr— =
ny!n_! ny!(N—ny)

We can then say
In(W) = In(N!) —In(n,!) — ln((N - n+)!)

which 1s the following via Stirling’s approximation

In(W) ~ —N ((7;) In (7;) + (1 - %) n (1 _%))



The total extension 1s

=my —n_)d =(2ny —N)d

where d is the length of each link. This means we can write an expression

£
n_+:1+mzl+x
N 2 2

where x = £/Nd. This makes our expression for In(W) become

o) = ((5)m ) ¢ (7))

+2z or —z direction. The work done on the rubber band when it is extended by an amount d¥ 1s F df. where
F is the tension in the band. Therefore. the energy energy is given by

dU=Tds+Fd¢ BEERINENTE  dU = TdS — PdV

From this relation, we can say
dS - dU + £ dl
T T

With § = kg In(W). we can say
P a5

T oV

T~ 0l

F__ (2lw) F 05
T _B< ¢ )

U U

The tension is also rewritten in terms of x as

F dln(W)\ dx
—=—kg "
T ox ), dt

dx
wheleE = 1/Nd so

F kg (0In(W)
T Nd\ ox



We can plug in our expression for In(W) to get

F kB 1+x kB
l ln( )—ﬁln

T 2d \1—x

For small values of £/Nd. we get

_kgT?

"~ Nd?
Therefore. we see that tension is proportional to 7. Similarly. for a rubber band under constant tension.
the length will decrease upon heating (and vice versa).
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Figure 3.10. Heat capacity and magnetization of a two-state paramagnet (com-
puted from the analytic formulas derived later in the text).
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Figure 3.12. Experimental measurements of the magnetization of the organic
free radical “DPPH” (in a 1:1 complex with benzene), taken at B = 2.06 T and
temperatures ranging from 300 K down to 2.2 K. The solid curve is the prediction
of equation 3.32 (with g = ug), while the dashed line is the prediction of Curie’s
law for the high-temperature limit. (Because the effective number of elementary
dipoles in this experiment was uncertain by a few percent, the vertical scale of
the theoretical graphs has been adjusted to obtain the best fit.) Adapted from P.
Grobet, L. Van Gerven, and A. Van den Bosch, Journal of Chemical Physics 68,
5225 (1978).
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Planck’s solution as a freeze-out of
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FIGURE 3.4 The mean energy (¢) of a simple harmonic oscillator as a function of temperature. 1, the Planck
oscillator; 2, the Schrodinger oscillator; and 3, the classical oscillator.
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Statistical Mechanics notes, Prof Tim Birks

These notes only cover statistical mechanics. Classical
thermodynamics 1s taught by Dr Wolverson.

Statistical mechanics 1s where we admit that thermodynamic
systems (such as an 1deal gas) are 1n fact made up of atomic-
scale constituents, the motion of which 1s not known.
Nevertheless the results of classical thermodynamics arise from
averages of their properties.




2.(p. 11) The closed system

Boltzmann's entropy, deriving the laws of thermodynamics, the
statistical weight function, two-level systems.

3. (p. 24) System at constant temperature

The Boltzmann distribution, the partition function, levels and
states, continuous distributions, many particle systems, the 1deal
classical gas, distinguishability:.

4. (p. 44) System at constant T and u

The Gibbs distribution, the grand partition function, the 1deal
quantum gas, the Fermi-Dirac and Bose-Einstein distributions,
fermion and boson gases, Planck's radiation law.
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Two very useful applications of the Boltzmann Factor

Laser &5

Light Amplification by Stimulated Emission of Radiation
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(a) In an insulator at absolute zero,

there are no electrons in the

conduction bz
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.
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(c) A conductor has a partially

filled conduction band.
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~EEHS Semiconductor

(b) A semiconductor has the same
band structure as an insulator but
a smaller gap between the valence
and conduction bands. -..
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Semiconductor

2LV Y Rl JUMPING A BAND GAP

Energy gap

F kT 8.617x10-5eV/K - 300K
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Consider a material with the band structure described above, with
its Fermi energy in the middle of the gap (Fig. 42.24). Find the
probability that a state at the bottom of the conduction band is
occupied at 7 = 300 K, and compare that with the probability at
T = 310K, for band gaps of (a) 0.200 eV; (b) 1.00 eV (c) 5.00 eV.

SOLUTION

IDENTIFY and SET UP: The Fermi-Dirac distribution function gives
the probability that a state of energy E is occupied at temperature 7.
Figure 42.24 shows that the state of interest at the bottom of the con-
duction band has an energy E = Ep + E,/2 that is greater than the
Fermi energy Ep, with E — Eg = Eg/2. Figure 42.23 shows that

42.24 Band structure of a semiconductor. At absolute zero a
completely filled valence band is separated by a narrow energy
gap E; of 1€V or so from a completely empty conduction band. At
ordinary temperatures, a number of electrons are excited to the
conduction band.

Conduction
band

B S IEncr;s__v 2ap

- =
Valence
band

Semiconductor

=

=
the higher the temperature, the larger the fraction of electrons with
energies greater than the Fermi energy.

EXECUTE: (a) When £; = 0.200 eV,

E-E _E _ 0.100 eV S
kT 2T (8617 x 107 ¢V/K)(300K)
1
fE) = 0.0205

For T = 310K, the exponent is 3.74 and f(E) = 0.0231, a 13%
increase in probability for a temperature rise of 10 K.

(b) For E; = 1.00 eV, both exponents are five times as large as
in part (a), namely 19.3 and 18.7; the values of f(E) are 4.0 x 107°
and 7.4 % 107°. In this case the (low) probability nearly doubles
with a temperature rise of 10-K.

(c) For Eg = 5.0 eV, the exponents are 96.7 and 93.6; the val-
ues of f(E) are 1.0 x 107 and 2.3 x 107", The (extremely low)
probability increases by a factor of 23 for a 10-K temperature rise.

EVALUATE: This example illustrates two important points. First, the
probability of finding an electron in a state at the bottom of the con-
duction band is extremely sensitive to the width of the band gap. At
room temperature, the probability is about 2% for a 0.200-eV gap,
a few in a thousand million for a 1.00-eV gap, and essentially zero
for a 5.00-eV gap. (Pure diamond, with a 5.47-eV band gap, has es-
sentially no electrons in the conduction band and is an excellent
insulator.) Second, for any given band gap the probability depends
strongly on temperature, and even more strongly for large gaps than
for small ones.
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(@) A donor (n-type) impurity atom has a fifth
valence electron that does not participate in

HE

the covalent bonding and is very loosely bound.

(b) Energy-band diagram for an n-type semi-

conductor at a low temperature. One donor
electron has been excited from the donor levels

Donor @ into the conduction band.
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(a) An acceptor (p-type) impurity atom has only
three valence electrons, so it can borrow an
electron from a neighboring atom. The resulting
hole is free to move about the crystal.

@ @ @
/,.,\ . (b) Energy-band diagram for a p-type semi-
@ QGe) *—©@ <® *o—© @ ® conductor at a low temperature. One acceptor
- level has accepted an electron from the valence
® Acceptor . T band, leaving a hole behind.
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